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Abstract. In this paper, we introduce the concepts of af—statistical convergence and
strong af—Cesaro summability of delta measurable functions on an arbitrary time scale.
Then some inclusion relations and results about these new concepts are presented. We
will also investigate the relationship between statistical convergence and af—statistical
convergence on a time scale.

Keywords: statistical convergence, time scale, delta measurable functions, Cesaro
summable.

1. Introduction

The idea of statistical convergence for sequences of real and complex numbers
was introduced by Fast [14] and Steinhaus [15] independently in the same year
(1951) as follows. Let K C N, the set of natural numbers and K,, = {k <n:k € K}.
Then the natural density of K is defined by ¢ (K) = lim,n~! |K,,| if the limit ex-
ists, where |K,| denotes the cardinality of K,,. A sequence x = (zy) is said to be
statistically convergent to L if for every ¢ > 0, the set K, :={k € N: |z, — L| > ¢}
has natural density zero, i.e., for each ¢ > 0,

1
limg\{kén:\mk—M}SH:O.

In this case, we write st —limx = L. It is known that every convergent sequence is
statistically convergent, but not conversely. For example, suppose that the sequence
x = (xy) defined by xy, = Vk if k is square and z;, = 0 otherwise. It is clear that
the sequence x = (xy) is statistically convergent to 0 but it is not convergent. Over
the years, generalizations and applications of this notion have been investigated by
various researchers [2, 8, 10, 11, 13, 16, 17, 18, 19, 20, 21, 24, 26, 29].

Aktuglu [13] introduced «f—statistical convergence as follows. Let a(n) and
B (n) be two sequences of positive numbers satisfying the following conditions:
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P, : o and 8 are both non — decreasing,
Py:f(n) 2 a(n),
P;:3(n)—a(n) = ocoasn — oo.
Let A denote the set of pairs («, ) satisfying Py, P, and Ps.
For each pair (a, 3) € A, 0 <y <1 and K C N, we define

a8 L |K N Pes
) (Kv'y)*nlgfolo (ﬂ(n)—a(n)—i—l)v

where P2# is the closed interval [a (n), 3 (n)] and | S| represents the cardinality of

S.

Definition 1.1. [13] A sequence & = (z,,) is said to be af—statistically convergent
of order 7 to L, if for every € > 0

|{/€€P§‘*B ey — L 25}| _ 0
(8(n) —a(n)+1)7 ’

which is denoted by stzﬁ —limz,, = L. For v = 1, we say that = is aS—statistically
convergent to L, and this is denoted by st,g — limz, = L.

6B ({k: |xp — L] > €},7) = lim
n—oo

The purpose of our study is to introduce the concept of a/f—statistical conver-
gence on an arbitrary time scale.

A time scale T is an arbitrary non-empty closed subset of the real numbers R
with the subspace topology inherited from the standard topology of R. The theory
of time scales was introduced by Hilger in his Ph. D. thesis supervised by Auldbach
in 1988 (see [3, 27]), in order to unify continuous and discrete analysis. Since
this theory is applicable to any field in which dynamic processes can be described
with discrete or continuous models and is also effective in modeling some real life
problems, it has a tremendous potential for applications and has recently received
much attention, see [1, 12, 22, 23, 28]. In addition, statistical convergence is applied
to time scales by various researchers in literature. For instance, Seyyidoglu and
Tan [25] defined some new notions such as A—convergence and A—Cauchy, by
using A—density. Turan and Duman introduced the concepts of density, statistical
convergence and lacunary statistical convergence of delta measurable real-valued
functions defined on time scales in [5] and [6], respectively. Also, in [7], they obtained
a Tauberian condition for statistical convergence, and established a relationship
between statistical convergence and lacunary statistical convergence on time scales.
Altin, Koyunbakan and Yilmaz [30] gave the notions of m— and (A, m) —uniform
density of a set and m— and (A, m) —uniform statistical convergence on an arbitrary
time scales. Furthermore, A—statistical convergence on time scales was defined by
Yilmaz, Altin and Koyunbakan [9]. Recently, Sozbir and Altundag [4] introduced
the concepts of weighted statistical convergence and [N , p]T—summability of delta
measurable functions on time scales, and investigated their relations. We here recall
some concepts and notations about the theory of time scales.
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The forward jump operator o : T — T can be defined by
o(t)=inf{s €T:s>t}

for ¢ € T. And the graininess function p : T — [0,00) can be defined by u(t) =
o(t) —t. In this definition we put inf @ = sup T , where @ is an empty set. A closed
interval in a time scale T is given by [a,bl; = {t € T : @ <t < b}. Open intervals or
half-open intervals are defined accordingly.

Let F} denote the family of all left closed and right open intervals of T of the
form [a,b); = {t € T:a <t <b} with a,b € T and a < b. The interval [a,a) is
understood as the empty set. F is a semiring of subsets of T. Let mq : F; — [0, 00)
be a set function on F; such that m ([a,b)p) = b — a. Then, it is known that m;
is a countably additive measure on F;. Now, the Caratheodory extension of the set
function mq associated with family F} is said to be the Lebesgue A—measure on T
is denoted by pa. In this case, it is known that if @ € T\ {max T}, then the single
point set {a} is A—measurable and pua ({a}) = o (a)—a. If a,b € T and a < b, then
pa ([a,b)p) = b—a and pa ((a,b)p) =b—o0(a). If a,b € T\ {maxT} and a < b,
then 12 ((a,b)g) = o (b) — o (a) and jua ([a,bly) = o (b) — a (see [12]).

We should note that throughout the paper, we consider that T is a time scale
satisfying inf T = t; > 0 and supT = co. Turan and Duman [5] introduced the
concepts of density, statistical convergence and strong p—Cesaro summability of
measurable real valued functions defined on time scales in the following way.

Definition 1.2. [5] Let Q be a A—measurable subset of T. Then, for ¢t € T, we
define the set Q (¢) by

Q) ={s € [to,t]p: s € Q}.
In this case, we define the density of 2 on T, denoted by dy (€2), as follows:

= lim M
5T (Q) - tLoo A ([th t]T)

provided that the above limit exists.

Definition 1.3. [5] Let f : T — R be a A—measurable function. We say that f
is statistically convergent on T to a number L, if for every € > 0

or({teT:[f(t)—Ll>e}) =0

holds, i.e., for every ¢ > 0,

lim M2 ({s € [to, t]p: |f(s) = L| > ¢})
t—o0 pa ([to, t]r)

:0’

which is denoted by stp — tlim f @) =1L.
— 00



144 B. Sozbir and S. Altundag

Definition 1.4. [5] Let f : T — R be a A—measurable function and 0 < p < oc.
We say that f is strongly p—Cesaro summable on the time scale T to a number L,
if there exists some L € R such that

1

hmi S*LPASZO.

fim / f(s) — |
[tht]’ﬂ‘

2. Main Results

In this section, we will begin by introducing the new concepts of «S—statistical
convergence and strong aff—Cesaro summability on an arbitrary time scale, which
are our main definitions, and we establish some relations about these notions. We
also examine the relationship between statistical convergence and «f—statistical
convergence on a time scale.

Now let a, 8 : T — RT be two functions satisfying the following conditions:

T1 : o and B are both non — decreasing,
To:o(B(t) >a(t) >toforallt €T,
T5:0(B(t)) —a(t) = coast — oo.
And let At denote the set of pairs («, ) satisfying 77, T and T3.

Definition 2.1. Let f : T — R be a A—measurable function and (a, ) € Ar.
Then, f is said to be af—statistically convergent to L € R on a time scale T, if for

every € > 0
i Ba (s €0 () BW)r:1f ()~ L > &)
t=00 pa ([e (), 8 (8)]r)

which is denoted by str_og — lim f (¢) = L.

=0,

This definition includes the following special cases:

1) If we take a(t) = to and B (t) =t for all t € T, then af—statistical conver-
gence is reduced to statistical convergence on a time scale introduced in [5].

1) Let A = (\,,) be a non-decreasing sequence of positive real numbers tending to
oo such that A\, 1 < Ap+1and A; = 1. For T = N, if we choose a () = t— A\ +to and
B (t) = t, then af—statistical convergence on a time scale is reduced to A—statistical
convergence introduced in [24].

Remark 2.1. Let 6 = (kr) be an increasing sequence of non-negative integers with
ko =0 and o (kr) — 0 (kr—1) — o0 as r — oo, which means that 6 is a lacunary sequence
with respect to T. If we take T =N, a (¢t) = kt—1 + 1 and 3 (t) = k¢, then af—statistical
convergence on T gives us the concept of lacunary statistical convergence introduced in
[19]. However, for an arbitrary time scale T, this is not clear, and we leave it as an open
problem.

Proposition 2.1. If f : T — R is af—statistically convergent, then its limit is
unique.
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Proposition 2.2. If f,g : T — R with str_ap — lim f (t) = L1 and str_ap —
lim g (t) = Lo, then we have the following:

’L) St’[f_a,g — lim (f (t) + g (t)) = L1 + LQ,

i) str_qp — lim (cf (t)) = cLy for any c € R.

Definition 2.2. Let f : T — R be a A—measurable function and (a, 8) € Ar.
Then, one says f is said to be strongly af—Cesaro summable on a time scale T, if
there exists some L € R such that

. 1 -
2 a0 () B (D) / £ (s) = L{ As = 0.
[a(t),B(1)] ¢

Theorem 2.1. Let f: T — R be A—measurable function and L € R. Then we
have the following:

t) If f is strongly af—Cesdaro summable to L, then str_qp —lim f (t) = L, but
not conversely.

4) If str_oqp —lim f (t) = L and f is a bounded function, then f is strongly
af— Cesaro summable to L.

Proof. i) Let f is strongly aS— Cesaro summable to L. Then, for every e > 0, we
can write that

I f(s)—LlAs > [ If (s) — L| As
[a(t),B()]¢ [a(®),B()]p:|f(s)—L|=e

Zepa({s€la(t),B®)]p:1f(s)—Ll=e}),
which implies that styr_qp —lim f (t) = L.
To prove the converse, define a function f in each intervals (o (t), 5 (t)]y by
1, if s ea(t),a(t)+ 1),
2, if sea(t)+1,at)+2),
fls)=4q :
[lv/l] if s € [a(t)+ [[Va]] - La®)+ [[val])g,

0, otherwise,
where u (t) = o (B (t)) — a (t).
Then, for every e > 0, we observe that

pa({s€la®.BM:lf()=LIZe})  pa(la®)a®)+]varl),)

a(le(®),8)];) o pa ([a(t),8()];)
= Wl g (ast — 00).

Thus, stt_ag — tlim f)=0.
— 00
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On the other hand,

N R
pa([a(t),8()]y) [a(t),é(t)]T |f (s)] As

[/
ZEGIET0] 2 mpa () +m =1 a(t) +m)y)

. v

:Emglm

_ 24 AV

Ut

= WEIVEID/2 1 (a5t oo).

Hence, we obtain that f is not strongly af— Cesaro summable to 0. This completes
the proof.

4i) Let f be bounded and str_op — lim f (t) = L. Then, there exists a positive
number M such that |f (t)| < M for allt € T, and for a given € > 0, we also have

pa({s€la(®), 8@ |f(s) = L] > e})

o o (@ 0, B0 =0
Then, we can easily see that
m [a(t):g(t)]qr S s
B m [a(t)ﬁ(t)]T{f(S)—L\Be S = LA
er [a(t)ﬂ(t)]qr{f(S)—Ll@ T = s
: #&M[a(ﬁ)ﬁ(tﬂﬁlﬂﬂfﬁk Ao m[a(ﬂé(mw >

(M + |L)) HA({se[a(t)ﬁ(t)]T:\f(s)—L|>5}) .

na(la(®),8(8)y)

Letting t — 0o on the both sides of the last inequality, since € > 0 is arbitrary, we
have

. 1 -
SN CIGNIOS / IF(s) = L] As = 0.
[a(t),B8(t)]r

So, the proof is completed. [
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Theorem 2.2. If litrginf% > 1, then sty — lim f (t) = L implies str_op —
lim f (¢) = L.

Proof. Suppose that litm inf U(f(gt))) > 1. Then, for sufficiently large t, there exists
—00

§ > 0 such that 28 > 1 45 and hence ZLEH—a®) -

a(t) (B For a given € > 0,

5
146 °
we have

na({s€lto,BM)] I f(s)—L|>e})
1a([to,B(H)]y)

pa ({s€la(®) 8017 ()~ LI><})

Z (B —to

o (B(1))—a(t) wa({s€la(),B(®)]y:|f(s)—L|>e})
a(B(t)) a(B(t))—a(t)

=

L _o_ra({sela® sl (5)-Li>e})
= 146 a(B(t))—al(t) :

Letting t — oo on the both sides of the last inequality and also using the sty —
lim f (¢) = L, we get

i e (s ela®),B@)]r:|f(s) = L| > €})
t—00 pa ([ (@), B B)]r)

This completes the proof of the theorem. [

=0.

Theorem 2.3. If tlim o=t _ ( then str_qp — lim f (t) = L implies sty —

t
a(B(t))—to
lim f (¢) = L.
Proof. Assume that str_op —lim f (t) = L. Then, for every € > 0, we may write

pa ({s€to.B®)y:| F(s)—L|>c})
pa([to,B(1)]7)

pa({s€lto, ()l f(s)=LI>e}) | pa({s€la(®).B(D)]:lf(s)~L|>e})
pa ([to.B(1)]r) pa (Tto,B(0)]7)

_ na({s€lto,a(t)p:l f(s)—L|>e}) n na({s€la®),8®)]y:|f(s)—L|>e})
- a(B(t)—to o(B(t))—to

a(t)—to pa({s€la®).8®)]y:|f(s)—L><})
a(B(t))—to o (B(t))—a(t) :

N

Taking limit as t — oo on the both sides of last inequality and using the condition
a(t)ft()

of tlgglo ECOET 0, we have
i 1A ({s €lto,BW)lp:1f(s) — LI > €})

Jmn i (o, B (O)) =0
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which completes the proof. [

Now, let (, 8) € At and (¢, ') € Ar. In the following theorem af—statistical
convergence and o/ 3’ —statistical convergence are compared under the restriction

a(t) <d () <p () <B()

for all ¢ € T. Under these conditions above,we have the following theorem:

(B ) —a'()
Theorem 2.4. [f tli{élo W

St’]l‘_a/ﬁ/ — hmf (t) = L.

> 0, then sty_op — lim f(t) = L implies

Proof. Suppose that tli}m % > 0 and sty_qp —lim f (t) = L. We have the
oo

inclusion
{seld (), Op:|f(s)—LIzetS{s€a®),B®)]p:[f(s)—L| >}
for every e > 0, and hence
pa({sela ()8 Oy :[f(s) - LI = €})
Spa({sela®), 8@ |f(s) =Ll =e}).
So, we may write that

pa({s€la(®),B®)]:|f(s)—L|>e})
na(la®),8()]y)

({seo ().8' ()] 17 (5)~LIze})

2 HA
pa ([a(6).8(6)];)

_ o(B®)—a/(t) na({se]a’ (1),8'(1)],:| f(s)—L|>e})
— o(B®)—al(t) a(B'(t))—c'(t) )

Since sty_op — lm f (t) = L, taking limit as t — oo on the both sides of last
inequality, we get

i e (s €[ (®), 8" O)]p 2 1f (5) = L > €})
t—o00 a (B (t) — o (1)

which means str—o g — lim f (t) = L. Hence, the proof is completed. [

=0,
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