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Abstract. A group H is said to be capable, if there exists another group G such
that % >~ H, where Z(G) denotes the center of G. In a recent paper [5], the
authors considered the problem of capability of five non-abelian p—groups of order p*
into account. In this paper, we try to solve the problem of capability by considering
three other groups of order p*. It is proved that the group

2

Hg = (z,y,2] 2" =y"

=2 = Lyz ="y, 22 = ayz,yz = 2y)

is not capable. Moreover, if p > 3 is a prime number and d # 0,1 (mod p) then the
following groups are not capable:

I—I71 = (:c,y,z|xg:y3:1,23::c3,yx::c4y,z:c::cyz,zyzyz),
2
H? = (z,y,z|a" =y’ =2" =1,y = 2"y, 20 = 2" 'yz, 2y = 2Pyz),
1 9 3 3 -3 4
Hy = (zyy,z|a” =y =1,2"=2 °yz =2"y, 20 = zyz, 2y = yz),
2
H = (z,y,z|a" =y’ =2"=1,yz=2""'y, 20 = sy 2y = xdpyz>.
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1. Introduction

A group H is said to be capable if there exists another group G such that

¢ _ >~ H, or equivalently H can be represented as the inner automorphism group

Z(Q)
of a given group G. The capability of groups was first studied by Baer [1] who was
asked the question “which conditions a group H must fulfill in order to be the group
of inner automorphisms of a group G?”. In the mentioned paper, he determined

all capable groups which are direct products of cyclic groups. Since the time that
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Hall and Senior published their inovating work [3], such groups are called capable.
It is well-known that the classification of capable groups is the first step towards
the classification of prime power order groups [4]. The following theorem of Baer is
well-known in the context of capable groups.

Theorem 1.1. Let A be a finite abelian group written as A = Zy,,, BZip, ®- - - B Ly,
such that each integer n;y1 is divisible by n;. Then A is capable if and only if k > 2
and np_1 = nyg.

Burnside [2] was classified all p—groups of order p* which p is an odd prime
number. This classification is expressed in the following theorem:

Theorem 1.2. Suppose p is an odd prime number and d # 0,1 (mod p). Then

there are fifteen different groups of order p* up to isomorphisms. Five of those are
abelian and the non-abelian groups are in the list below.
o,y |2’ =y = 1Lyay =27 ),

2
Hy = (z,y,z | 2P =yP = 2P = 1,0y = yx, 22 = 2a,2yz " = xPy),

Ho=(v,y,zt|aP =y? =22 =17 = [z,y] = [r,2] = [0,] = [y, 2] = [y, 1] = 1,1zt ! = z2),

HlO =(z,y,7 | 2 = Z/B =72 = Laoy= yw,zilmz = my,zilyz = $73y>7

=
(
P> P> -1 p+1
H3 = (z,y|2a¥ =y’ =1lyzy  =2a"""),
2
Hy= (z,y,z | 2P =yP = 2P = 1,0y = yx,yz = 2y, 2wz~ " = xPT1),
2 —
Hs = (z,y,z | 2P =yP = 2P = 1,0y = yx,yz = 2y, 202" " = xy),
2
He = (z,y,z | 2P =yP =2P = 1yay ' = 2Pt 222! = 2y, yz = 2y),
2
H% (,y,z| 2P =yP = 2P = lvyx971 = xp+1,zx271 = wp+1y72y271 = zPy) p >3,
2
HE = (z,y,z|aP =yP =2 = Lyzy ' =2t zze™! = 2%y, 227! = 2%y) p>3,
(
(
(

H10 =z wa’t ‘ mp:ypzzp:tp: [xyy} :[IE,Z]: [wﬂﬂ :[y7z]: [t,y}$71 :[t7z]y71 = 1> p> 3.
Zainal et al. [5] examined the capability of five groups out of ten non-abelian

groups of order p* and proved that among first five groups the previous theorem,
only the group number 3 is capable. We record this result in the following theorem:

Theorem 1.3. (See [5]) The groups H;, 1 <1i <5, is capable if and only if i = 3.

2. Main Results

Our aim in this section is to prove the groups numbers 6,7 and 8 in Theorem 1.2
are not capable.

Theorem 2.1. The group Hg is not capable.



On Capable Groups of Order p* 635

Proof. By definition of Hg and some calculations we have the following equations,
(2'1) iji — xijp-i-iyj

) i(i—1) oo
(2.2) lpt = g kp'”ymzk

Wgz put ¢ = pand j = k£ = 1 in Equations 2.1 and 2.2. Since p is odd and
aP” =gyP =1, ya? = 2Py and zaP = 2Pz. Thus (aP) < Z(Hg) and |Z(Hg)| = p or
p?. Suppose |Z(Hg)| = p*. Then for every h € Hg \ Z(Hs), Z(Hg)(Cry(h)) < Hg
and so |C,(h)| = p3. This proves that the conjugacy class k¢ has size p. Choose
7, k with this condition that 0 < j, k < p—1. Since x is not central and by Equations
2.1 and 2.2, y/zy~7 = 27P*! and 2Fxz7% = 29*, we find that |z¢| > p which is
not possible. Therefore |Z(Hg)| = p and Z(Hg) = {(aP).

If Hg is capable then there exists a non-abelian group G with center Z such that
Hg = % Since G is not centerless, there are elements a,b,c € G \ Z such that

G _ < aZ,bZ,cZ | (aZ)P" = (bZ)P = (cZ)P = 1,(bZ)(aZ) = (aZ)P+'(b2Z), >
Z (cZ)(aZ) = (aZ)(bZ)(cZ), (bZ)(cZ) = (¢Z)(bZ)

By definition, ap2,bp ,c? € Z and by Equation 2.1 one can see the following
equation:

(2.3) ba? = aPb.

By Equation 2.2 and some calculations, we have:

n(n—1)

(2.4) (aZcZ)" = (aZ)"P(aZ)"(bZ) " = (cZ)™

in which t,, = M

following equality:

. By substituting n = p in Equation 2.4, we obtain the

(2.5) (aZcZ)P = (aZ)"P(aZ)P.
We now consider two cases that p =3 or p > 3.
1. p> 3. Then p | t, and so by Equation 2.5 and this fact that a?’ € Z,

(ac)?Z =

= d’Z.

Hence there exists z € Z such that (ac)? = aPz and so ca? = aPc. Finally, we
apply Equation 2.3 to conclude that a” € Z which is a contradiction.
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2. p=3. Then t, = 1 and by Equation 2.5, (ac)*Z = (aZcZ)? = (aZ)3(aZ)?

= (aZ)% = a®Z. Hence there exists 2 € Z such that (ac)® = a°2z and so

ca® = abc. By these equations and and Equation 2.3, we conclude that a® € Z

which is our final contradiction.
Therefore, the group Hg is not capable. O
Theorem 2.2. The group H?} is not capable.

Proof. By definition of H} and some tedious calculations, one can see that
(2.6) Yot = gty
(2.7) 2t = xgk—i(igl) iy ik k

We put i = 3 and j = k = 1 in Equations 2.6 and 2.7. Since 2° = 3% = 1,
yx® = 23y and za® = 232 and so (z®) < Z(H?}). On the other hand, |H}| = 3% and
hence |Z(H?})| = 3 or 9. Suppose |Z(H2)| = 9. Then for every h € H: \ Z(H}),
Z(Hz){Cpy(h)) < Hy which implies that |Cp1 (h)] = 3% or equivalently |hH7| = 3.
Note that € Hi \ Z(H2}). Choose j, k such that 0 < j,k < 2. By Equations
2.6 and 2.7, yizy—J = ¥+ and zF2z~% = zy* which shows that [7| > 3. This
contradiction implies that |Z(H3})| = 3 and Z(H2) = (x3). If H3 is capable, there is
a non-abelian group G with center Z such that H} = % Since G is not centerless,
there are elements a,b,c € G \ Z such that

G _ < aZ,bZ,cZ | (aZ)? = (b2)3 =1,(cZ)® = (a2)?,(bZ)(aZ) = (aZ)*(bZ), >
zZ (cZ)(aZ) = (aZ)(bZ)(cZ),(cZ)(bZ) = (bZ)(cZ) '

Obviously a?, b2, ¢? € Z and by Equation 2.6,

n(n—1)
2

(aZbZ)" = (aZ)? (aZ)"(bZ)™.

In above equation, we put n = 3. Since a°,b® € Z, (ab)3Z = (abZ)? = (aZbZ)3 =
(aZ)?(aZ)?(bZ)? = (aZ)® = a®Z and so there exists z € Z such that (ab)® = a3z.
Therefore,
(2.8) ba® = a3b
On the other hand, a®Z = ¢*Z and so there exists z; € Z such that
(2.9) a® =c*z
Put k=1 and ¢ = 3 in Equation 2.7. Since o(aZ) =9 and o(bZ) = 3,

ca*Z cZ)(aZ)?
aZ)(aZ)?(b2)*(cZ)
aZ)3(cZ)
A

—~ o~

|
)
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Thus there exists zo € Z such that
(2.10) ca® = a*czy.

Now by inserting the Equation 2.9 in 2.10, cc3z1 = ¢3¢0 which shows that z, = 1.
Apply again Equation 2.10 to conclude that ca® = a3c. Now by Equation 2.8 a® € Z
and hence (aZ)? = Z which is our final contradiction. O

Theorem 2.3. The group H? is not capable.

Proof. By presentation of HZ and some tedious calculations one can see that

(2.11) Yl = prtiyd
. i(i+1) B(k—1) . .
(2.12) 2Pt = g2 kR T itk k
Pyl = adkryik,

By substituting ¢ = p and j = k = 1 in Equations 2.11 and 2.12 we have yaP = xPy
and zzP = 2Pz. Hence (2P) < Z(H?) and arguments similar to the proof of Theorem
2.1 show that Z(H?) = (zP). If H? is capable, there is a non-abelian group G with
center Z such that and H? = % Since G is not centerless, there are elements
a,b,c € G\ Z such that

G _ < aZ,bZ,cZ | (aZ)P" = (bZ)P = (cZ)P =1, (bZ)(aZ) = (aZ)P+(b2Z), >
Z (cZ)(aZ) = (aZ)P(bZ)(cZ), (cZ)(bZ) = (aZ)?(bZ)(cZ) '

Thus ap2,bp ,c? € Z. Now by Equation 2.11 and a similar argument as Theorem
2.1,

(2.13) ba? = aPb.

Apply Equation 2.12 to conclude that

n(n—1)

(aZcZ)™ = (aZ)*"P(aZ)"(bZ) " = (cZ)"

n(n—1)(2n—1)
6
(ac)’Z = (acZ)? = (aZcZ)P

p(p—1)

= (aZ)P(aZ)P(bZ) "= (cZ)P
(aZ)(kp+1)P — a(kp""l)PZ'

in which k, = . Next we assume that n = p. Since bP, cP are central,

Hence there exists z € Z such that
(2.14) (ac)? = aF» VP2,

It is clear that p | 6k,. Since p > 3, p | k, and so p t k, + 1. Since (ac)?(ac) =
(ac)(ac)?, Equation 2.14 implies that ca(fFrt1P = ¢(*»+DPc and by Equation 2.13,
aketVr ¢ 7. So, (aZ)F»TVP = Z. But o(aZ) = p? and hence p? | (k, + 1)p which
implies that p | k, + 1. This contradiction completes the proof. O
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Theorem 2.4. The group Hi is not capable.

Proof. By presentation of Hg we have:

(2.15) yat = ¥ty
(2.16) shgi = g gk ok

Again substitute i = 3 and j = k = 1 in Equations 2.15 and 2.16. Since 2° = 33 =1,
yx® = 23y and 22 = 232, Thus (23) < Z(H$). Similar to the proof of Theorem
2.2, Z(H}) = (x3). If H} is capable, there is a non-abelian group G with center Z
such that Hy = & Since G is not centerless, there are elements a, b, c € G \ Z such
that

G _ < aZ,bZ,cZ | (aZ)? = (bZ2)3 =1,(cZ)? = (aZ)73,(bZ)(aZ) = (aZ)*(bZ), > '

Z (cZ)(aZ) = (aZ_)(bZ)(cZ), (cZ)(bZ) = (bZ)(cZ)

Obviously, a?, b3, ¢ € Z and by Equation 2.15,

(aZbZ)" = (aZ)3" T (aZ)" (bZ)".
Put n = 3. Since a°,b% € Z,
(ab)3Z = (abZ)® = (aZbZ)? = (aZ)(aZ)*(bZ)® = (aZ)® = a>Z.
Hence there exists z € Z such that (ab)® = a3z and so
(2.17) ba® = a’b.
On the other hand, ¢3Z = a=3Z and so there exists z; € Z such that
(2.18) a® = ¢z,

Since o(aZ) =9 and 0(bZ) = 3, by Equation 2.16 and substituting k¥ = 1 and ¢ = 3,
we can see that

ca*Z = (cZ)(aZ)?
= (a2)°(a2)*(bZ)*(c2)
(aZ)3(cZ) = a*cZ

and so there exists z9 € Z such that
(2.19) ca® = a®czy.

We now insert Equation 2.18 in our last equation to deduce that cc 3z =
¢ 3z1¢29. Thus 2o = 1 and by Equation 2.19, ca® = a3c. Therefore, a® € Z and

hence 9 = o(aZ) | 3, which is impossible. This completes the proof. O

Theorem 2.5. The group H? is not capable.
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Proof. By presentation of H2 and some tedious calculations, we have

(2.20) Yot = gPtiyl,
) i(i—1) k(k+1) . oo
(221) kaz - oz kariz zderlyszk7
zkyj = a:jkdpyjzk.

In Equations 2.20 and 2.21, we insert ¢ = p and j = k = 1. It is clear that
yaP = zPy and zaP = 2Pz and so (xP) < Z(HZ). Similar to Theorem 2.1, we can
see that Z(HZ) = (zP). If HZ is capable, there is a non-abelian group G with center
Z such that HZ = % Since G is not centerless, there are elements a,b,c € G\ Z
such that

G _ < aZ,bZ,cZ | (aZ)P’ = (bZ)? = (cZ)P =1, (bZ)(aZ) = (aZ)P+ (b2Z), >

Z (cZ)(aZ) = (aZ)PTL(bZ)(cZ), (cZ)(bZ) = (aZ)®P(bZ)(cZ)

where d Z 0, 1(mod p). Tt is obvious that a”2, b?, cP € Z and by Equations 2.20 and
a similar argument used in the proof of the Theorem 2.1,

(2.22) ba? = a”b.
Moreover, by Equation 2.21,

n(n—1)

(2.23) (aZcZ) = (aZ)*r P (aZ) P (aZ)"(bZ) " = (cZ)"

n(n716)(n+1) and t, = n(nflg(n72)

in which s,, = . It is easy to see that p | s, and

p | tp. Also by inserting n = 1 in Equation 2.23,

(ac)’Z = (acZ)? = (aZcZ)P
= (aZ)"(aZ)P (aZ)P(b2)" T (cZ)P
(aZ)P = dPZ.

Hence there exists z € Z such that (ac)? = aPz and so ca? = aPc. This implies that
a? € Z and therefore p? = o(aZ) | p, which is our final contradiction. [J

3. Concluding Remarks

In this paper the authors continued a recently published paper of Zainal et al. [5]
in investigating finite p—groups of order p*. It is proved that three non-abelian
groups of this order are not capable. By results of [5] and our results to complete
the classification of capable group of order p* it is enough to investigate the groups
Hy and Hip in Theorem 1.2. Our calculations with computer algebra software GAP
in working with small groups of order p* suggests the following conjecture:

Conjecture 3.1. The groups Hg and Hyy are not capable.
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