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Abstract. In this study, we have introduced the concepts of Wijsman statistical con-
vergence of order «, Hausdorff statistical convergence of order o and Wijsman strongly
p-Cesaro summability of order « for double set sequences. Also, we have investigated
some properties of these concepts and examined the relationships among them.
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1. Introduction

The concept of statistical convergence was introduced by Steinhaus [30] and Fast
[11], and later reintroduced by Schoenberg [28] independently. Moreover, many
rearchers have studied this concept until recently (see, [5,6,12, 14,15, 25,31, 34]).
The order of statistical convergence of a single sequence of numbers was given by
Gadjiev and Orhan [13]. Then, the concepts of statistical convergence of order «
and strongly p-Cesaro summability of order « were studied by Colak [8] and Colak
and Bektag [9].

In [24], Pringsheim introduced the concept of convergence for double sequences.
Recently, Mursaleen and Edely [19] have extended this concept to statistical conver-
gence. More developments on double sequences can be found in [4,7,16-18,20]. Very
recently, the concepts of statistical convergence of order o and strongly p-Cesaro
summability of order « for double sequences have been studied by Savag [26] and
Colak and Altin [10].

The concepts of convergence for number sequences were transferred to the con-
cepts of convergence for set sequences by many authors. In this study, the concepts
of Wijsman convergence and Hausdorff convergence which are two of these trans-
fers are considered (see, [1-3,35]). Nuray and Rhoades [21] extended the concept of
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Wijsman convergence and Hausdorff convergence to statistical convergence for set
sequences and gave some basic theorems. Very recently, the concept of Wijsman
T-statistical convergence of order o have been studied by Savag [27] and Sengiil and
Et [32].

Nuray et al. [22] introduced the concepts of Wijsman convergence and Wijs-
man strongly p-Cesaro summability for double set sequences. Then, the concepts
of Hausdorff convergence for double set sequences was studied by Sever et al. [29].
Also, the concepts of Wijsman statistical convergence and Hausdorff statistical con-
vergence were studied by Nuray et al. [23] and Talo et al. [33], respectively.

In this study, we shall introduce the concepts of Wijsman statistical conver-
gence of order o, Hausdorff statistical convergence of order o and Wijsman strongly
p-Cesaro summability of order « for double set sequences. Also, we shall investigate
some properties of these concepts and examine the relationships among them.

2. Definitions and Notations

Firstly, we recall the basic concepts that need for a good understanding of our study
(see, [1-3,19,22-24,29,33, 35]).

A double sequence (z;;) is said to be convergent to L in Pringsheim’s sense if
for every ¢ > 0, there exists N, € N such that |z;; — L| < € whenever ¢,j > N..

A double sequence (z;;) is said to be statistically convergent to L if for every
>0,

1
lim —
m,n—00 MMN

‘{(z’,j): 1<n,j<m, \J;ij—L|25}’:0.

Let X be any non-empty set. The function f : N — P(X) is defined by
f(@) = U; € P(X) for each i € N, where P(X) is power set of X. The sequence
{U;} = (U1, Us, ...), which is the range’s elements of f, is said to be set sequences.

Let (X, d) be a metric space. For any point € X and any non-empty subset
U of X, the distance from z to U is defined by

p(z,U) = inf d(z,u).

Throughout the study, we will take (X, d) be a metric space and U, U;; be any
non-empty closed subsets of X.

A double sequence {U;;} is said to be Wijsman convergent to U if for each
reX,

lim p(z,Ui;) = p(z,U).

7, —>00

A double sequence {U;;} is said to be Hausdorff convergent to U if for each
zeX,

lim sup |p(z,Us;) — p(z,U)| =0.

4,] =00 e X
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A double sequence {U;;} is said to be Wijsman statistical convergent to U if for
every € > 0 and each z € X,

1

m,n—o00 MN

The class of all Wijsman statistical convergent sequences is simply denoted by
W (5S2).

A double sequence {U;;} is said to be Hausdorff statistical convergent to U if
for every € > 0 and each z € X,

. 1
lim —
m,n—o0 MMN

{(9): i< nj<m. sup lo(e.Uy) = plar.U)| 2 €} = 0.
e

The class of all Hausdorff statistical convergent sequences is simply denoted by
H(S).

A double sequence {U;;} is said to be Wijsman Cesaro summable to U if for
each r € X,

1 m,n
e 8 ) =)
,J=1,

Let 0 < p < oo. A double sequence {U;;} is said to be Wijsman strongly
p-Cesaro summable to U if for each z € X,

. 1 m,n
m,lrlzgoo % . Zl 1 "D(I’ Ut]) - p(x, U)|p =0.
,7=1,

The class of all Wijsman strongly p-Cesaro summable sequences is simply de-
noted by W[Cs]P.

From now on, in short, we shall use p,(U) and p,(U;;) instead of p(z,U) and
p(x,Uij), respectively.

3. Main Results

In this section, we shall introduce the concepts of Wijsman statistical convergence
of order o, Hausdorff statistical convergence of order o and Wijsman strongly p-
Cesaro summability of order « for double set sequences. Also, we shall investigate
some properties of these concepts and examine the relationships among them.

Definition 3.1. Let 0 < a < 1. A double sequence {U;;} is Wijsman statistically
convergent of order o to U or W (S$)-convergent to U if for every € > 0 and each
re X,

lim ———
m,n—»00 (mn)a

{(d): i <mj <n lpalUs) = pa(U)] 2 }| = 0.

In this case, we write U;; —w (sg) U or Uy — U(W(S5)).
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The class of all W(5§')-convergent sequences will be simply denoted by W (S$).

Example 3.1. Let X = R? and a double sequence {U;;} be defined as following:

Usi = {(z,y) eR*: (x—i)*+ (y—j)> =1} , ifiand j are square integers
v {(0,0)} , otherwise.

Then, the double sequence {U;;} is Wijsman statistically convergent of order « to the
set U = {(0,0)}.

Remark 3.1. For o = 1, the concept of W (S5 )-convergence coincides with the concept
of Wijsman statistical convergence for double set sequences in [23].

Theorem 3.1. If0 < a < <1, then W(S5) C W(S5).

Proof. Let 0 < a < 8 <1 and suppose that U;; —w(sg) U. For every € > 0 and
each x € X, we have

ﬁ’{(l,j) i <m,j <n, |ps(Uij) — po(U)| > 5})
= (miz)a {(z’]) i<m,j <, ‘pz(Uij) —,OI(U)‘ Zg}‘

Hence, by our assumption, we get U, — (st U. Consequently, W(S§) C
W(s9). O

If we take 5 =1 in Theorem 3.1, then we obtain the following corollary.

Corollary 3.1. If a double sequence {U;;} is Wijsman statistically convergent of
order o to U for some 0 < o < 1, then the double sequence is Wijsman statistically
convergent to U, i.e., W(5%) C W(S2).

Definition 3.2. Let 0 < a < 1. A double sequence {U;;} is Wijsman Cesaro
summable of order « to U or W(C$')-summable to U if for each z € X

. 1 m,n
lim Z pa:(Uzj) = pw(U)

m,n—o00 (mn)a .

In this case, we write U;; —w cg) U or Ujj — U(W(C%)).
The class of all W(C$)-summable sequences will be simply denoted by W(C$).

Definition 3.3. Let 0 < a < 1 and 0 < p < co. A double sequence {U;;} is
Wijsman strongly p-Cesaro summable of order a to U or W|[C§]P-summable to U
if for each x € X,

m,n

3" 1pe(Usy) = pu(U)P = 0.

i5=1,1

lim
m,n—oo (MnN)®
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In this case, we write Uj; —rw(cgp U or U;; — U(W[C’g‘]p). If p =1, then a

double sequence {U;;} is simply said to be Wijsman strongly Cesaro summable of
order a to U and we write U;; —wicg) U or Uj; — U(W[CY]).

The class of all W[C§]P-summable sequences will be simply denoted by W[CS]P.

Example 3.2. Let X = R? and a double sequence {U;;} be defined as following:

Ui = {(xay) ER*: 22+ (y—1)2 = % , if ¢ and j are square integers,
v {(1,0)} , otherwise.

Then, the double sequence {U;;} is Wijsman strongly Cesaro summable of order « to
the set U = {(1,0)}.

Remark 3.2. For a = 1, the concepts of W (C%)-summability and W [C5]P-summability
coincides with the concepts of Wijsman Cesaro summability and Wijsman strongly
p-Cesaro summability for double set sequences in [22], respectively.

Theorem 3.2. If0 < a < f <1, then W[C§]? C W[CJ]?.

Proof. Let 0 < a < 8 <1 and suppose that U;; —w(cgpr U. For each z € X, we
have

1 m,n 1 m,n
s 2 peUd) = paO) < o 37 1palU) = paU)P
i,j=1,1 4,j=1,1

Hence, by our assumption, we get U, —wcl)e U. Consequently, W[C$]P C
2
wicsr. O
If we take 5 =1 in Theorem 3.2, then we obtain the following corollary.
Corollary 3.2. If a double sequence {U;;} is Wijsman strongly p-Cesaro summable
of order o to U for some 0 < o < 1, then the double sequence is Wijsman strongly

p-Cesaro summable to U, i.e., W[C]P C W[Cs]P.

Now, without proof, we shall state a theorem that gives a relation between
WI[Cg]P and W[C$]?, where 0 < @ <1 and 0 < p < ¢ < 0.

Theorem 3.3. Let0<a<1and0<p<q<oco. Then, W[C]? C W[CS]? .

Theorem 3.4. Let 0 <a <3 <1 and0 < p < oco. If a double sequence {U;;} is
Wigsman strongly p-Cesaro summable of order o to U, then the double sequence is
Wigsman statistically convergent of order 5 to U.
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Proof. Let 0 < o < f <1 and 0 < p < oo and assume that the double sequence
{U;;} is Wijsman strongly p-Cesaro summable of order a to U. For every ¢ > 0
and each z € X, we have

Z 1p2(Uij) — p(U)[P = Z p2(Uij) — pa(U) [P
i,j=1,1 4Li=11; |pa(Uiz)—pa(U)| 26

m,n

+ Z p2(Uij) — pa(U)P

1,j=1,1; |po(Uij)—pa(U)|<e

= Z |z (Uis) — pe(U)|P
4,J=1,1; |pa:(Uij)7pw(U)|Z€
= ‘{(i’j) pi<m, g <n, |pe(Uy) — pe(U)] = 6}‘
and so
1 m,n .
(mn)e > pa(Uij) = pa(U))]
i,j=1,1
Ep . . . .
> (mn)o {G,7): i<m,j<n, |pa(Usj) = po(U)| > 5}’
€p . . . .

Hence, by our assumption, we get the double sequence {U;;} is Wijsman statistically
convergent of order g to U. [

If we take = « in Theorem 3.4, then we obtain the following corollary.

Corollary 3.3. Let 0 < a <1 and 0 < p < oo. If a double sequence {U;;} is
Wigsman strongly p-Cesaro summable of order o to U, then the double sequence is
Wigsman statistically convergent of order o to U.

Definition 3.4. Let 0 < o < 1. A double sequence {U;;} is Hausdorff statistically

convergent of order o to U or H(S$)-convergent to U if for every e > 0 and each
zeX,

1
ol () ‘{(i,j) pi<m,j<n, sup lp(Uij) — pa(U)| 2 6}( =0.
In this case, we write U;; —p(sg) U or Uj; — U(H(S5)).

The class of all H(SS)-convergent sequences will be denoted by simply H(S).
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Remark 3.3. For a = 1, the concept of H(S%)-convergence coincides with the concept
of Hausdorff statistical convergence for double set sequences in [33].

Theorem 3.5. If0 < a < (<1, then H(S5) C H(S}).

Proof. Let 0 < a < 8 <1 and suppose that U;; —>g(sg) U. For every € > 0 and
each x € X, we have

1 o ‘
W‘{(w). i<m,j<n, igglpz(Uij) — pa(U)] 25}’
1
= ,J) S ) < x\Vij) — Pz Z .
= (mn)* {(5): i<mj<n, Sup |02 (Uij) — p=(U)| g}‘

Hence, by our assumption, we get Uy — g0, U. Consequently, H(S§) C
2
H(SS). O

If we take 5 =1 in Theorem 3.5, then we obtain the following corollary.

Corollary 3.4. If a double sequence {U,;} is Hausdorff statistically convergent of
order a to U for some 0 < o < 1, then the double sequence is Hausdorff statistically
convergent to U, i.e., H(SS) C H(S2).

Theorem 3.6. Let 0 < o < <1. If a double sequence {U;;} is Hausdorff statis-
tically convergent of order o to U, then the double sequence is Wijsman statistically
convergent of order B to U.

Proof. Let 0 < o < 8 <1 and assume that U;; —p(sg) U. For every € > 0 and
each z € X, we have

W‘{(i,j) ci<m,j <, |ps(Uij) — pa(U)] > g}‘
1 i< < su N
< (mn)a){(w) ci<m,j<n, sup 102(Usj) — pu(U)| > E}‘
1 S , N
< (mn)a {(Z,J). 1<m,j <n, Elelglpz(U”) p2(U)] 25}‘_

Hence, by our assumption, we achieve the desired result. O
If we take 5 = « in Theorem 3.6, then we obtain the following corollary.
Corollary 3.5. Let 0 < o < 1. If a double sequence {U;;} is Hausdorff statisti-

cally convergent of order o to U, then the double sequence is Wijsman statistically
convergent of order o to U.
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