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Abstract. We obtain a list of all simple classes of singularities of curves (irreducible
and reducible) in real spaces of any dimension with respect to the quasi equivalence
relation.
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1. Introduction

Motivated by the importance of the locus of points on a hypersurface where a
given vector field is not transversal to it, Vladimir Zakalyukin introduced a new
equivalence relation on projections of hypersurfaces which he named quasi equiva-
lence [9]. The relation is more rough than the standard group of diffeomorphisms
preserving a given projection [8]. The difference between the A-equivalence relation
and the quasi relation is illustrated as follows: Let A be the graph of a map f from
R™ to R™ and let m be a trivial fibration structure. If p; and p, are two points
on A lying on the same fibre of the projection then they are mapped by 7 to the
same image. This property persists for the A-equivalent maps f;,i = 1,2. However,
this is not the case for the quasi equivalence as p; and ps might be mapped by
a diffeomorphism to different fibres and hence they are mapped by 7 to different
images.

The locus of the points on the hypersurface where a given vector field is not
transversal to it is of importance. One of the possible and interesting applications
for the quasi-projection equivalence relation is used in partial differential equations
(PDE) with boundary value problems. Consider the characteristic method solving
the simplest Cauchy problem for first order linear PDE: Zai(:v)g—; = 0, where
u(z) is an unknown function with x € R™ and a;(z) are given functions. The

problem includes the boundary hypersurface S C R™ and the boundary values
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Ulg = Up. Generically, the characteristic vector field v = aia%i is tangent to S
at some points which are called characteristic. Outside the set K of characteristic
points, the problem has a unique local solution. So the geometry of the set K is
an essential feature of the problem. If we rectify the vector field getting, say 6%1,
then the problem of classifying K is exactly to find critical points of the projection
of S along parallel rays. Similarly, in many other complicated PDE boundary
value problems, mainly in continuum mechanics, the generalisation of the Neumann
boundary condition is used.

In [3], the first steps in the study of the quasi-equivalence of projections of
graphs of maps were taken within the approach similar to the one introduced by
Zakalyukin [9]. Two cases were investigated there: maps from R to R? and maps
from R? to R? (see [6] and [8] for the corresponding results for the A-equivalence).
In the current paper, we consider irreducible and reducible curve singularities in
a linear real space of any dimension and give the list of stably simple classes with
respect to the quasi equivalence (see [2] and [5] for the corresponding results for the
A-equivalence).

The paper is organized as follows. In Section 2 we review the definition of the
quasi-equivalence relation of the projections of hypersurfaces and recall the main
results from [9] which are needed in the next sections. In Section 3 we introduce
the main definition of the quasi-equivalence of maps from R™ to R™ and derive an
algebraic expression for the respective tangent space to a quasi class of mapping.
Then, we recall the classification of quasi-simple singularities of maps from R? to R?
from [3], giving detailed proofs. After that, we classify quasi-stably simple classes
of irreducible curves in R™ . Finally, in Section 4 we classify stably simple reducible
curve singularities with respect to the quasi-equivalence relation.

2. Quasi projections of hypersurfaces

Consider germs of subvarieties V' in the space R = {(z,y) : z € R™,y € R"},
equipped with the trivial fibration structure, given by the projection 7 : R xR" —
R™ (x,y) — y. When the distinction between x and y is not crucial, we will be
using the notation w = (z,y) for the whole set of coordinates on RP.

Consider germs of C* functions f : (R?,0) — R and denote by C,, the ring of

all such germs at the origin and by M, the maximal ideal in C,,.

Definition 2.1. [9] A point b € V is called critical if the fiber containing b is not
transversal to V' at b. In particular, b can be a singular point of V.

Definition 2.2. [9] Two subvarieties Vy and V; in R? are called pseudo equivalent
if there exists a diffeomorphism ® : R? — RP, such that:

1 (V) = V.
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2. The set of critical points of V; is mapped by ® onto the set of critical points
of V.

3. The derivative of ® at any critical point of Vi maps the direction of the
projection to that at the image of the point.

In the current section we consider only the case of analytic hypersurfaces V'
given by a single equation f = 0. Also, we assume the fibers are one dimensional
reR, m=1.

Now, suppose that all germs of hypersurfaces in a smooth family V; = { fi= O}
are pseudo-equivalent to V) = {fo = O}, he(ft00:) = fo, t € [0,1], with respect
to a smooth family ®;: (R?,0) — (RP,0) of germs of diffecomorphisms such that
O = idre, hg =1 and t € [0, 1]. Therefore, the respective homological equation is

g Ui +Zaft

where the vector field
i b o b
= X(t)=— Y;(t
w =X + 3%
generates the phase flow ®; and A; € C,,.

Let Jy, be the ideal in C,, generated by % and f;. Denote by Rad(Jy,) the
radical of Jg,. Recall that the radical of an ideal is the set of all elements in C,,,
vanishing on the set of common zeros of germs from that ideal. Denote by I.J¢,
and IRad(Jy,) the integral of Jy, and Rad(Jy,), consisting of all function germs ¢
such that the partial derivative of ¢ with respect to = belongs to Jy, and Rad(Jy, ),
respectively.

Proposition 2.3. [9] The components of vy satisfy the following

X(t) e C, and Yi(t) € IRad(Jy,).

In general, the radical of an ideal behaves badly when the ideal depends on
a parameter (see [4]). Therefore, we modify the pseudo-equivalence relation since
it does not satisfy the properties of a geometrical subgroup of equivalences in J.
Damon sense and hence the versatility theorem can fail [7]. Namely, we replace
Rad(Jy,) by the ideal Jy, itself in the equivalence definition.

Definition 2.4. [9] Two subvarieties Vo = {fo =0} and V; = {f1 = 0} in R? are
called quasi equivalent if there is a family of smooth functions h; which depends
continuously on parameter ¢t € [0,1] and a continuous piece-wise smooth family of
diffeomorphisms ®; : R? — RP? also depending on ¢ € [0, 1] such that:
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1. ht(ft o ‘I)t) = fo, (I)O = idRp, ho =1.

2. The set of critical points of V; is mapped by ®; onto the set of critical points
of V.

3. The components of the vector field v; generating ®; on each segment of
smoothness satisfy the following: X (¢t) € C,, and Y;(t) € I.Jy,.

Remarks 2.5.

1. The module IJy, is defined precisely as the set of elements of the form

x 8ft
€ +/O (ftaz + %bl)dx,

where a;,b; € C; ,, and e; € C,,.

2. If two subvarieties are equivalent with respect to the standard projection
equivalence then they are quasi-equivalent, since functions independent of
x are in I.J; for any f.

The classification of simple classes of quasi-projections of hypersurfaces in low
dimensions is given by the following theorems, the proof of which is based on the
classification of V.V. Goryunov [8].

Theorem 2.6. [9] For n = 1 the list of simple classes is the same as for the
standard group of foliation-preserving diffeomorphisms of the plane acting on the
germs of curves:

A f=a"14y k>0,

Br: f=22%9y" k>2,

Cp: f=ay+2", k>3,

Fy: f=2%442

Theorem 2.7. [9] For n = 2 the list of simple quasi-projections of regular hyper-
surface singularities consists of
Ap: f=a"" 4yt k>0,
Bi: f=2+yfr+ys, k>2
Cr: f=a""+ylotys, k>3,
Fy: f=a"+yiz+y.
The list of simple quasi projections of singular hypersurfaces is
Ap k>0, D, 024, Bl s=67.8:  f=2"+g(y,v2)
where g is one of the standard simple ADE function germs in vy,
Ay f=2" fyiw+ s,
AP f=at byl k> 2
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3. Quasi equivalence relation of maps from R™ to R"

Consider a C* map germ F : (R™,0) — R", z = (z1,...,Zm) — y =
(Y1s-- -, Yn), ¥i = fi(z), where f; : (R™,0) — R is a smooth function-germ. De-
note by C7* the space of all such maps. Since C] is a vector space, sometimes its
elements will be written as column vectors:

fi
f2

f=fanf) =1

In

Let Ap be the graph of F', that is Ap = {(x,y) cy = filx),i=1,2,.. .,n} C RP.

Definition 3.1. Two map germs Fy and F) are called quasi equivalent if there
exists a diffeomorphism germ @ : (R?,0) — (RP?,0), such that ®(Ap,) = Ap, and
the derivative of ® preserves the direction of the projection at the points which lie
on Ar, .

Remarks 3.2.

1. The quasi-equivalence is an equivalence relation.

2. Clearly, if two map germs Fy and F; are A-equivalent then they are quasi-
equivalent.

Denote by Qr the quasi-equivalence class of a map germ F' and call it a quasi
orbit. Then, the tangent space TQr to Q@ has the following description.

Lemma 3.3. TQpr is the set of all expressions of the form

ofi  ofr 9f1 : ’
9z, Qzs " Oxm X Y
ofs  0fy 9f> X Y.
x1 Oz T Oxm 2 n 2
. . b
Ofn  Ofn O fn ' /
where ]
Y;

:ZA“«%, and Xl,XQ,...,XmG(Cz,
al'j - al'j

with A;. € Cy for all i and j.
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Proof. Introduce a family ®; of diffeomorphism germs depending on a param-
eter t € [0,1] of the form

@, : (R™ x R",0) — (R™ x R",0),w (Xl(t), e X (), YA (D), . . ,Yn(t)),

such that ®¢ = idgm «rn. Let V3 = E 1(% E =— be the vector field gener-

ating ®;, where X; = ag? and Y; = at . Let a1 = 621 Jas = 8%2, e O = me be

the basis of the vector space R™. Then, the family of the vector ﬁelds ®} preserves
the direction of the projection if the following relation is satisfied

(3.1) D7 (a;) Z)\ aj,

where \; € C,, and also depending ont € [0,1]. Let Vo = > Xl-(())%—l-z Y;(0) 66
i=1 foi=1

where X;(0) = S and Y;(0) =

ot =

If we differentiate (3.1) with respect to ¢ and substitute ¢ = 0 then we obtain

m

(3.2) Vo, ai] =Y A0);a;,

Jj=1

where [.,.] is the Lie bracket and \;(0) = %Ati

_o- In fact, (3.2) is equivalent to

Y,(0) 8 -
(3.3) <Z 8:@ 8:c 2. %@h) = Z)\(O)ja;‘.

j=1

Therefore, (3.3) implies that X,(0) € C,, and 822(1_0) =0, for all r and s.

Now assume that all map germs in a smooth family F; depending on ¢ € [0, 1]
are quasi equivalent to Fy, with respect to ®;. Then, from Definition 3.1 we see

that derivatives %I(io) belong to the radical of the ideal defining the graph Ag of
Fy. Therefore,

Y, (0 0Y5(0)
ox;

where I is the ideal generated by y; — fj, j = 1,2,...,n. Note that Rad(l) = I.
Hence, we have

€ Rad(I),

(3.4 PO S - 1B,

j=1
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where B,; € Cy,.

Denote by I? the square of the ideal I. Using the Hadamard Lemma, we can
always write

(3.5) Z — ) A + 0,

where 375 € Cy, A;; € Cy and ¢ € I%. Differentiation of (3.5) with respect to x;

f 220

and using (3.5) followed by the restriction o 9 to the surface by setting y; = f;

yield that

ZafJA

where gsj € C;, as required. O

Following [1], we call a map germ F : (R™,0) — R”™ simple if its sufficiently
small neighbourhood in the space of all map germs from (R™,0) to R™ contains
only a finite number of quasi-equivalence classes.

3.1. Classification of simple mappings

We start this subsection with recalling the classification of simple singularities
of quasi-mappings from R? to R? from [3], giving details of proofs of main results.
After that, we classify simple irreducible curve singularities in R™ with respect to
the quasi-stably equivalence relation.

3.1.1. Simple quasi classes of mappings from R? to R?

Classification of simple quasi-singularities of mappings from R? to R? is as fol-
lows.

Theorem 3.4. [3] Let a map germ F : (R?,0) — R?, (x1,22) = (y1,92), be simple
with respect to the quasi-equivalence relation. Then, F' is quasi-equivalent to one of
the following:

Notation Normal form Restrictions
Ay (1’2,1']f+1 + z129) k>0,
By, (w2, 23 + x511) k>2
Ck (zo, 2V 4 2329) k>2
Fy (wo, 21 + 2327)

Ay (22 + 23, 7122)
As (2122, 27 + a3)
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To prove Theorem 3.4, we need the following auxiliary results.

We first treat the case when the co-rank of F' is one. In this case and up to the
A-equivalence relation, we will assume that F' has the form (;CQ, f), where f € M2.

Let F; : (R2,0) — R2, (x1,72) — (2, f;), be a family of quasi-equivalent map
germs at the origin, preserving the first component, where ¢t € [0,1] and f; €
M2. Consider the family of regular germs V; = {(xl,yl,yg) DYl = T, Yo = ft},
equipped with trivial fibration structure 7 : Ry, X Ri — Rz.

Lemma 3.5. The quasi classifications of (2, ft) reduces to the classifications of
(Vi, ) with respect to the quasi-equivalence relation, introduced in Definition 2.4.

Proof. Note that the ¥; summands in 7Q r, satisfy the following

oY, 0Of
(36) 8171 o 8171
and
aY; _ Oft
(3.7) g =A; + pe 2B

for some A;, B; € C, and i € {1,2}. Since A; is an arbitrary smooth function, (3.6)

and (3.7) imply
Yi:DH—/aftB dz1,
0z
0

where D; € Cy,. On the other hand, from the first row of the homological equation
aFﬁ =M, M € TQp,, we have Y1 — X, where X5 € C,. Hence, the second row

takes the form

Of _ 0fi .  Ohy

22X - LY 4 Y,

(3:8) Ot On Oy

where X; € C,. Note that the elements on the right side of (3.8) are exactly those

belonging to the tangent space T@ft at the regular germs (V;, ) with respect to
the quasi-equivalence relation, and the result follows. O

Now assume that F' has co-rank 2. Then, using the A-equivalence relation, one
can show the following.

Lemma 3.6. The adjacency of the 2-jets of map germs F' is

I (22402 xy20) 11 : (w129, 23) « (II1)F : (22422,0) < V : (22,0) < IV : (0,0).
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Remark 3.1. Classes in Lemma 3.6 remain non-quasi-equivalent.

Lemma 3.7. 1. If the 2-jet of F is equivalent to (z3 4+ x3,0) then F is non-
simple with respect to the quasi equivalence relation.

2. If the 4-jet of F is equivalent to (x1x2, 23 + ax123 + Bri), a # 0,3 # 0, then
F' is non-simple with respect to the quasi-equivalence relation.

Proof.  For the first part of the Lemma, consider the homogenous mapping
F3 = (22 £ 22, f3) where f3 = 23 + ax?wy + Br123 + 23, Then, TQF, is the set of
all expressions of the form

2{E1X1 + QIQXQ + Yl
&

where Xl, Xg € C, and the YZ summands satisfy the following constraints

oY, — 21, A; + f?’Bi and — 422, A; + 0Fs

8331 ox T1 8172 Oz 2B

for some A;, B; € C,. Notice that the 3-jet of Y; is a;(x? + 23) + b;f3, where
ai,b; € R. Therefore, the 3-jet of TQr, is generated by the vectors:

f3

f3
al)

0
v = (2;6%,1‘18—2),’0 (22122, X2

0
vy = (1256156275618—2)7”5 = (0, f3),v6 = (2%,0),v7 = (55%30270),

vg = (x123,0),v9 = (23,0),v10 = (27 + 22,0),v11 = (0,27 & 22).
These vectors form a subspace of dimension at most 11. The dimension of the
space of the 3-jets of co-rank 2 mappings is 14 which is greater than the subspace
dimension. This means that the germ F3 is non-simple with respect to the quasi
equivalence relation.

Similarly, we can prove the second part of the Lemma. O

Proof of Theorem 3.4. Firstly, suppose that the co-rank of F is one. Then,
Lemma 3.5 and Theorem 2.7 imply that if F' is simple then it is quasi equivalent to
one of the following: (xg,:r’f +x122), k>0, (22,23 + 2521), k> 2, (3:2,3:]1”1 +
2212),k > 2 and (wo, 2} + 2371).

Next, let the co-rank of F' be two. Then, Lemma 3.6 and Lemma 3.7 yield that
all simple quasi singularities are among map germs whose 2-jets are quasi equivalent
to either (22 4 23, x122) or (z122,7?). Using Arnold’s spectral sequence method
[1], one can easily prove the results below.
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e If Fis a map germ with the 2-jet (2% + 22, x125), then F is quasi equivalent
to
AS - (23 £ 23, z120).

o Let F = (2122 + f, 2} + g), where f,g € M2, If g contains a term axs, then
F is quasi equivalent to Asz : (z122, 2% + 23). Otherwise, in the most general
case, F' is equivalent to a non-simple germ, by Lemma 3.7. This finishes the
proof of Theorem. O

3.1.2. Quasi-stably simple classes of irreducible curves in R”

Recall that an irreducible curve at the origin in R™ can be described by a germ
of an analytic map F : (R,0) = (R",0), z =+ y = (y1 = f1(2),y2 = fo(), ..., yn =
fn(z)). Following Arnold in [2], we introduce the following.

Definition 3.8. An irreducible curve is called quasi-stably simple if it is simple
with respect to the quasi-equivalence relation and remains simple when the ambient
space is embedded into a larger space. Two curves which are obtained one from the
other by such embedding are called quasi-stably equivalent.

Remark 3.2. By the codimension here and below, we mean the codimension in
the space of the Taylor series with zero constant terms.

The classification of quasi-stably simple classes is as follows.

Theorem 3.9. Assume that the curve F' is quasi-stably simple. Then, F is quasi-
stably equivalent to one of the lines Ay : (wk,O), k>1.

Remarks 3.10.

1. Any irreducible curve is either quasi-stably simple (and hence is quasi-stably
equivalent to one of lines, stated in the theorem) or belongs to the subset of
infinite codimension in the space of all curves.

2. The codimension of the class Ay is kn — 1.

Proof of Theorem 3.9. Up to the A-equivalence relation, we may assume
that any irreducible curve has the form F = (Ik,fg, ey fn), where k£ > 1 and
fi € M’;H. Notice that the derivatives of the YZ summands in T'Q)r with respect to
x belong to the ideal generated by zF~! and hence Y; = xk A;, for some A; € C,.
By Arnold’s spectral sequence method, one can easily show that F' is quasi-stably
equivalent to the germ Ay : (wk, O)7 k>1.
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4. The quasi classification of some multi-germs of curves in R"
We start with recalling the standard notions and basic definitions concerning
multi-germs of curves from [5].
A reducible curve at the origin in R"™ is determined by a collection of maps

(R,0) = (R™,0), 2=y = (Y1, -,Yn)-

Definitions 4.1. A multi-germ of curves in R” is a set G = (Fy, ..., F}) of germs
of analytic maps F; : (R,0) — (R”,0), where Im(F;) N Im (F;)= {0} for i # j (
F1, Fy,... and F, are called components of the multi-germ G).

The group of A-equivalences A = £ X Ry X Ro X --- X R, where R; is the
i-th copy of the group of the standard right equivalences, acts on the space of
multi-germs G = (F1, ..., F,.) by the formula

(D, 01, yor).(F1,y..., F) = (¢OFlo<p1_1,...,¢0Frocp;1),

where ¢ € £ and ¢; € R;.

Definitions 4.2. A multi-germ G is called simple if there exists a neighbourhood
of GG in the space of multi-germs which intersects only the finite number of A-orbits.
It is stably simple, if it remains simple when the ambient space is immersed in a
larger space.

Definitions 4.3. Two multi-germs G and G in R™ are equivalent if they lie in one
orbit of the A-action.

The tangent space T'A.G to the orbit A.G is equal to TR.G + TL.G. The first

T
set is the direct sum €P Mz(ai £) and its elements denoted by matrices where the
=1

0,

i-th column of which czo:rresponds to an element of TR.F;. On the other hand, TL.G
is the set of matrices of the form

e o T
Yor Yoo ... Yo
Yii Yo ... Y,

where Y;; = U; o Fj and U; € M.
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The quasi-equivalence of multi-germs of curves is defined as follows.

Let Fj : (R,0) = (R™,0), z — y = (Y1,---,Yn), ¥i = fij(x), i = 1,...,n and
denote by A; its graph.

Definition 4.4. Two multi-germs G = (F\,...,F,) and G = (Fy,...,F,) in R"

are called quasi equivalent if there exists a diffeomorphism germ @ : (R x R™ 0) — (R x R™,0),
such that ®(A;) = 1~\j, for all j, and the derivative of ® preserves the direction of

the projection at the points which lie on A;.

Obviously, the quasi-equivalence of multi-germs of curves is an equivalence re-
lation. By similar consideration and technique which were used in the proof of
Lemma 3.3, we obtain the following description of the tangent space T'Q.G to the
quasi class Q.G of a multi-germ G.

Lemma 4.5. TQ.G = TR.G +TQ.G, where TR.G = @ M, (%) and TQ.G is

i=1
the set of matrices of the form
Vu Y .. Vi
Yor Yoo ... Yo
Ynl Yn2 an
which satisfy the following
Yip Yy oY, An A o A V[ fe o S
Yy, Yo ..o Y3, A1 Ay ... Agy for faoo oo fo
Yél YAQ Y,{T Anl An2 Ann f?’ll f7l12 f;m“
where A;j € Cq, fi; = CZJ and Yl'J = d;;j.

Proposition 4.6. TA.G CTQ.G.

Proof. Let V € TA.G. Then, we can write V' = Vi + V5, where V; € TR.G
and Vo € TL.G. Hence, Vo = (Y;;), where Y;; = U; o F; and U; € M,,.. Notice that

. n
aYi; dfk; U, . ’ ’ ’ / y _ dfij
- = k§ @ Fur- Moreover, if we let I} = (fi,, f3;,-- - fa,), where fl, = ==

and denote by (FJ’)T the transpose of F, then we have

"< dfy; OU; T
E:——:AZ— )T,
— dz Oy (F3)
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where A; = (Ain, Ai,..., Am) with Ay, = 8% fi = Y4 and the result fol-
lows. O

Remark 4.1. For the standard .A-equivalences of multi-germs, we are free to change
the coordinates about each point independently of the associated branch in the
source, whereas in the target the same coordinate change must be applied to each
branch. On the other hand, for the quasi-equivalence, we are still free to change the
coordinates in the source about each point independently of the associated branch,
but in the target if a quasi-change of the coordinates Y;; occurs on a certain branch
F; and the derivative of Yw is equal to Ai(FJf)T, then the same factor A; must be
applied to all quasi-changes of the coordinates on other branches.

Definition 4.7. A multi-germ G is called simple with respect to the quasi-
equivalence relation if there exists a neighbourhood of G in the space of multi-germs
which intersects only finite number of quasi-classes. Moreover, it is called quasi-
stably simple if it remains simple when the ambient space is immersed in a larger
space.

We will only consider bi-germs (multi-germs with two components) of curves
and give the beginning of the classifications with respect to the quasi-equivalence
relation.

Theorem 4.8. Let G be a quasi-stably simple bi-germ. Then, up to permutation
of curves, G is quasi-equivalent to one of the bi-germs (Fl,Fg), described in the
following table.

Notation Fy Fy Restrictions
Ay (x,0) (0, zF) kE>1
By, (x,0) (2%, 2h) I>k>1
CQ (xz, O) (0, xz)

Cs (x2,0) | (0,0,2%)
Dy 3 (22,0) | (22,0,2%)

To prove Theorem 4.8, we use the spectral sequence method [1] together with
the following auxiliary results.

Consider a pair G of curves with a regular first component which will be written
in the normal form (z,0,...,0) or equivalently as (z,0). Introduce a family of
quasi-equivalent pairs G; = ((x,O),Fg(t)), preserving the first component, where
Fo(t) = (f1(t), f2(), ..., fm(t)), fi € Cp and t € [0,t] such that Gy = G. Let
fl = % and denote by Q the ideal generated by fi, f4, f4,..., f5, and by Q the

3

ideal generated by f5, f4, ..., f}.
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Lemma 4.9. The homological equation of Gy is

0 fi Hy  fiH> Yii Y
0 fa 0 fyHo Yor Yo
0 fn 0 f’I/IHQ Ynl Yn2

such that Y11 € M, Yi1 =0, Y], € Q, and Y}, € Q for alli € {2,3,...,n}. Here,
fZ = % and Hy, Hy € M.

Proof. By differentiating G; with respect to t, we obtain the homological
equation described in Lemma. Moreover, Lemma 4.5 implies that

) ] A Y Al

Y, Y, koL

Yy, Yl Ao Y Aaify,
(4.1) S i1

Yo Y n

~ Comparing the columns of the homological equation and (4.1) yields that Y, = —Hy,
Y;1 = 0, and therefore A1, = —%, A =0foralli e {2,3,...,m}. As H; is
an arbitrary germ, we have that Yllz € Q and YZ’2 e Qforallie{23,...,n}, as

required. O

Now suppose that both components of GG are singular. Then,

Lemma 4.10. [5] The 2-jet of G is A-equivalent to either ((22,0),(0,2?)) or
((#%,0), (z2,0)).

Moreover,

Lemma 4.11. A pair of curves with the 3-jet ((:17 x3), (:172,04333)), where o # 1,
is not simple with respect to quasi-equivalence.

Proof. Let Go = ((22,2%), (2%, ax?)). Then, the 3-jet in TQ.G, is generated
by the following 10 vectors: vy = ((222,322), (0,0)), v2 = ((0,0), (22, 3a:c )) vg =
((223,0),(0,0)), va = ((0,0), (223,0)), v5s = ((x2,0), (z2,0)), vs = ((0, z%)),
vy = ((2:173, 0), (223, O)), vy = ((O, 223), (0, 2173)), vg = ((503, 0), (a:c O)), Vg =
((O, x3), (0, oz:cg)). Notice that vz + v4 = v7, 2avy + 2v9 — 4avs = 3awvg and vy +vg —
2v5 = 3vg. Therefore, the vectors v7,vs and vg can be removed from the list above.
The remaining vectors form a subspace of dimension at most 7. The dimension of
the space of all 3-jets of bi-germs with two singular components is 8 which is greater
than the subspace dimension. This means that the germ G, is non-simple. O
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4.1. Proof of the main Theorem 4.8

We distinguish the following cases.

1. Pairs of curves with a regular first component. In this case the pair takes
the form G = ((x,0), F). Therefore, we classify the second component using
Lemma 4.9 as follows.

e Assume the 1-jet of F' is nontrivial and equal to (az, Sz), with «, 5 € R,
and hence is equivalent to either (0,z) or (z,0). Consider the first case.
Then, G is quasi equivalent to A; : ((;C,O), (O,:v)). Next, if k£ be the
minimal number such that the k-jet of F' is not (x,0) then G is quasi-
equivalent to By : ((,0), (z,2%)) where k > 2.

e Consider the case when F' is singular and its multiplicity is k. Then, the
k-jet of F is equivalent to either (0,2") or (x*,0). Suppose that [ is the
minimal number such that the I-jet of F' is not (z*,0) then G is quasi
equivalent to By : ((z,0), (z¥, ")) where | > k > 2. Next, if the k-jet
of F is (0,z%) then G is quasi-equivalent to A : ((x,0), (0,2"%)), with
k> 2.

2. Pairs of curves with singular components. In this case the nontrivial 2-jet of
G is equivalent to either ((22,0),(0,22)) or ((#%,0), (z2,0)).

e Consider the case when the 2-jet is ((22,0), (0,27)). Then, G is quasi-
equivalent Cs : ((22,0), (0, z%)).

e If the 2-jet is ((ZEQ,O), (xQ,O)) then Lemma 4.11 yields that all quasi-
stably simple singularities are among pairs with the 3-jet is either
((2%,23,0), (2%,0,2°)) or ((22,23,0),(0,0,2%)). In such cases, we obtain
Cs: ((2%,0),(0,0,2%)) and Da3 : ((22,0), (22,0,23)), respectively. Pairs
from other cases are adjacent to the family ((z2,2%), (22, az?)), where

a # 1.
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