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Abstract. In this paper, we have studied the stability of t-spread principal Borel ideals
in degree two. We have proved that Ass®(I) = Min(I) U {m} , where I = B;(u) C S is
a t-spread Borel ideal generated in degree 2 with v = z;xn,t +1 < ¢ < n — t. Indeed,
I has the property that Ass(I™) = Ass([) for all m > 1 and ¢ < ¢, in other words, I
is normally torsion free. Moreover, we have shown that [ is a set theoretic complete
intersection if and only if u = x,,_+x,. Also, we have derived some results on the van-
ishing of Lyubeznik numbers of these ideals.
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1. Introduction

Let S = Klx1,...,2,] be a polynomial ring and I C S a graded ideal. By a well-
known result of Brodmann [4], there exists an integer k£ > 1 such that Ass(I™) =
Ass(I*) for all m > k. A prime ideal P € Ass™(I) = J,, -, Ass(I™) is called
persistent with respect to I, and whenever P € Ass(I*) we have P € Ass(I*+1).
The ideal I has the persistence property if all the prime ideals P € Ass®™([) are
persistent, that is, if Ass(I) C Ass(I?) C--- C Ass(I™) C --- .

The persistence property for monomial ideals has been intensively studied in the
last years; see for example, [10] and the references therein. Recently, it has been
proved in [1] that t-spread principal Borel ideals have the persistence property. The
so-called t-spread ideals were introduced in [7].

Let t > 1 be an integer. A monomial z;, ---x;, € S with iy < .- <1y is called
t-spread if i;—i;_1 >t for 2 < j < d. We recall from [7] that a monomial ideal I C S
with the minimal system of monomial generators G(I) is called t-spread principal
Borel if there exists a monomial u € G(I) such that I = By(u), where B;(u) denotes
the smallest t-spread strongly stable ideal which contains u. A monomial ideal I is

Received January 5, 2019, accepted November 24, 2019
2010 Mathematics Subject Classification. Primary D13D02; Secondary13H10, 05E40, 13C14
*The authors were supported in part by ...

131



132 B. Lajmiri and F.Rahmati

called t-spread strongly stable if it satisfies the following condition: for all © € G(I)
and j € supp(u), if ¢ < j and z;(u/x;) is t-spread, then z;(u/z;) € I.

In this paper, we will study several properties of ¢t-spread principal Borel ideals
Bi(u) generated in small degree. Most part of the paper is devoted to the study of
Ass™(Bi(u)). In the second part of the paper we will study the arithmetical rank
of By(u). In the last part, we will derive some results on the vanishing of Lyubeznik
numbers of By(u).

The main result of the first section shows that if I = By(u) C S is a t-spread
Borel ideal generated in degree 2 with u = x;x,,t +1 < i < n — ¢, then Ass(I™)
is already stabilized at m = 2 and Ass®™ () = Min(I) U {m}, where Min(7) denotes
the set of minimal prime ideals of I and m is the maximal graded ideal of S. The
hypothesis ¢ > ¢ + 1 might look restrictive, but as we explain in Remark 2.4, this is
the only case when Ass® (1) 2 Min(I).

For the proof, one has to consider monomial localization of a monomial ideal.
Let P =Py = (z; : j ¢ A) be a monomial prime ideal and I C S a monomial ideal.
Then the localization of I with respect to P is I(P) C S(P) = K[{z; : j & A}]
which is obtained from I by applying the K-algebra homomorphism S — S(P)
induced by z; — 1 for j ¢ A. Moreover, by [11, Lemma 2.3], we have P € Ass([) if
and only if depth S(P)/I(P) = 0.

It was observed in [1] that all the powers of a ¢t-spread principal Borel ideal have
linear quotients with respect to the decreasing lexicographic order. By monomial
localization of a t-spread principal Borel ideal generated in degree 2, we can get
monomial ideals which still have linear quotients though they are not generated
in a single degree. Therefore, we can compute the depth of their powers by using
the projective dimension formula given in [9, Chapter 8]. Namely, let I C S be

a monomial ideal with G(I) = {u1,...,un}. We say that I has linear quotients
with respect to the order uy, ..., u,, of its minimal monomial generators if for every
j > 1, the ideal quotient L; = (uy,...,uj—1) : u; is generated by variables. If

r; is the number of variables which generate L; for every j, then projdim S/I =
max{ri,..., "} + 1, hence

(1.1) depthS/I =n—1—max{ry,...,rm}.

We should note that the persistence property of every t-spread principal Borel
ideal Bi(u) generated in degree 2 may be derived by using [6, Theorem 2.15] since
B;(u) can be viewed as the edge ideal of a graph.

Let I C S be a homogeneous ideal and v/T the radical of I. Then the arithmetical
rank of I is defined as

ara(I) = min{r > 1: there exists f1,..., f» € I such that VI =+/(f1,..., f-)}.
It is known that for every squarefree monomial ideal I C S, we have

(1.2) ara(I) > cd(I) = projdim(S/I),
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where cd(I) denotes the cohomological dimension of I [14].

If height(I) = ara([), the ideal I is called a set-theoretic complete intersection.
An ideal I is called cohomologically complete intersection if ht(I) = cd(I).

There are several classes of squarefree monomial ideals for which equality holds
in inequality (1.2); see, for example, [3, 5, 8, 12]. In [12] and [5] it was shown that
if I C S is a squarefree monomial ideal with a 2-linear resolution, then ara(l) =
projdim(S/I). As a consequence of [7, Theorem 1.4], it follows that every ¢-spread
principal Borel ideal has a 2-linear resolution, thus if I = B;(u) where u is a t-spread
monomial of degree 2, then we have ara(I) = projdim(S/I). In Section 3. we give
a direct proof of this equality by using the Schmitt-Vogel Lemma (see [15]) which
might be interesting for the reader. In particular, we derive that I = By(u) is a set
theoretic complete intersection ideal if and only if u = x,,_sxy..

Finally, in Section 4., we derive some results on the vanishing of Lyubeznik
numbers of t-spread principal Borel ideals in degree two.

2. Stability for the associated primes
In this section, we aim at proving the following:

Theorem 2.1. Let I be a t-spread principal Borel ideal, where u = x;x,, t+ 1 <
i1 <n—t. Then
Ass(I™) = Min(I) U {m}, form > 2.

In particular,
Ass®(I) = Min(I) U {m}.

In order to prove this theorem, we need some preparation.

Let u = zjz, with @ <t and I = By(u). We set S(I) = U, cq ) supp(v). If i < ¢,
then S(I) C [n]. Then, as it was observed in the proof of [1, Theorem 3.1], since I
satisfies the [- exchange property, it follows that I™ has linear quotients with respect
to >y, for every m > 1. This means that if G(I"™) = {u1 >iex U2 >iex - - Uq >iea}
then for every j > 1, the ideal quotient (u1,...,u;_1) : u; is generated by variables.

Lemma 2.2. In the above settings, for every j > 1, xn,2; & (u1,...,u;5-1) : uj.

Proof. Clearly z,, ¢ (u1,...,uj_1) : u; since we cannot write ,,u; as a multiple of
uy with 1 < j — 1.

As i < t, the generators of I are the form of x;x; with 1 < 4 < i < ¢,
ji > t. Assume that there exists j > 2 such that z;u; € (u1,...,uj_1). Let u; =
(xhxﬁ)"'(ximxjm) with 1 <1 <ip <--- <4y, <i<tandt <j1,...,jm <n.
Then u; = (4, ... x;, ) (xj, ... x;,.). If x;u; € (uq,...,u;-1), then there exists some
monomial u; € G(I"™) with [ < j—1 such that z;u; = wz,, for some s > i. Let u; =
(wifl...xi/ )(Iji sy Jwith 1 <4y <y <L <y, <i<tandt <., g, <n.

m -
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We have z;(v;, ... 2, ) (%), ... x5,) = (2}, ... 2] )(2} ...2} )rs with s > i . But
then,

i i
Zdeg% (Tju;) =m+1>m = Zdeng (wyzs)
j=1

j=1
which is contradiction. [
In particular, by (1.1), the above lemma shows that

depth(K[{z; : j € S(I)}]/I™) > 0, for every m > 1.

First, we will identify the minimal prime ideals of T = By;(u), where u = x;x,
and t +1 < i < n —t. By applying [1, Theorem 1.1], it follows that

(2.1) Min(I) = {(z1, ..., z) U {(@1, 0, Tj =1, Tjy b5 -or Tnr) = 1 < g1 < i}

Let @Q be a monomial prime ideal associated to I™ for some m > 2. Then
Q=Qa=(xj:j¢ A) for some set A C [n] and depth S(Q)/I(Q)™ = 0, where
S(Q) = K[{z; : j ¢ A}] and I(Q) is the localization of the ideal I with respect to
Q, that is, I(Q) is obtained from I by mapping the variables z; — 1 for j € A.
Therefore, in order to find all the associated monomial prime ideals of I for m > 2,
we need to consider the localization of I with respect to some variable.

Lemma 2.3. Let k be a positive integer and Py = (v; : j € [n]\{k}). Let
I = Bi(u) with u=z;x,, t+1<i<n—t, and let k € [n]. Then

(1) If k=1, then I(Pgy) = (T144,- -+, Tn).
(2) If 1 <k <t, then
I(Piy) = @ktts - - - @) + Bi1(@h—12h40-1)S (Pyiy)

where By_1(xy_1%4¢—1) is the (t — 1)-spread principal Borel ideal generated
by Tp—1Zkt+t—1 in the polynomial ring K[{x1,. .., Trre—1} \ {zr}]-

(3) Ift <k <1, then
I(Pgy) = (@1, - oy Thety Tt - - -1 Tn) + Beo1 (@h—1244-1) S (Piy)

where By_1(zp_12Tx1t—1) is the (t—1)-spread principal Borel ideal in the poly-
nomial ring K[{xk—-1,...,Trre—1} \ {zr}]-

4) Ifi <k <i+t, then
I(P{k}) = (xh [N ,xk,t) + Bt,l(mlxn)S(P{k})

where By_1(z;x,) is the (t — 1)-spread principal Borel ideal in the polynomial
ring K[{xk—t4+1,---,2n} \ {2k }]-
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(5) If k>i+t, then I(Pyy) = (v1,...,7;).

Proof. Assumptions and definition of monomial localization imply that I(Pgy) for
all cases, as desired. [J

Proof of Theorem 1.1 In order to prove the statement of the theorem, we have to
show that for m > 2, I"™ there is no other associated prime ideal except the minimal
prime ideals of I and the maximal ideal. Notice that m € Ass(I™) for every m > 2
by [1, Theorem 3.1].

Let @ = Qa4 = (xj : j ¢ A) be a monomial prime ideal which contains I, Q #
m. Then, Q € Ass(I™) if and only if depth 7755 = 0 where $(Q) = K[{x; : j ¢ A}]
and I(Q) is the localization of I with respect to . Thus, in order to prove the

desired statement, we have to show that if Q ¢ Min(I), then depth S(Q)/I(Q)™ > 0.

We will distinguish the following cases.

Case (). @ = Qa D (z1,...,x;). Let k = max A. If k > i + ¢, then I(Q) =
I(Pgy) = (21,...,2;). Since Q # (x1,...,2;), there exists z; € Q with [ > 4.
Thus, depth S(Q)/I(Q)™ > 0 since z; is regular on S(Q)/I(Q)™. Thus @ is not an
associated prime of I™.

Now we assume that ¥ = max A < i+ ¢. Obviously, we have £k > min A >
i. Then Q@ = Qa D (z1,...,%i,Titt,-.-,Tpn). Then by using Lemma 2.3, we get
I(Q) = (21, -, h—t) + Bi_1(2:7,)S(Q), where B;_;(z;z,) is the (t — 1)-spread
principal Borel ideal in the polynomial ring K[{zx—t4+1,...,Zn} \ {x}]. Then

HQ™ =3 (@1, wx)™  (Bror (i)

=0

It is easily seen that I(Q)™ has linear quotients with respect to decreasing pure
lexicographic order. Let G(I(Q)™) = {w1 >1ex - .- >lex Wq} be the minimal set of
generators of I(Q)™ ordered with respect to the pure lexicographic order. Clearly,
the smallest monomials in G(I(Q)™) are the minimal generators of (By—_1(z;xx))™
ordered decreasingly with respect to the lexicographic order. By Lemma 2.2, since
i—(k—t+1)=(i—k)+(t—1) < t, no ideal quotient of G((B;_1(x;x,))™) contains
x; and x,. Therefore, by using formula (1.1) we get depth S(Q)/I(Q)™ > 0. This
shows that @ = Q4 is not an associated prime of I(Q)™.

Case (ii). @ = Qa D (x1,...,%j,—1,%j+t,...,%n) for some j; < 4. Then
A C [j1,71 +t], thus k = maxA < i+t and I = minA > j;. If | = 1, that
is, j1 = 1, then I(Q) = I(P;13) = (%14¢,...,%y), by Lemma 2.3. In this case
depth S(Q)/I(Q)™ > 0 since Q D (z14¢,---,%n), thus there exists z; € S(Q) which
is regular on S(Q)/I1(Q)™. Let now j; > 2. Then | > 2. We consider the following
subcases:

(a) i<I<k<i+t

by I<i<hk<i+t
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() I<Ek<i.

In subcase (a), we get 1(Q) = I(Pyxy) and we derive that depth S(Q)/1(Q)™ > 0
as in case (i). For (b) and (c), we observe that I(Q) is of the form I(Q) =
(L1 T gy Tty vy Ty Bi_1(Ts_1751¢1)) for some s, where B;_1(z,_1251¢-1) C
K[{zs—1,...,@s4t—1}\{zs}]. Then, we order the minimal generators of (I(Q))™ de-
creasingly with respect to the pure lexicographic order induced by

Ty > > Xgt > Tgyt > > Ty > Tsty1 > Tsg—t42 > > Tgpt—1-

By a similar argument to the one used in case (i), we get depth S(Q)/I(Q)™ > 0
since By_1(xs—1Zsyt—1) is a (t — 1)-spread principal Borel ideal of the form given in
Lemma 2.2. Therefore, no monomial as in Case (ii) is an associated prime of I™.
U

Remark 2.4. Of course, we may consider the behavior of Ass(I™) when I = Bi(u)
is a t-spread principal Borel ideal generated by u = x;x, with i < t. To begin with,
we consider i < t. In this case, S(I) = U,eqnsupp(v) = [n] \{i + 1,i+2,...,t}
and I = Bi(u) is in fact an i-spread ideal in the polynomial ring K[{z; : j ¢
{i+1,i4+2,...,t}}]. Therefore, we are reduced to considering a t-spread principal
Borel ideal I = By(u) where uw = zyx,,. Then we see that I is the edge ideal of a
bipartite graph on the vertex set {1,2,...,t} U{t + 1,¢t + 2,...,n}. Consequently,
by [16, Theorem 5.9], I has the property that Ass(I™) = Ass(I) for allm > 1, in
other words, I is normally torsion free.

3. Arithmetical rank of principal Borel ideals generated in degree two

In this section, we will give a direct proof of Theorem 3.2 on the arithmetic rank
of a principal Borel ideals of degree 2. As we have mentioned in Introduction, we
can get this result by using [12, Corollary 5.3]. A useful tool in our proof is the
Schmitt-Vogel Lemma (see [15])

Lemma 3.1. Let I C S be a squarefree monomial and Ay, ..., A, be some subsets
of the set of monomials of I. Suppose that the following conditions hold:

(SV1) |A1| =1 and A; is a finite set for any 2 <i <r;

(SV2) The union of all the sets A;, i = 1,...,r, contains the set of the minimal
monomial generators of I.

(SV3) For any i > 2 and for any two different monomials my, ma € A; there exists
Jj <t and a monomial m' € A; such that m'| mims.

Let g;= Y. m; for1 <i<r. Then \/(¢91,...,9r) = I. In particular, ara(l) < r.

m;€A;
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Theorem 3.2. Let I be a t-spread principal Borel ideal, where uw = x;x,, 1 < n—t.
Then
ara(Il) = projdimg(S/I) =n —t.

Proof. By [7, Theorem 2.3] we have projdimg(S/I) = n—t. We show that ara(I) =
n—t by using the Schmitt-Vogel Lemma. We will display the minimal generators of I
in an upper triangular tableau as follows. In the first row, we will put the generators
divisible by x1 order decreasingly with respect to the lexicographic order. In the
same manner, in the second row, we will order the monomials divisible by x2. We
shall continue this way up to the row containing the monomial divisible by x; where
we shall put the generators z;x,_;...x;z,. Then our tableau looks as follows.

T1Ti41 T1Tpy2 1T¢43 --- L1Li4t -+ T1Tp—2 T1Tpn-1 T1Tp
ToTi42 XT2Xt43 ... T2Tj4¢ ce.e X2Xp—2 T2Tp—1 T2Tp
TiTi4q 0 TiTp—2 TiTp—-1 TiTn

Next we define the sets Ay, Ao, ..., A, in the following way. In the first set,
we will put the monomial from the right up corner of the tableau. In the second
set, we will put the two monomials from the right up parallel to the diagonal of
triangular tableau. In the third set, we will collect the three monomials from the
next parallel to the diagonal, and so on. Explicitly, the sets are the following ones.

A= {fwn}
Ay ={z12p_1, 202}
Az ={x12p_9,T0%n_1, 232}

Aj =A{x1Tp_jq1, ToTp_ji2, ..., TjTy }, fori > j
Aj ={Z1Tp_j11,T2Tn_j12, 0, TiTn_jii}, fOr i < j

Apy1 = {$1$t+2,$23€t+3, -~-a$z’xi+t+1}
An—t = {$1It+1, LTt 42y oevy xixi-&-t-}

One may easily check that the sets Aq,..., A,_; verify all conditions of the
Schmitt-Vogel Lemma. The first two conditions of Lemma 3.1 are clearly fulfilled.
We hall sgive an explanation for the third condition only. If we pick up two different
monomials in the set A; for some j > 2, let us say m; from the k-th row and msy
from the [-th row of the tableau with k < [, then we put the monomial which is the
intersection element of the k-th row and the column of msy as m’ which divides the
product mymgy and m’ € A, for some r < j. For instance, if mi = xp&p_jik, mo =
TZp—jp1 € Aj for some k < I then we choose m' = xpx,_j1; € Agyj—; which
divides mimg = 22Ty —j 4k Trn—jr. O
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We recall from [2] that the ideal I is called a set-theoretic complete intersection
if height(I) = ara(I) . An ideal I is called cohomologically complete intersection if
ht(I) = cd(I).

Proposition 3.3. Let I = Bi(u) be a t-spread principal Borel ideal generated in
degree 2. Then I is a set theoretic compete intersection if and only if u = xp_1Ty,.

Proof. Let u = z;x,,. By Theorem 3.2, we have ara(I) = projdim(S/I) =n—t. By
[1, Theorem 1.1], we know that height(I) = ¢. Thus height(I) = ara(I) if and only
ifi=n—-t. O

Proposition 3.4. Lett > 1 be an integer and I, 4+ C S the t-spread Veronese
ideal generated in degree d. Then I is a cohomologically complete intersection ideal.
In particular, cd(Ip ) =n —t(d —1).

Proof. By [7, Theorem 2.3 |, I is Cohen-Macaulay and cd(R, I, 4.+) = height ([, 4.+) =
n—t(d—1). So I, 4. is cohomologically intersection. [

4. Lyubeznik numbers

Suppose that (R, m, K) is a local ring admitting a surjection from an n-dimensional
regular local ring (S,n, K) containing a field, and let I denote the kernel of the
surjection. Given 4,5 € N, the Lyubeznik number of R with respect to 7,5 € N, is
defined as

Aij(R) = dimg Extl (K, Hp77(9))

and is denoted A; ;(R). Put d = dim R, Lyubeznik numbers satisfy the following
properties:

(@) Aij(R)=0 for j>d or i>j.
(b) Aga(R) # 0.
(c¢) If R is Cohen-Macaulay, then Ay 4(R) = 1.

(d) Euler characteristic,

Therefore, we can record all nonzero Lyubeznik numbers in the so-called Lyubeznik
table:



Properties Of T-Spread Principal Borel Ideals Generated In Degree Two 139

Xo - - - Mou

)

0,
0
0
0
0

o O O -

0o . .
0 0 Agg
where \; j := \; j(R) for every 0 < i, j < d, see for example [2].
Corollary 4.1. Lyubeznik table of I, 4+ = J C S is

Xij(8/J) =0 for all 0<i,j<d and Agq=1,
where dim(S/J) = d.
Proof. [7, Theorem 2.3]. O

Lemma 4.2. Let S = k[z1,...,2,] be a polynomial ring over a field k,m which
denotes its homogeneous maximal ideal (x1,...,2,) and I = By(u) where u =
Tp—tTn. Then

Xij(S/T)=0 for all 0<i,j <d and Agq=1.

Proof. As I is cohomologically complete intersection,
dim(S/I) = fgrade(I, S).

So
depth(S/I) < fgrade(I, S).

By [2, lemma 3.2] we conclude that

Xij(S/I)=0 for all 0<1i,j<d and Agq=1.
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