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CONVERGENCE OF S-ITERATIVE METHOD TO A SOLUTION
OF FREDHOLM INTEGRAL EQUATION AND DATA
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Abstract. The convergence of normal S-iterative method to solution of a nonlinear
Fredholm integral equation with modified argument is established. The corresponding

data dependence result has also been proved. An example in support of the established
results is included in our analysis.
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1. Introduction and Preliminaries

The past few decades have witnessed substantial developments in the field of
integral equations and their applications have arisen in many areas, ranging from
economics to engineering. Now it is an unquestionable fact that the theory of
iterative approximation of fixed points plays a significant role in recent progress
of integral equations and their applications. In this context, fixed point iterative
methods for solving integral equations have already gained a splendid boost over
the past few years (see, for example [1],[2],[4],[5],[7],8],[16],[17],[19],[20]).
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In 2011, Sahu [23] introduced a normal S-iterative method as follows:

x € X,
(1.1) Zpi1 = Tyn,

yn=1—-8&) xn + & TTn, nEN
where X is an ambient space, T is a self-map of X and {&,}.-, is a real sequence
in [0, 1] satisfying certain control condition(s).

It has been shown both analytically and numerically in [23] and [12] that the it-

erative method (1.1) converges faster than Picard [22], Mann [21], and Ishikawa [10]
iterative processes in the sense of Berinde [3] for the class of contraction mappings.

This iterative method, due to its simplicity and fastness, has attracted the atten-
tion of many researchers and has been examined in various settings (see [9],[11],[13],
[14],[15],[18],[24]).

In this paper, inspired by the above mentioned achievements of normal S-
iterative method (1.1), we will use it to show that normal S-iterative method (1.1)
converges strongly to the solution of the following integral equation which has been
considered in [6]:

b
(1.2) z (1) :/K(t,s)~h(s,o:(s),x(a),x(b))derf(t), t € [a,b],

where K : [a,b] x [a,b] = R, h:[a,b] x R® - R and f, x : [a,b] — R.
Also we give a data dependence result for the solution of integral equation (1.2)
with the help of normal S-iterative method (1.1).

We need the following pair of known results:

Theorem 1.1. [6] Assume that the following conditions are satisfied:
(A1) K € C ([a,b] x [a,b]);
(Az) h € C ([a,b] x R?);
(As) f, x € C'la,b|;
(Ay) there exist constants a, B, v > 0 such that
| (s, u1,uz,u3) — h(s,v1,v2,03)] < a|ug —v1| + B lug — va| + 7 |ug — vs],
for all s € [a,b], u;, v; € R, i=1,2,3;
(As) Mg (a+B+7)(b—a) <1,
where My denotes a positive constant such that for all t,s € [a, b]
|K (t,5)] < Mk.

Then the equation (1.2) has a unique solution z* € C'[a,b], which can be obtained
by the successive approzimations method starting with any element xo € C'la,b).
Moreover, if x, is the n-th successive approzimation, then one has:

Mk (a+84+7) (b—a)"
— Mg (a+B8+7)(b—a)

\J;n—x*|§1 zo — x1] -
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Lemma 1.1. [25] Let {B,},-, be a sequence of non negative numbers for which
one assumes there exists ng € N (set of natural numbers), such that for all n > ng

Bn-‘rl < (1 - Mn) ﬁn + lnYn,

where p, € (0,1), for allm € N, > up, = oo and v, > 0, Vn € N. Then the
n=0
following inequality holds:

0 <lim sup B, <lim sup ~,.

n—oo n—oo

2. Main Results

Theorem 2.1. Assume that all the conditions (A1) — (4s) in Theorem 1.1 are
fulfilled.  Let {&,},~, be a real sequence in [0,1] satisfying Z &, = oo. Then

equation (1.2) has a unique solution z* € C'la,b] and normal S iterative method
(1.1) converges to x* with the following estimate:

[MK (a+ﬂ+’y) (b*a)]n+l *H

*
lensr — 2™ < e s & 190 =2

Proof. We consider the Banach space B = (C'[a, 1], ||-|| ), where [|-|| is the Cheby-
shev’s norm on C'[a, b], defined by ||| = {sup |z (t)| : ¢ € [a,b]} . Let {z,},—, be
iterative sequence generated by Normal-S iteration method (1.1) for the operator
T : B — B defined by

b

(2.1) T (x(t) z/K(t,s)~h(s,m(s),x(a),m(b))ds+f(t),t6 [a,b].

a

We will show that x,, — x* as n — oco.
From (1.1), (2.1), and assumptions (A;) — (A4), we have that

[Tnsr (8) —2* ()] = [T (ya (8) = T (2" (1))

AN
—
\’Pt-
»
=
=
—~
V2]
<
3
—
~—
<
3
—
S
~—
<
3
—~~

b
@ lyn (5) = * (5)] + Bl (0) — 2* (0)
= MK/[ oyl () — 2+ ()] ]ds’
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lyn (0) = 2" ()] < (1 =&n) |zn () — 2" (¢
= (=& lon(t) —a" (t
b

AN
—
i
|
Iy

3
S~—
s
< s
—
S~—
|
8
—~
~
-~

n(s) = + B len (@) — 2™ ()
et [ [ 070 .
M [ (8) — 2° (0)
Now, by taking supremum in the above inequalities, we get
(2.2) [#n41 — 2" < Mg (a+B+7) (b—a)llyn — 27,
and
(2.3) lyn — 2| <[1 =& (1 = Mk (a+ B +7) (b —a))] [zn — 27|,
respectively.

Combining (2.2) with (2.3), we obtain
24)  |lzng — 27
< Mg (a+B+7)(b—a)[1 =& (1= Mg (a+B+7)(b—a)) [z, —z"|.
Thus, by induction, we get
|zns1 — 2| < lzo — 2*|| [Mx (@ + B +7) (b —a)]" "
(2.5) xH 1—&(1— Mg (a+B+7)(b—a)).
Since & € [0, 1] for all k € N, the assumption (As) yields
(2.6) & (1= My (a+ 8 +7) (b —a)) < 1.

From the classical analysis, we know that 1 —z < e™? for all z € [0,1]. Hence by
utilizing this fact with (2.6) in (2.5), we obtain

(2.7) lnss = ol < Jlzo — 7| [Mx (o + B +7) (b~ )™
x e~ (1= Mic(atf+7)(b=a)) Sk &

which yields lim,, oo |2, — 2] =0. O

We now prove a closeness of solutions of integral equation (1.2) with the help of the
normal-S iterative method (1.1).

We consider the following equation:
b
(2.8) T(f(t)) = /K(t s) - I~L(s Z(s),x(a),z(b)ds+g(t),t € [a,b],

a
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where K : [a,b] x [a,] > R, h: [a,b] x R®* 5> R and g : [a,b] — R.

Now, we define the following normal-S iterative methods associated with 7" in
(2.1) and T in (2.8), respectively:

xg € C [a, b] R

B = [ E(5) (5.3 (9) 0 (0) i (D) ds + £ (1),
Yn = (1a_§n> Tn
+&, [ K (t,8) - h (s, (8) 2 (@), 2, (b)) ds+ [ (t),t € [a,b],n €N,
(2.9) ’
and

Zo EC’[a,b],

Tt = K (6,5) 5,5 (5), 5 (0) 5 (0) ds + (0,
o= (1= &)
&0 [ K (t,5) - h(s,Fn (s),7n (a),Tn (b)) ds+ g (t),t € [a,b] ,n € N,
(2.10) ’

where {&,} is areal sequence in [0, 1], K : [a,b] x [a,b] — R, h, h:la,b]xR® - R
and f,g: [a,b] — R.

Theorem 2.2. Consider the sequences {x,},_, and {Z,},-, generated by (2.9)
and (2.10), respectively, with the real sequence {&,},._qin [0,1] satisfying 5 < &, for
all n € N. Assume that:

(i) all the conditions of Theorem 2.1 hold and x* and T* are solutions of equa-
tions (2.1) and (2.8), respectively;

(i) there exist non negative constants €1 and €2 such that

h(s,u,v,w) —h(s,u,v,w)| <ey and|f(t) —g(t)| <eq, forallt,s € [a,b], u,v,w €

If the sequence {Zy,},~, converge to T*, then we have

. 3[Mg (b—a)er + &2
(2.11) [l —x||§17MK(a+5+7)(bfa)'

Proof. Using (1.1), (2.1), (2.8)-(2.10), and assumptions (A;)-(A4) and (ii), we ob-
tain

(st () = Fusr (O] = |T () () = T G (1)

b
/K(t,s>-h<s,yn (5) 4 (0) ym (B)) ds + (1)
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[ym () —

Yn (1)]

IN
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Yn (@), Yn (b)) ds —

g(t)

IN

+1f () =g (@)
b ’ hh(?,yg(?)),yg(?))yg(lgzg)‘
- S, Yn \S),Yn Q) ,Yn
= MK/ +‘ h (5,5 () 5 (a) . G (1)) ‘ ds
“ 7h(53,yvn (S)agn a)agn (b))
+1f () =g (@)

IN
5

/( ol ()= (9] )as
813 (@) = G ()] + [ () — 5 )] + 21

— Yn ()]

\yn s)
0|+ yn (b) = Tn () )ds

IN
5

+ﬁ |yn -

b
+ My /slds + €9,

1- fn) |xn (t) - '%n (t)‘ + gn T (xn) (t) T (%n) (t)
(1 - én) |xn (t) - Ty (t)|

R
rer [ | | B (5.7 (5) 7 (0) 70 (8) | -

a —h(8,Zn (8),@n (a), Ty (D))

+n |f () — g (1)
(1 - fn) |xn (t) - %n (t)|

b

|z, (8) — T (5)]

+£nMK/ ( +8 |20 (@) — Fn (a)] + 7 (B) — Fn (B)] + &1 ) s
+fn52.

Now, by taking supremum in the above inequalities, we get

(2.12)

1 Zn+1

—Inpa| < Mg (a+B+7)(b—a)llyn —nl

+Mpg (b—a)e; + €2,
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and

(213)  yn —wnll < 1 =60 —=Mg(a+B8+7)(b—a))]llzn —Zn|
+nMp (b —a)e1 + &nez,

respectively.

Combining (2.12) with (2.13) and using assumptions (A;) and § < &, for all
n € N in the resulting inequality, we get

[#ns1 = Znpall < [ =8 (1= Mg (a+B+7)(b—a))llen —Zn|
+§nMK (b - a’) €1+ 51152 + 2£nMK (b - a) €1+ 2£TL52
= [1-& (10— Mg(a+B+7)(b—a))lllen — 2
+&n (1 = Mg (a+ 5 +7) (b—a))
3[MK(b7a)€1 +€2}
(2.14) l-Mg(a+B+7)(b—a)
Denote by
Bn = Hxn *%nHa
Hn = §n(1_MK(a+ﬁ+7)(b_a))e(071)7

S[MK(b—a)al +52]
1= Mg (a+B+7) (b—a) =

Tn =

The assumption % < ¢, for all n € N implies Y &, = oco. Now it can be easily
n=0

seen that (2.14) satisfies all the conditions of Lemma 1.1. Hence it follows by its

conclusion that

. ~ . 3[MK(b—CL)51+62}
0 <lim sup ||z, — Z,|| < lim su .
< lim sup | It s e (@t B ) (b —a)

By (i), we have that lim,_, . x, = 2*. Using this fact and the assumption
lim,, o0 T, = T*, we get

* ~% 3[MK (bia) €1 +€2]
b = S T e a v B B —a)

O

Remark 2.1. The result given in Theorem 2.2 relate the solutions of equations (2.1) and
(2.8) in the sense that if f is close to g and h is close to i~1, then not only the solutions
of equations (2.1) and (2.8) are close to each other, but also depend continuously on the
functions involved therein. Further, if e1 — 0 and €2 — 0, then the solution z* of equation
(2.1) tends the solution Z* of the equation (2.8).
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Example 2.1. Consider the following integral equation

x(t):/?’t;Qs [s—si;x(s) er(o);x(l)} ds+t+367 e,

where K € C ([0,1] x [0,1]), K (t,s) = 222 h € C ([0,1] x R®), h(s,u,v,w) = =522 4
ng“’, fecio], f@ = H%ﬂ, x € C'[0,1] and its perturbed integral equation

1

— _‘. > e e —t
5(t):/3t525 [s 51;11'(5)_’_:3(0)—:1;1'(1)_S+l}ds+t+26 e,

7 3
0

where K € C([0,1] x [0,1]), K (t,s) = 2222 k € C ([0,1] x R®), k (s, u, v, w) = =522 4
Y e”t ~
%—5—1—%,960[0,1},9(75):%,weC’[OJ].
Define the operator T': C'[0,1] — C'[0,1] by

1

/3t—25 [s—sinx(s) z(0) + (1) t+e?

T(z(t) = 5 > + 3 ds +

,t€10,1].
0
We now show that the operator T is a contraction with contractivity factor %. Indeed,
T (z1(t)) — T (z2 (¢))]

_ /1 3t —2s [s —sinmx (s) Lo (0)+z1(1) s—sinza(s) z2(0)+ 2 (1)] ds

5 2 3 2 3

/ 3t—2s||s—sinzi1(s) , z1(0)+z1 (1) s—sinz2(s) x2(0)+z2(1)
= /‘ 5 2 * 3 - 2 N 3 'ds
< /‘3'5 - 2 B Isin 1 (5) — sinas (s)] + é 1 (0) — w2 (0)] + % o1 (1) — 22 (1)@ ds| .

0

Now using the Chebyshev norm, we obtain

3t—2s| /1 1 1
Ty — Txaf| < w17 (§+§+§) (1=0) flzr — @2l
7
= EHJM*MH-

One can easily show on the same lines as above that the mapping T : C'[0,1] — C[0,1]
defined by

1
~ 3t—2 —sinZ z(0)+z(1 1 t+2et
T(x(t)):/ . s{s 51§I(8)+$()‘§I()78+? ds++Te,t€[0,1},
0

is also a contraction with contractivity factor 1—70‘
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Since all the conditions of Theorem 2.1 are satisfied by the integral equations (2.1) and

(2.8) so by its conclusion, normal S-iterative method (1.1) converges to unique solution z*
and z*, respectively in C'[0, 1].

Now we have the following estimates:

3t — 2s
5

|K(t,s)|:’ ggzMK,t,se[o,u,

1
s—f‘g

Z =¢e1, foralls € [0,1] ,u,v,w € R,

-~

\h(s,u,v,w) - k(57uavaw)| =

e—t

T3

t+et—t—2et
3

< 282,86[0,1]4

W =

£ () — g () =]

In view of the above estimates, all the conditions of Theorem 2.2 are satisfied and hence
from (2.11), we have

10.

SN 88

- < =
ot -7 < 5
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