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Abstract. In this note, we derive some approximation properties of the generalized
Bernstein-Kantorovich-type operators based on two nonnegative parameters consid-
ered by A. Kajla [Appl. Math. Comput. 2018]. We establish a Voronovskaja-type
asymptotic theorem for these operators. The rate of convergence for differential func-
tions whose derivatives are of bounded variation is also derived. Finally, we show the
convergence of the operators to certain functions by illustrative graphics using Mathe-
matica software.
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1. Introduction

For f € C(I), with I = [0,1], the classical Bernstein polynomials are defined as
follows:

B(fia) = épn,k(w)f (%),

where p,, i(z) = (Z) 2% (1 — 2)"* is the Bernstein basis.

Also for f : I — R an integrable function, the classical Bernstein-Kantorovich
operators are defined by

(k+1)/n

Mn(f;w)znzn:pn,k(w)/ f(t)dt, = €[0,1], n € N.
k=0 k/n

The above operators M,, can also be written as follows:

(1) M, (fi) = kz:pn,k(a:) [ () ar
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Stancu [31] introduced the Bernstein-type operators involving two parameters r, s €
NU {0}, as follows:

n—sr

129 Gurd S0 = 3 proers@) Y pesn(ot (A5,
pu=0 o

n

For r = s = 0, these operators reduces to Bernstein operators B, (f; ).

Abel and Heilmann [1] investigated the complete asymptotic expansion of Bernstein-
Durrmeyer operators. Gonska and Paltanea [16] presented genuine Bernstein-Durrmeyer
operators based on one parameter family of linear positive operators and study the
simultaneous approximation for these operators. Cérdenas-Morales and Gupta [12]
derived a two-parameter family of Bernstein-Durrmeyer-type operators based on
the Polya distribution and gave a Voronovskaja-type asymptotic theorem. In [9],
Agrawal et al. introduced the Kantorovich-type generalization of Luaps operators
and obtained the local and global approximation properties of these operators. Abel
et al. [2] considered the Durrmeyer-type modification of the operators (1.2) defined
by

n—sr

s 1
(1.3) Snrs(£32) = D Prosru(@) D par(@)(n+1) / Progiror (8) f (£)dlt.
1=0 k=0 0

The authors studied a complete asymptotic expansion and derived some basic ap-
proximation theorems for these operators. Gupta et al. [18] considered the Dur-
rmeyer variant of Baskakov operators based on the inverse Polya-Eggenberger distri-
bution and studied the local and global approximation properties. Many researchers
have contributed to this area of approximation theory [cf. [3-8,10,11,13-15,17-20,
22,24-30] etc.] and the references therein.

For f € C(I), Kajla [23] defined the following Stancu-Kantorovich-type opera-
tors based on two nonnegative parameters:

n—sr

s 1
(14)  Knrs(fsz) =) pn_sr,u(l')zps,k(l')/ f (M) dt.
1=0 k=0 0

n

The approximation behaviour of C,, . s was examined in the paper [23].

In this article, we prove the Voronovskaja-type asymptotic theorem for these op-
erators. The rate of convergence for differential functions whose derivatives are of
bounded variation is also obtained. Finally, we show the convergence of the opera-
tors by illustrative graphics in Mathematica software to certain functions.

Let e;(z) = 2%,i=0,1,2---
Lemma 1.1. [23] For the operators Kp,  s(f;x), we have

(l) K:n,r,s(eO;x) = 1;
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1
(”) Kn,r,s(el;x) =x4+ —;

2n
1- -1 1
(ZZZ) Icn,r,s(e2;x) =22+ % <1 + #) + % + W;
3z(3 —2 7—9 6rsx?(r —1)(1 — 43
(Z’U) Kn7r)s(€3;$) _ {L‘3 + .’L'( — :E) + x( fL') + brsx 2(’:;2 )( {L‘) + 4z
1-— 2rsx((5 + 97 — 42%) — 3r(1 — 22) — 2r2(1 — 32 + 8902))
* 4n3 ;
4

x
5n4

15(r — 1)r?(s — 2)s — 15(r — 1)r?s(s + 2) + 10n(=3 + (r — 1)r(7 + 47‘)5)} +

(v) Knrsles;z) = a2t + {55112 — 3013 + 30n2rs — 30(—1 + r)rs — 30n2r?s +

3

Hn4

30n(r—1)rs(2r+5) —30r3s(r—1)(s—2) + 15r2s%(r — 1)+ 15725 (r — 1)(34—2)}

iZ?2

+teg 75m2 — 75n — 75rs(r — 1) — 65r2s(r — 1) — 5r3s(r — 1) + 20nrs(r — 1) +

[40713 —80n — 120n? — 30n2rs + 80(r — 1)rs + 30n22r%s + 50(r — 1)r?s —

1573s(s — 2) — 157252 (r — 1)

[ 1
+ % _30n +25rs(r — 1) + 15r2s(r — 1) + 5r3s(r — 1)| + v

Let e?(t) = (t —z),i=1,2,4.

Lemma 1.2. [23] For the operators K, ,s(f;x), we get

(Z) Kn,r,s(ef(t);x) = i

(it) Kprs(es(t);x) = (1 A Gl 1)> + L

Lemma 1.3. /23] For f € C(I), we have

1Konr,s (F5 )] < [ £1I-
Remark 1.1. For every x € I, we have

lim n ]Cn,r,s(eclv(t);x) =

n—o0

lim n Knrs(es(t);z) = z(l-x),

n—o0

lim n® K ,.s(ef(t);z) = 32°(1—xz)°

n—o00

N =
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Lemma 1.4. Forn € N, we obtain

X s 1-
Kn,r,s(eg(t);x) S %a

where X, s is a positive constant depending only on r, s.

Theorem 1.1. [23] Let f € C(I). Then lim K, ,(f;2z) = f(x), uniformly in I.
n—oo

2. Voronovskaja type theorem

The aim of this section, we prove the Voronvoskaja-type theorem for the operators
ICn,r,s-

Theorem 2.1. Let f € C(I). If f" exists at a point x € I, then we have

lim n [K:n,r,s(f;x) - f(ilf)] = lfl(x) + @

n—roo 2

I ().
Proof. By Taylor’s formula of f, we get
2.1)  f(t)=fl@)+ f(@)(t—2)+ %f”(x)(t —a)? +w(t,z)(t - 2)*,

where tlirn w(t,z) = 0. By applying the linearity of the operator Iy, . s, we obtain
—z

Knrs(f;2) = f(2) = Knps((t —2);2) f/ (@) + 5K s((t — 2)%2) f" (2)
+Kps(w(t, 2)(t — )25 2).

Now, applying the Cauchy-Schwarz property, we can get

il s(w(t, ) (t — x)%z) < \/lCnmS(w%t, x);x) \/n2lCn7T,S((t — )4 x).

From Theorem 1.1, we have lim K, . (w?(t, z); 2)= w?(x,x) = 0, since w(t,r) —
n—r oo

0 as t — x, and Remark 1.1 for every = € I, we may write

(2.2) lim n*Ky,s ((t—2)%2) = 32°(1 — 2)>.

n—oo
Hence,
Nl s (w(t, z)(t — a:)2; x) =0.

Applying Remark 1.1, we get

lim nkCp s (t —x;2) = l,
n—oo
(2.3) lim niC, ., ((t—2)%2) = 2(1 — ).

n—00

Collecting the results from the above theorem is completed. O
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3. Rate of convergence

DBV (I) denotes the class of all absolutely continuous functions f defined on I,
having on I a derivative f equivalent to a function of bounded variation on I. We
notice that the functions f € DBV (I) possess a representation

f@ﬂ=iémgﬁﬁﬁ+11®

where g € BV(I), i.e., g is a function of bounded variation on I.

The operators ICp, - s(f; ) also admit the integral representation

(3.1) Knrs(f;) /Wnrsxt f(t)dt,

where the kernel W, ;. s(z,t) is given by

n—sr s
Wn,r,s(xat) - Z pnfsr,,u(x) Zps,k(I)Xn,k(t)a
n=0 k=0

where xn1(t) is the characteristic function of the interval [k/n,(k + 1)/n] with
respect to I.

Lemma 3.1. For a fivred x € (0,1) and sufficiently large n, we have

Xrs (1 —2x)

, 0<y <z,
n(z —y)?

Yy
(Z) Bn,r,s(xvy) :/ ans(:zr,t)dt <
0
Xrs (1 —2x)

E—F n(z—z)?, z<z<1.

1
(”) 1 - ﬂn,r,s(x, Z) - / Wn7r15($,t)dt S

Proof. (i) Using Lemma 1.2 we get

r—=y

i Ve —t\?
Brrs(xy) = /Wn” x,t) dt</ ( ) Wi r.s(, t)dt
0
0

Xrs z(l—2x)

= ’Cn,r,s((t_‘r) ;:E)(‘/I;_y)7 < n(x_y)Q

As the proof of (i) is similar, the details are omitted. O

Theorem 3.1. Let f € DBV (I). Then for every x € (0,1) and sufficiently large
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n, we have

where \/Z(f;) denotes the total variation of f.. on [a,b] and f. is defined by

{ ') = flla=), 0<t<u

(3.2) FL(t) = 0, t=x

/@) — fl(z+) z<t<Ll
Proof. Since Ky, . s(1;2) = 1, by using Lemma 1.1, for every x € (0,1) we get
1
KnralFia) = @) = [ Woralw0(5(0) = S (o)t
0
1 t
(3.3) = / Wh.r.s(z, t)/ J'(u)dudt.
0 x
For any f € DBV (I), by (3.2) we can write

Flw) = Fi)+ 5P @)+ P + (@) — Fe-))sgn(u — )

2
(3.49) o () — 5 (7 ) + )]
where
sw={ 150
Obviously,

/01 ( / t (f’(u> - %(f’(ﬁ) + f’(w—))) 6m(u)du) Wirs(, t)dt = 0.

By (3.1) and a straightforward calculation we have
1 tq 1 1
[ ([ 5678 + 1) Wty = 55+ £ [ €= Wttt

= S+ P K6~ 2)52)
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and

/ Warala 1 ( / () - Flem))son(u— x)du) dt‘

1 !/ !/ !
< 5P = fao) ] [ el Wt

IN

1
3 | fi(a+) = f(z—) | Knrs(t — zl; )

IN

1/2
3 110 = @] (Knnalit=aia))

Applying the lemmas 1.2 and 1.4 and using (3.3),(3.4) we obtain the following
estimate
1
(Knrs(f;2) = f(2)] —1f (@) + f'(z-)]

4an
ol a) — o)y e 2D

/Om ( / t fé(u)du) W,rsla, t)dt
(3.5) +/$1 </: fg/c(u)du> Wn,r,s(x,t)dt‘,

Let

IN

+

Aprs(frr @) = /Om </mt f;(u)du> Wa,r,s (2, )dt,
Byrs(frr ) = /: </It f;(u)du> Wi s (@, t)dt.

To complete the proof, it is sufficient to estimate the terms A,, , s(f2, z) and By, . s(f1, ).
Since f; difnrs(x,t) <1 for all [a,b] C [0, 1], using integration by parts and apply-
ing Lemma 3.1 with y = z — (2/4/n), we have

I(/ t P ) dif t)'

/ a1, <t>dt}
Yy

|An,r,s(f;; 517)| =

< ( [+ / I)If;(t)l B, 1)
e y\?(f;><x—t>2dt+ / ’ j(f;)dt
< W/()y\?(f;)(x—t)zdt+% \7 (f2)-

e (a/ V)
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By the substitution of u = z/(x — t), we obtain

w1 —x) [/ : L) VA
oy 212 3) )/0 w02\ (fa — e 020 )/1 V (f)du

n

—(z/w)
Vnl L gr1 =
X,.s (1—
< 2 LEINT T (a
k=1"F 2 (x/k)
(Vn] =z
Xrs (1—x)
< ; >V
k=1 z—(x/k)
Thus,
, an (1—2) nl e , T * ,
k=1 z—(z/k) z—(z/v/n)

Using integration by parts and applying Lemma 3.1 with z = =z + ((1 — x)/y/n), we
have

|Bnr,s(fz: )]

f;v ) n,r,s :C t)dt’
fa(u

[ (]
_ /( ) B 1)) /(/f ) — B, 1))
(

- [/ ! () ﬁmxtdu} - [ 200 oo at
+/:

- fﬁwmm—mmmm—/ﬁmm—mmmmw

[ﬂwmﬁm—mmmﬂ

+ { / " ()du(1 —ﬂn,r,s(x,t))l -/ RAC e gw(m))dt’

tXl—ﬂMWCuwmv+/’ﬁGX1—ﬂwwu¢»a\

< 2 f028 [e- o ta [T\ e

t

Xes x(1—x) [* Nt — )" 2dt (1—=)
n /:v+((17:v)/\/ﬁ)\z/(fx)( %) - Vvn -

z+((1—z)/v/n)

(f2)-
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By the substitution of v = (1 — x)/(t — z), we get

z+((1-=)/v) z+((1-=z)/vn)
, X, z(1—xz) [V , 1 (1—z)
|Bn,rs(fs )] < +~/1 \x/ (fz)(1 —=z)" "dv+ N v

Vnl g1 z+H((Q—2)/v) z+((1-=z)/v/n)

Xrs T / , (1-=x) ,

< —— (fz)dv + (f2)
kY i
X oz (vn] z+((1—z)/k) (1) z+((1-2z))/vn
(3.7) = — > (fz) + T Vo

k=1 x T

Collecting the estimates (3.5)-(3.7), we get the required result. This completes the
proof of the theorem. [

4. Numerical Examples.
Example 4.1. In Figure 1, for n = 10,7 = 1,s = 1, the comparison of convergence of
Kn,r,s(f;z) (yellow) and Bernstein-Kantorovich My (f;z) (blue) operators to f(x) = e’

(red) is illustrated. It is observed that the KCp . s(f;x) gives a better approximation to
f(z) than Bernstein-Kantorovich M, (f;x) operators for n =10,r =1,s = 1.

2.51

1.57

1 T T T T
0 0.2 0.4 0.6 0.8

—_

Figure 1.The convergence of Mio(f;x) and K10,1,1(f;2) to f(x)

Example 4.2. In Figure 2, for n = 50,7 = 1,s = 1, the comparison of convergence
of Kn,rs(f;x) (yellow) and Bernstein-Kantorovich M, (f;z) (blue) operators to f(z) =
z2 sin (27’”) (red) is illustrated. It is observed that the Kp rs(f;x) gives a better approxi-
mation to f(z) than Bernstein-Kantorovich M, (f;z) operators for n = 50,7 =1,s = 1.

(f2)
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Figure 2.The convergence of Mso(f;x) and Kso,1,1(f;2) to f(z)
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