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FRACTIONAL HERMITE-HADAMARD INEQUALITIES THROUGH
r-CONVEX FUNCTIONS via POWER MEANS*

Zeng Lin, JinRong Wang and Wei Wei

Abstract. In this paper, we firstly establish another important integral identity for twice
differentiable mapping involving Riemann-Liouville fractional integrals. Secondly, we
use thisintegral identity to derive several Riemann-Liouville fractional Hermite-Hadamard
inequalities through r-convex functions via power means. Finally, some applications to
quadrature formulas and special means of real numbers are given.

1. Introduction and Preliminaries

The concept of fractional calculus appeared in 1695 in a letter between L’Hospital
and Leibniz. Since then, many mathematicians have further developed this area
and we recommend the study of Riemann, Liouville, Caputo, and other famous
mathematicians. Up to now, fractional calculus have played an important role in
various fields such as electricity, biology, economics and signal and image process-
ing.

For f € L[a,b], the Riemann-Liouville integrals [1] JZ, f and J;_f of order a > 0
with a > 0 are defined by

3 f(x) = % f X(x - 9% (t)dt, x> a

and ,
B f(x) = ﬁ fx (t=x)*"f(t)dt, x <b

respectively, where I'(-) is the Gamma function and J, f(x) = J}_f(x) = f(x).

Very recently, Sarikaya et al. [2] proved an interesting fractional version in-
equality for a differentiable mapping:
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Theorem 1.1. (see Lemma 2, [2]) Let f : [a, b] — IR be a differentiable mapping on (a, b)
with 0 < a < b. If f” is integrable, then the following equality for fractional integrals holds
f(a) + f(b) _T(a+1)

2 2(b —a)®

_ 1
_ % fo [(1— 1) — t]f(ta+ (1 — b)dt.

[32.£(b) + 3¢ f(a)]

Next, Wang et al. [3] proved another interesting fractional version inequality
for twice differentiable mapping:

Lemmal.l. (see Lemma 2.1, [3]) Let f : [a,b] — IR be twice differentiable mapping on
(a,b) with a < b. If f” is integrable, then the following equality for fractional integrals
holds

f@+f(h) T+

[32. £ (b) + 32 f(2)]

2 2(b — a)e
B (b - a)z 11— (1- t)a+l _ tatl .,
- — £ (ta + (1 - t)b)dt.

For more recent studies on the fractional version Hermite-Hadamard inequality
involving Riemann-Liouville and Hadamard fractional integrals, one can see [4, 5,
6, 7, 8, 9] and reference therein.

Note that Sarikaya and Aktan [10] presented a general interesting integral iden-
tity:

Lemmal.2. Letf :[a b] — Rbeatwicedifferentiable mapping such that f " is integrable
and 0 < A < 1. Then the following equality for fractional integrals holds:

b
GG RPL AL bfaf (bt

1
(1.1) = (b-a)? f u(t)f” (ta+ (1 — Hb)dt,
0

where
t(t—-1)

-—— 0<t<1i
t) = 20 - 2
p(t) { @ t)(:; A t), %stsl.

By using (1.1), new inequalities of the Simpson and the Hermite-Hadamard type
for convex functions are established.

As far as we known, fractional version equality corresponding to integral ver-
sion equality (1.1) has not been reported. Motivated by the above papers, we
establish another fractional version equality (see Lemma 2.1). Then, we use this
new fractional equality to derive several inequalities of the Hermite-Hadamard
type for r-convex functions. At last, we give some applications to special means of
real numbers.
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2. New integral identity involving Riemann-Liouville fractional integrals

We present an important fractional integral identity for twice differentiable map-
ping.

Lemma2.1. Let f : [a,b] — R be a twice differentiable mapping such that f”" is inte-
grable. For 0 < A < 1, the following equality for fractional integrals holds:

I'a+1) f(a) + f(b) a+b
(2.1) bar (3. £(0) + 33 F(a)) - L+ )= - 1=V ()
1
= (bh-a) f k(t, A)f”(ta + (1 — t)b)dt,
0
where
L € A SO € B 1
(22) k(t, A) = { tn+1+(‘])fiéa+l_l * (1_2/\)(1_0 ?L = t< 2’
il + 3 ;3 <t<1

Proof. Note the definition of J3, f and J_f and using the method of changing
variables, we have

12 (b) + 3¢ f(a)

1
- ﬁ[ fo (b — a)* f(ta + (1 — Hb)dt
1
+ f (1—1)*L(b— a)*f (ta+ (1 — t)b)dt]
_ (b—-a)* a—b "
- [E ()——f £ F(ta + (1 — t)b)dt
+1f(b)+a;f(1—t)“f'(ta+(1—t)b)dt]
~ (b- a)“ (a—h)? a+ a+ly g7
_ F(az) a(a+1)f(t Ly (1= ) (ta + (1 - b)dt
+= (f(a)+f(b))+ ( )(f (b)—f(a))]

_ (b- a)“ (b—a)?
F(az+l) a+l

f 7+ (L-t)* 1 -1) " (ta + (L-t)b)dt + (f(@)+ F (1)) |

From the above we obtain

Ia+1)
(b—a)*

_ (b—a)Z[fE A" L - byt
0

(U5 F(b) + J-f () — (f(a) + f(b))

a+1
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2.3) + f 1 ta+l+%;?Ml_1f”(ta+(1—t)b)dt].
In addition, 2

fo% tf”(ta + (1 - tb)dt + ﬁl(l—t)f”(ta+(1—t)b)dt
0 f@) + 1) 2f(3) 2

(b-a  (b-a)?

For (2.4), by multiplying both sides by %(b —a)? and exchange the left side with
the right side of the equation we obtain

- b
@+ o) - @ - D)

1

_ (b—a)z[fz %tf”(ta+(1—t)b)dt
0

1
(2.5) + f %(1—t)f"(ta+(1—t)b)dt.

2

Combining (2.3) and (2.5), we obtain (2.1). O

Remark 2.1. InLemma2.1, if we put a = 1 then the equality (2.1) becomes
2 f(a) + f(b) a+b
=2 j; f(t)dt— (1 + )\)T -(1- )\)f(T)

1
=(b-a) fo k(t, 1) (ta + (1 — H)b)dt

where k(t, A) is given by

t24+(1-t)2-1 " (1—/\)t/

_ 2 2
k(t,A) =9 e.aloer | adyay
2 + 2

t<3z,
t<1.

Nk O
IN A

7

Here we derive another integral equality which is not same as the result in Lemma 1.2.
3. Main results

The following definitions will be used in this section.

Definition 3.1. (see[11]) The function f : | € R* — Ris said to be r-convex, where
r>0,ifforeveryx,y e landt e [0, 1], we have

1
r

ftx+ (1 -1)y) [t(f())"+ 1 = O(f(y)']

< ,T#0;
fitx+@-1y) < (fe)(f(y)'™, r=0.
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Definition 3.2. (see [12]) The incomplete beta function is defined as follows:
X
Bx(a,b) = f 711 - t)>1dt, x € [0,1], a,b > 0.
0

We also need the following elementary inequalities. One can find them in [13].
Lemma3.1. For A>0,B >0, itholds

A? +BY < (A+B)°®
2071(A? + B < (A +B)?

< 2971A?+B% when6>1,
< A%4+BY when 0 < 6 < 1.
Lemma3.2. For A > B > 0, it holds

A% —-BY when6>1,
AP —B? when0<6<1.

(A-B)’

<
(A-B)Y >

Lemma3.3. (see Lemma 2.1, [14]) For « > 0 and k > 0,we have

b i (InK)
I((X) = L t lktdt = k;(—l) lW < 409,

where (@) =ala+ (@ +2)---(a+1-1).

Lemma3.4. (see Lemma 2.2, [14]) For a > 0and k > 0,z > 0, we have

k) = f (1 -t 1k‘dt_Z(In(Olg:l

i=1
a—1p,t az (Zlnk)ll
ft Kidt = kZ @, <t

Now we are ready to present our main results in this section.

H(a, k, 2)

Theorem 3.1. Let f : [a,b] — IR be a twice differentiable mapping with 0 < a < b. If|f”]
is integrable and r-convex on [a, b] for some fixed 0 < r < oo, then the following inequality
for fractional integrals holds

T(a+1) f(a) + f(b) a+b
(b_a)a( (D) + 3 f(a)) - L+ )=~ L=V (= )'
(3.1) < Ky,
where
o @O+
Kr = 270~ ){ a+1 [r+1 ar+2r+1 B( +1, a+2)]
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r 1%+1
””(a)|(r+1 2r+1)[1_(§) ]
1

+2
-A ., 1 r (1\'
+—|f (b)l[B%(z’_+l)+2r+l(§) ]} forO<r<1,

K = (b ){If”(a)l+|f”(b)l[ r

+1 r+1 ar+2r+1

. r 1 i
” (a)|(r+1 2r+1)[1_(§) ]

%+2
+¥|f"(b)|[5%(z,%+1)+ ! (1) ]} forr>1,

- B(% +1,a+ 2)]

2r+1\2

0

_ e f 1 [K=1 o (k)T (n k)
Koo= G-alf (b)'{ N "k'Z(_l) @D "; (a+2)i]

L1 A e Inlkl)'l 1-A[IK - k2 1 (In k)
'Z; @ [ln|k| ”"Z( Ve ]}
f”(a)

forr=0, andk =

Proof. We divide our proof into three cases.
(i) Case 1: 0 < r < 1. From the above definitions and lemmas we have

T(a+1)
(b—a)

1 1
(b~ a)2f0 lk(t, DI @I + (1 -9 (b)I)" dt

(3 f(0) + I f(@) — (1 + /\)f(a) f(b)—(l A)f(ib)

IA

IA

1
21 (—a)? | |kt A)|(tF 7 (@)+@—t)7|f” (b)) d
o-a e, 01 (11 @+ -0 o)

211 (h_g)? !
oo [
1 /| ya+ _f\a+l _
+ﬁ(t Ly -t 1‘+

a+1
2

% _tatl _ (1 _$a+l _ta+l_ (1 _$\a+l
- 2hp-a] [ (e « G rma-o!
0

+1 +1

IA

41—ttt -1 N 1-A
a+1 2

t)(|f"(a)|t% + £ (BI(A-1)7 ) dt

1-2
> (19

(1T @it* + 17O - 1)) dt]

+¥|f”(a)|t%+l + 1_TA|f“(b)|t(1 - t)%)dt

1 _ ja+l _ _ t\a+l _ ta+l _ _ o+l
+f(1 il PPN il Sl N R

1 a+1 a+1

+¥|f”(a)|(1 —BtF + %lf”(b)l(l - t)%“)dt]
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= 2i Y-

2 {If”(a)l + If”(b)l[ r

r+1 ar+2r+1

r 1 P
I )'(m - 2r+1)[1_(§) ]

1
1-1,., 1 ro(1\
+T|f (b)|[B%(2, p +1) + 2r+l(2) ]}

(if) Case 2: r > 1. Like in Case 1, we have

1
—B(F+1,a+2)

Ia+1)
(b —a)

b—a)2 | |kt A)l(tF|F” 1-1)7|f”(b)|)d
( a)fout ) (€117 + (1 - v} 1)) de
= (b—a)z[foz +¥t‘(|f”(a)lt% + £ - 17 )dt

1 t(x+l +(1_t)a'+1 -1 1-A , R ) .
+f§ a+1 t (1—0‘(” @Itr +|f (b)l(l—t)f)dt]
){If”(a)|+|f"(b)|[ r

f(a)+f(b) —a- )\)f(ib)‘

(35 £(0) + I F(@) — (1 + A)

IA

ta+l 4 (1_t)a+1_ 1
a+1l

IA

(b—-a

r+1 ar+2r+1

r 1%+l
If"(a)|(r+1 2r+1)[1_(§) ]

+2
AL, 1 r (1\'
[B%(Z’r+1)+2r+l(2) ]}

(iii) Case 3: r = 0. We have

—B(% +l,a+2)]

Ia+1)
(b—a)

(b— 2y f ke, ) |f"(a)|t|f"(b)|1-t)dt

ta+1 t)a+l 1_)\ ., e L
< (b- a)[f ( a+1 + = t)(lf @I (b)) dit

. f ( ik U (1—t))(|f"(a)||f"(b)|1 t)dt]

a+1
2

f f(b
D0 -t

(3 £(b) + 3 F(a)) — (1 + A)

IN

A

-

”( )
()|
f7(b)

(b~ a)|f“(b)|[ f [t - D@

+1;)\\f0 ”(a) 1 Af(l—t)

@)

.
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£(a)

i-1
i-1

) e

i=1
i-1
@) )

1
o (_ 3 N7

;‘ (i

7(a)
“ (b

+1

fr (a) %
fu (b)

i-1
(i f::(a))
4

1

2
£ (a)

i-1
@ 2 In e
+1 —A|: 7 (b) 7 (b) f//(a) Z( )| L T7(b) ’(b) :|}
2 o 0 A '
In 7(0)

The proof is done. O

Theorem 3.2. Let f : [a,b] — IR be a twice differentiable mapping with 0 < a < b. If
|19, g > lisintegrable and r-convex on [a, b] for some fixed 0 < r < oo, then the following
inequality for fractional integrals holds

I'a+1)
(b—a)*

(32 £(0) + 93 1(2)) - (1+A)M 1- A)f(ib)‘

Ky :

a o -
1\ 2-1) 1-A\" gq-1
2q(b a) [( +1) (1_qa+2q—1)+( 2 ) 2q—1]
1
’” q ” q r a
><[(If @ +1f70))—| for0O<r<1,

— o 1\ 2(q-1) 1-A\T g1 ]
K¢ .—Z(b a)|:( +1) (1_qa+2q—1)+( 4 ) 2q_1]

1

q
x| (| ()" + |f"(b)|q)ﬁ] forr>1,

) 1\ 2(q-1) 1-A\7T g 17"
2 (h—a)?|f (b)l[( +1) (1_qa+2q—l)+( 4 ) 2q—1]
£(a)
f(b)"

Ky :

1

q_1\a

x|k| L forr=0, and k =
qlnik|

Proof. (i) Case 1: 0 < r < 1. Like Theorem 3.1, we have

f(@) + f(b) a+b

e D) (g0 f(o)+ 32 1)) - (1 + N ~A=-Di(— )‘

(b —a)
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1 -5/ A1 3
_a\2 q% ” _ q
(b-a) ( fo Ik(t, A)| dt) ( fo 1 (ta + (1 — t)b)| dt)
: a+1 a+l .
o el [P E@-nt -1y 1=
o] [ |

q,_l
a+1 2 ) at
fl(ta+l+(1_t)a+l_1
+
1
2

&
a+1l ) dt]
1
x@%ﬂf[wwwm%+H%mW1—ﬂﬂm)
0

q

t

'+‘1;A(1—t)

P T e A N e
SRAG N Gy B N

1 1 1_ta+l_(1_t)a+l %
2 L[( a+1 )
T
+(%(1 - t)) ]dt} X
24— 2|2 " 11 1o+l 4 (1t |dt
- 5g) [ (e-rerea-o

a a 1-1

1—A\Tf1)\oT q_]_ q
+— — _
2 2] 2q-1

xk%%uwww+wwmm;£ﬂ

4

1 2 1 -1 1 a q((\fll)
q
dat1) 1-A\(1\*T q-1]"¢
-0 (12) () 2]

xF%RHNQW+H%mm—LﬂE

r+1
a

x| (1T @)* + If"(b)lq)L]q-

r+1

(if) Case 2: r > 1. Like in Case 1, we have

I'a+1)
(b —a)

(02 1(0) + 3¢ (@) - (1+/\)w

110177 02\10 gy
211 @+ 10—

r

9 1-1
1o ol 1\, 20@-1) 1-A\g-1]"®
2v(0-a) [(a+l) (1 qa+20-1) "4 ) 29-1

- -0
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1 -5/ A1 3
YA q% ” _ q
(b - a) (fo Ik(t, A)| dt) (fo 1 (ta + (1 — t)b)| dt)
3 a+1 a+1 =
o ae] [P A1) 1=
o= [ | N

a+1 2 ) at
HEt e (-t o1 (1-A = 1
+f( ‘+‘ ) dt]
1 a+1
1 1 1 a
x(f [I1f” @)t +|f"(b)|q(1—t)?]dt)
0

1\, 2a-1)) (1-A\q-1]""
-2 [( +1) (1_qa+2q—1)+( 4 ) 2q—1]

1

IA

IA

t

(1-1

IA

[of"(a)w " |f"(b)|q)—]q

r+1

(iii) Case 3: r = 0. We have

I'a+1)
(b—a)*

1 -5/ A1 3
< (b-ay (f |k(m,A)|%dt) (f |f"(ta+(1—t)b)|th)
0 0

- (b_a)z[jo‘%(ta+1+(1_t)a+1_1'+‘1 A )ildt

a+1 2
Ly (-t — 1] [1-4A w1 qta
+f( '+‘ ) dt]
1
2

a+1
><(If"(b)|q

f
(32 £(0) + I F@) - (@ + ) ———— (a) ) - (- A)f(ib)‘

t

(1-1

f”(a) q 1 .

oy )ﬁ
f//(a)

qlnf—(b)

L\, 2@-1)
a+1 o +2q-1
f”(a)q

_11%8/|7m)
= |
qln

< 2q(b )| (b)|
1- 1\

g

+( 4 ) 2

The proof is done. O

-1,

)“.

f(a)
()
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4. Anexample
In this section we point out some particular inequalities.
Proposition 4.1. Under the assumptions Theorem 3.1 with A = 0 in Theorem 3.1, then
we get the following inequality,
f(a) + f(b) a+b

I'a+1) /., N ~ '
b s fO+ 5 1@) - = (| < K,
where
e ey L R L)1 I S S
Kr = 270 a){ a+1 r¥1 arrare1 B rlat2)

7@l r r 1\
) (r+1_2r+1)[1_(§) ]

£ (0)] 1 ro(1)
1 — — <
+ > Bf(z’r+1)+2r+12 forO<r<i,

7@l +1f7M)I] r r 1
(A2 _ ol
Ke = (b a){ a+1 r+1 ar+2r+1 B(r+1’a+z)
@l e ()
2 r+1 2r+1 2

1y2
[T (D)l 1 ro(1\""
+ > B%(z’F+1)+2r+1§ forr > 1,

B ., 1[Ik i (KDY o (Infk)) Y
= (b—a)|f (b)l{ [In“q —|k|i;(—) l(a+2). Zl" (Mz)i]

% = (—llnlkl)' ! |k|—|k|% . (|n|k|)i—1

Zl‘ Q)i 2[ In K "'k|;(‘1) lT]}
//(a)

f//(b)'

forr=0, andk =

Proposition 4.2. (Trapezoid Inequality). Under the assumptions Theorem 3.1 with A =1
in Theorem 3.1, then we get the following inequality,

(e +1) f(a) + f(b)
e e
where
2t —a(f @)+ O] r 1
Ky = o+l [r+1_ar+2r+1_B(_+lla+2)

forO<r<1,



140 Z.Lin, J. Wang, W. Wei

=@+ O] r r 1
Ke = 2(a + 1) [r+1_ar+2r+1_B(F+l’a+Z)
forr>1,
_ (b—a?f”b)I[ |kl - (kDT (In k)
= ) [mm||”231)1(+a, F1W+”J
B l/(a)
forr=0, andk = 7))’

Proposition 4.3. (Midpoint Inequality). Under the assumptions Theorem 3.1 with A =
—1in Theorem 3.1, then we get the following inequality,

r 1 b
(4.1) ‘Eéé;Q%( f(b) + 32 (@) - 1C ﬂ Ke,
where
otz o[ IT7@1+[T7(b)] r 1
Kri=270-2) { a+1 [r+1 ar+2r+1 B(r+1’a+2)]

r 1 P+l
o) () |

1+2
+|f”(b)I[B 2-+1+ 2r:- 1(%) ]} for0<r<1,
(b—a)z{lf"(a)|+|f”(b)|[ ro r

K =
r 2 a+1 r+1 ar+2r+1

r r 1\
+If (a)'(m‘zr+1)[1‘(§) ]

r 1 142
+|f (b)|[B (2, - +1)+2r+1(§) ]} forr>1,

—B(% +1,oz+2)]

(e8]

_ (b-a)? a) cronf L[ C(nlk) 3 (Injk)!
Ke = | ()I{a+l[ln|k| ||Z( Ol o) ;(a”)i]

L CHNK 1T L (In )
ML [ - 'Z( Ve ]}

f//(a)
fr (b) :

forr=0, andk =
Proposition 4.4. Under the assumptions Theorem 3.2 with A = 0 in Theorem 3.2, then
we get the following inequality,

I'a+1)
(b —a)

f(a) + f(b) (@th
2 -1

(32 £(b) + 93 (a)) -

) S Kr/
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where

q

4 a4 1-1
ook ol 1\ 2@-1) T g-1]"¢
Ke = 2v(b=2) [(a+1) (1 qu+2q—1 "2 2q-1

q
><[(|f"(a)|q + |f"(b)|q)ﬁ] forO<r<1,

O n 1
L 13\ 2(q-1) 1\7T q-11""
. el _2@-1) \ (1
K == 231(b—a) [(a+l) (1 qa+2q—1)+(4) —Zq—l]
” q ” q r a
><[(lf @ + 17O | forr>1,

9

% — g-1 — 1_%
K = 2%(b—a)2|f"(b)|[( ! ) (1 20-1) )+(1) &]

a+1l _qa+2q—l 4] 2q-1
Ko-1\¢ 1)
X(qln|k| forr=0, andk = 70)°

Proposition 4.5. Under the assumptions Theorem 3.2 with A = 1 in Theorem 3.2, then
we get the following trapezoid inequality,

T(a +1) R f(a) + f(b)
'Z(b—a)“ (J§+f(b)+Jb,f(a))—f' < K,
where
L_l 2 l_l 3
_ 2vi(b-a) 2(q-1) e ania o e ey N
Ke = a+1 [ qa+2q—1 @+t (b)l)r+1
forO<r<1,
_2iY(h—a)p 20-1) 17, 0o mn |
K= — 1 Y mmeago1| (IF@F+ITON
forr>1,
ig 21§77 1-3 i
o L 2Te-aHTOI[ -1 (k-1
to a+1 g +2q-1 qin|k|
forr=0 dk—fn(a)
orr=0, andk = 7(0)’

Proposition 4.6. Under the assumptions Theorem 3.2 with A = —1 in Theorem 3.2, then
we get the following midpoint inequality,

(32 () + 3¢ (=) - f(ib)‘ < K,

(4.2) >

‘ T(a+1)
2(b —a)*
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where
1\ 2(q-1) 1\71 q—1 1%
N Oy | _ = il D
Kei=277(b—2) (a+l) (1 qa+2q—l)+(2) 2q—1]
rol
124 q 124 q
x[(lf @+ |f (b)|)—r+1] forO<r<1,
1 \& 2q-1) \ (1\7T q—1 ]
. l_l 3 2 —1 _ —_ 1 -1 —_
Kei= 20700 -2) (a+]) @' qa+2q—1)+(2) 2q—1]

x[(lf”(a)lq + |f”(b)|q)ﬁ]q forr>1

a4

S 2 g-1)
K, = 2%‘1(b—a)2|f”(b)l[(i) (1 M)-ﬁ,—(l) q 1]

a+l _qaz+2q—l 2] 29-1
Ko-1\f (@)
X(qln|k| forr=0, and k = 70)

5. Applications to special means

We shall consider the following special means:

(a) The arithmetic mean: A = A(a,b) := &2,a,b > 0,

(b) The geometric mean: G = G(a,b) := Vab,a,b >0,
(c) The harmonic mean: H = H(a, b) := fTag,a,b >0,

. o _ ] a ifa=>b
(d) The logarithmic mean: L = L(a,b) := { b-a_ ifaxb

Inb-Ina

a ifa=b
1

L(&5)™ ifaxb

e \a

a,b>0,

(e) The identric mean: | = I(a, b) := { a,b>0,

a ifa=b

1
bp+1_ p+1 P y
[Fts]” ifazb

(f) The p-logarithmic mean: L, = Ly(a,b) := {

p € R\{-1,0};a,b> 0.
Clearly, L, is monotonic nondecreasing over p € R with L_; ;= Land Lo = I.

In particular, H < G < L < | < A. Now, using the results of Section 4, some new
inequalities are derived for the above means.

Proposition5.1. Leta,be€R,0<a<bandneIN,n> 2. Then, we have

2Ln(a,b) —A@",b") - A"a,b)| < K,

where

Ke = 272n(n - 1)(b - a)z[(a”_z " bn_z)(L :

r+1 3r+1

- B(% +1,3)
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R ST FA b
r+1 2r+1 2

12
+b"2 81(21+1)+ r (i
2y 2r+1\2

forO<r<i,
_onin=1)b-a)?[{ 1o o) T r 1
Ke = 2 &b r+1 3r+1 B(r+1’3)

I ST FA b
r+1 2r+1 2

12
+b"?(B1 (2 1+1)+ r_(L)
2y 2r+1\2

forr>1,

_ n(n-1)b"2(b-a)’[k-1 — (k) & (Ink)-t
o= 2 [Ink'k;(_” 3); ‘Zl 3);
Kixga (3N k—ki & (Ink)
+7; @ ik _";-(_1) @ ]

a n-2
forr=0, andk:(B) .

Proof. Let« = 1 in Proposition 4.1 and applied to r-convex mapping f(x) = x",n >
2,x € R, here [f”(X)] = n(n — 1)(n — 2)x"3 > 0, so |f"(x)| is an ordinary convex
function, then it is a r-convex mapping (ordinary convexity implies r-convexity,
see [11]). O

Proposition 5.2. Leta, b €R,0 <a < b. Then, forall g > 1, we have

L @ b)-H@b) < K,

where
I Y NRr] I 1 | N S
Ke = 2770 a)(a3+b3)[r+l 3r+1l B(r+1’3)]
forO<r<i,
b-aF+g)| r r 1
Ke = 2 r+1 ar+1 G LY
forr>1,

. (b-a?[k-1 — L (InkTt & (Ink)t
T [W_k;(_l’l & L @ |
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b 3
forr=0, andk = NE

Proof. Let & = 1 in Proposition 4.2 and applied to r-convex mapping f(x) = %,x €
[a,b], here [ (x)] = 5 > 0, so |[f"(x)| is an ordinary convex function, then it is a
r-convex mapping (ordinary convexity implies r-convexity, see [11]). O

Proposition 5.3. Leta,be€IR,0<a < bh. Then, for all g > 1, we have
[2L7Y(a,b) - H4(a,b) ~ A (@ b)| < K,

where

2(q- 1) +(1)Tqi q-1 ]1‘%

39-1 (2] 2q9-1

2\ (2 r |
x[((g) + (E) )m] forO<r<1,

Ke = 25 (- a)z[l -

a4 1-1
ooty ol 2@-1) (1\¥Tg-1 |7
Ke = 29°(b a)[l 3q-1 + > —2q—1
2\ 2\ ¢
X ((E) +(@) )_r+1] forr>1,
1 q 1
ib-a?[, 2(q-1 Tg-1 ]
K, = 2ib-a)°f, 2@-1) (1) g-1""
b3 3q-1 2] 2q-1
ki —1)3 b\’
X forr=0,andk=|-].
qlnk a

Proof. Let a = 1 in Proposition 4.4 and applied to r-convex mapping f(x) = %,x €
[a,b]l. O
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