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Abstract. The present paper presents evolutions of spherical indicatrix of a space
curve according to the quasi-frame. Then, some geometric properties of these surfaces
constructed by evolutions have been obtained. At the end, illustrative examples of the
spherical images of a space curve have been presented.
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1. Introduction

The curves obtained with the help of a given space curve have been studied by
many researchers. Bertrand curve pairs, involute-evolute curve pairs and spherical
images of a space curve can be given as examples of these curves, [7]. For example,
Korpinar [4] investigated the surfaces constructed by the binormal spherical image
of a space curve. They derived the time evolution equations for the Frenet frame
of binormal spherical image as a curve occurring on the sphere and gave some
geometric properties of these surfaces such as fundamental forms and curvatures.
The spherical image of the curve moving with time occurs on a sphere. In [6], time
evolution equations of a space curve given with the quasi frame are obtained.

In this paper, we have found relations between the motion of curves and the
motion of their spherical image. We have obtained the Frenet elements of the
spherical images of the curve given with the quasi frame. Then we have derived some
geometric properties of the surfaces constructed by the evolution of the spherical
images of a space curve. At the end, we have given the illustrative examples of the
spherical images of a space curve.
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2. Preliminaries

In this section, we present the Frenet frame and the quasi frame along a space
curve which are given by Soliman in [6]. Also, we give some geometric properties
for these frames.

Let r = r(s) be a space curve parameterized with arc-length in R3. The Frenet
frame of r consists of the vectors T',N, B which are given by

T = ()
o r(s)
[ ()]
B = TxN,

where T is the tangent vector, N is the normal vector and B is the binormal vector
of the curve 7.

The curvature x and the torsion 7 are given by
ko= [Ir"()l,
det(r’, 7", r'"")

I (s)1”

The quasi frame of a space curve r = r(s) which is parameterized with arc-length
consists of the vectors Ty, N, B . They are given by

T, = T,
_>
T x k
Nq M =
HTxk(
B, = T xNg,

where ﬁ is the projection vector which can be chosen as ﬁ = (1,0,0) or E) =
(0,1,0) or E) = (0,0, 1). In this paper, we choose the projection vector ﬁ =(0,0,1).
N, and B, are called the quasi normal vector and the quasi binormal vector, re-
spectively.

Let 6 be the angle between the normal N and the quasi normal N,. The quasi
formulas are given by, [1],

5 [ T 0 k k[T,
S Ng | = k0 ks [N
B, —ky —ks 0 || B,
where k; are called the quasi curvatures (1 < ¢ < 3) which are given by
ki = kcost = (T, Ng),
ky = —rsind = (T, By),

ks = 041 =—<Nq,B:J>.
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3. The Spherical Images of a Space Curve

In this section, we give the representation of the Frenet frame, curvature and
torsion for spherical images of the curve in terms of the quasi frame and curvatures
of the curve.

Given a space curve r parameterized with arc-length in R3. Let T be the unit
tangent vector of r. When we take P() = T; while the moving point P is drawing
the curve r, the moving point ) draws a curve on the unit sphere. This curve is
called the spherical image of the tangent to the curve r. The spherical image of
the normal and the binormal to the curve are defined similarly. Now we give these
concepts according to the quasi frame of the curve.

Definition 3.1. Let r = r(s) be a space curve parameterized with arc-length in
R3. The following space curves lie on a unit sphere

ri(s) = Ty(s),
ra(s) = Ng(s),
r3(s) = By(s

and they are called the spherical image of the tangent, the quasi normal and the
quasi binormal to the curve, respectively.

3.1. Spherical Image of T,

Let {Tq, N, Bq} be the quasi frame of the curve r = r(s) parameterized with
arc-length and {T, N, B} be the Frenet frame of the curve r1(s) = Ty(s). The quasi
curvatures of the curve r are denoted by k1, k2, k3 and the curvature and the torsion
of the curve r are denoted by x and 7, respectively.

Theorem 3.1. The Frenet elements of r1 can be given in terms of the quasi ele-
ments of r as follows:

O k‘l kQ
T NG T,
N — Ay By 1 Nq
B VR T B,
K
ko= (1+ : 3)%7
(k% +K3)
Wi
LS
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where
A= —(+K3)7
By = kK2 — kikokly — k2 koks — k3ks,
C1 = K3ks+ kIkh 4 kik3ks — kik] ko,
K1 = Klky+ k2ks + kikb — K ko,
Ly = —ko(k}+k3),
My = ki (K +E3),
Uy = B2+ k)" + (k2 +k2) (K2ks + k2ks + kakly — Ky k)”
Vio= (k24 k3)° + (K2ks + k3ks + kikh — Kikz)”,
Wi = 3 (ka (K)" ko + K{ kGRS — K3K{ K — Kk (K5)?)

+ (kT + k3) (kiKY + KTk + k3K — k{ko — k1K ks — kakiks) .

Proof. By simple calculations one can easily get the first, the second and the third
derivatives of r; as follows:

ri(s) = kiNg+ kB,
m(s) = — (ki +k3) Tq+ (K — koks)Ng + (k1ks + k5)Bg,
V(s) = =3(kik| + koky) Ty + (ki — 2koks — okl — kik3 — kik3 — k)N,

+(KY + 2k ks + ki ky — kok3 — kok? — k3)B,.

Then, it is easy to compute the following:

Il = /R + 3,

7"/1 X 7“/1/ = K1Tq+L1Nq+M1Bq,
[ry xrill = VW,
det(ry, v, vy = (] xri,r{"y =Wi.

Using the Frenet formulas, one can easily obtain the Frenet elements of 71 in terms
of the quasi elements of r as indicated in the theorem. [

3.2. Spherical Image of N,

Let {Tq, N, Bq} be the quasi frame of the curve r = r(s) parameterized with
arc-length and {T, N, B} be the Frenet frame of the curve 73(s) = Ny(s). The quasi
curvatures of the curve r are denoted by k1, ko, k3 and the curvature and the torsion
of the curve ro are denoted by s and 7, respectively.

Theorem 3.2. The Frenet elements of 7o can be given in terms of the quasi ele-
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ments of r as follows:

609

(k2 + k2)" + (K3 + k2) (kikh — Kiks — k2ka — kak?)®,

—kq 0
T k2+k2
N — Ay B>
B VA
W: Vv
K
k = (1+ 2 3)%
(kT + k3)
.M
=
where
Ay = kikskl — kikoks — kik3 — kok3,
By = —ki(ki+k3),
Cy = K2k — kikiks — ESky — kykok2—,
Ky = ky(ki+Fk3),
Ly = kiky —Kjks — k?ky — kok2,
My = ky(k}+k3),
U, =
Vo = (K2+k2)° + (kakly — Kiks — K2k — kok)”
W, = 3 (k1 (k)2 ks + K| k42 — K2KLES — Kks (kg)Q)

+ (k}% + k’g) (klkg — klllk’g — kék’g — k‘%k’é + kgk’ékg + k‘lkllkg) .

Proof. The calculations can be made similar to the proof of the first theorem. O

3.3.

Spherical Image of B,

Let {Tq, N, Bq} be the quasi frame of the curve r = r(s) parameterized with
arc-length and {T, N, B} be the Frenet frame of the curve r3(s) = B4(s). The quasi
curvatures of the curve r are denoted by k1, ko, k3 and the curvature and the torsion
of the curve r3 are denoted by x and 7, respectively.

Theorem 3.3. The Frenet elements of 3 can be given in terms of the quasi ele-

ments of v as follows:

T ]2 +k2
N
B K3

o

$
$

—ks

VEk3+kS

3

©Zz A

=}
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where
As = kokskl + kik3ks + krkS — kbk2,
By = kokbks — kikok? — kyk3 — Kjk2,
Cy = —(K+#),
Ky = ks(k3+Fk3),
Ly = —ky (k3 +K3),
My = klko 4 kik3 + kokly — kbks,
Us = (k2+k2)" + (k2 + k2) (kokl — ks + ko k2 + kyk2)
Vs = (K3 +k3)" + (kakly — kbks + kr k3 + kak3)®
Wy = 3 (kz (k)2 kg + kbkLk2 — k2kLKS — kaoks (kg)Q)

+ (k3 + k3) (K K3 + KL K3 + kS ko — kskly — kikokh — kiksky) .
Proof. The calculations can be made similar to the proof of the first theorem. [

An evolving curve can be thought as a collection of curves parameterized by
time. This means that each curve in the collection has a space parameter s and
a time parameter ¢, [3]. The following definitions can be given according to quasi
frame in R? considering references [6] and [7].

9 T, 0 ki ke T,
(3.1) 75 Ny [=| -k 0 ks N, |,
B, —ko —ks O B,
9 T, 0 Ao T,
(3.2) e Ny |=|-» 0 v N,
B, —u —v 0 B,

Applying the compatibility condition

00| | o0
9. 91 q — a: 9. q ’
0s Ot B, Ot 0s B,

in the light of the equations (3.1) and (3.2) one can easily get

0 (% — vky + pks — 22)
— (%5 — vk + pks — 22 0 (%2 — phky + Moz — Z2)
Ok tvky — Nk + S8 ) — (% — pky + Moo — &) 0

(% +vky — A3 + %)

= 03x3.
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Thus, the compatibility condition becomes

0k, oA
o vko — pks + s’
Oky o
ﬁ = )\kl — ng — g,
ks v
W = ,ukl — )\kg + a

4. Surfaces Constructed by the Evolution of the Spherical Images of a
Space Curve

In this section, we study the surfaces constructed by the evolution of the spher-
ical image of the tangent, spherical image of the quasi normal and spherical image
of the quasi binormal to the curve.

4.1. Surfaces Constructed Using the Spherical Image of the Tangent
The equation of surfaces constructed by the spherical image of the tangent is
given by
U =T,(s,1).

Theorem 4.1. Under the assumption pk; — Ako > 0, the Gaussian curvature Ky,
the mean curvature Hy and the principal curvatures ki1 and kay of ¥ are given by

Proof. The tangent space to the surface is spanned by
(4.1) v, = k’qu + kQBq,
U, = ANy + B,

where the lower indices show partial differentiation. Then the unit normal to ¥ is

given by
\I/s X \Ilt

TN
Using the equations (3.1), (3.2) and (4.1), the second order derivatives are calculated
and given by

Nyg

U,y = — (k’f—kk%) Ty + ((k1), — k2k3) Ny + ((k2), + k1k3) By,
Uy = —(N+p?) Ty + (A — uv) Ny + (e + Av)By,
o = —(Mky+ pho) Ty + (A — pks) Ny + (Aks — p15) By

The components of the first fundamental form g;;, (1 < 4,5 < 2) are obtained as
follows:

g1 = <\I}sv \Ils> = k% + k%»
g12 (Us, Uy = Aky + pko,
g2 = (U, Uy) =N+ p?
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The components of the second fundamental form l;;, (1 <4, j < 2) are obtained as
follows:

lh = <\IjssaN‘ll> = - (k% + k%) )
he = (P, Ny) = — (Ak1 + pk2),
lyo = (U4, Ny)=— (N +p7).
Thus, we get the following equalities:
_ 2
Kl _ l11l22 l12 _ 17

911922 — 9%2
l — 2l l
o = 11922 12912 -i; 22911 _ 1,
2 (911922 - 912)

kin = Hi+\/H - K =-1,
kot = Hy—\JH?— K = 1.

O

4.2. Surfaces Constructed Using the Spherical Image of the Quasi
Normal

The equation of surfaces constructed by the spherical image of the quasi normal

is given by
¢ =Ny(s,t).

Theorem 4.2. Under the assumption vk, — Ak3 > 0, the Gaussian curvature K,
the mean curvature Hy and the principal curvatures kio and koo of ¢ are given by

K2 = 1, H2 = —1, klg = —1, k‘22 =—1.

Proof. The tangent space to the surface is spanned by

(4.2) ¢s = —kiTy+ k3B,
d)t = *)\Tq + I/Bq7

where the lower indices show partial differentiation. Then the unit normal to ¢ is

given by
N¢ — ¢s X ¢t
65 X o1l
Using the equations (3.1), (3.2) and (4.2), the second order derivatives are calculated
and given by

¢ss - - ((kl)s + k2k3) Tq — (k% + kg) Nq + ((kg)s — k1k2) Bq,

¢ = — M+ )Ty — (A + %) Ny + (1 — A)By,
bt = — (A +vks) Ty — (M1 + vks) Ny + (v — Me2) By

=N,
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The components of the first fundamental form g;;, (1 < ¢,j < 2) are obtained as
follows:

g1 = <¢sa ¢s> = k% + k§7
gi2 = <¢S7¢t> = Ak‘l +Vk37
g2 = (¢, ) = N2+ 17

The components of the second fundamental form I;;, (1 <4,j < 2) are obtained as
follows:

lll = <¢SS7N¢> = - (k% + kg) )
lig = (¢st,Ng) = — (Mky +vk3),
oo = (¢, Ny)=— (N +17).

Thus, we get the following equalities:

li1loo — 12
K, — ‘al2-ly

911922 — 9%2
Hy - l11922 — 2l12912 -1;122911 S
2 (911922 — 912)

ki = Hy+\/H?—K,=—1,
kyy = Hy—\/H?—K,=—1.

O

4.3. Surfaces Constructed Using the Spherical Image of the Quasi
Binormal

The equation of surfaces constructed by the spherical image of the quasi binormal
is given by
© =By(s,1).

Theorem 4.3. Under the assumption vky — uks > 0, the Gaussian curvature Ks,
the mean curvature Hs and the principal curvatures ki3 and kas of ¢ are given by

K3 = 17 H3 = *1, ]{313 = *1, k}23 =—1.

Proof. The tangent space to the surface is spanned by

(43) Ps = —kgTq — ngq,
Pt = _MTq - VNq7
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where the lower indices show partial differentiation. Then the unit normal to ¢ is
given by
Ps X Pt
N,=———=8B,.
o lles <l
Using the equations (3.1), (3.2) and (4.3), the second order derivatives are calculated
and given by

0ss = (kiks — (k2),) Ty — ((ks), + k1k2) Ny — (k3 + k3) B,
ot = (A —p) Tg— (v + )Ny — (:“2 + Vz) By,
0st = (ps +vk1) Ty — (vs — pk1)Ng — (ke + vk3)By.

The components of the first fundamental form g;;, (1 < 7,5 < 2) are obtained as
follows:

g1 = <§05a SDS> = k% + k§7
gi2 = (s, 1) = pky + vks,
g2 = {pr, o) = p* + 1%

The components of the second fundamental form l;;, (1 < 4,j < 2) are obtained as
follows:

1 = (pss NSO> == (/{S + kg) )
lo = ({pst;Ny) = — (uko + vks),
ly = (pu,Ng)=— (> +17).

Thus, we get the following equalities:

litlog — 12
KS _ 11022 12 :17

911922 — 9%2
111922 — 2112912 + l22g
H3 _ 11422 124912 > 224911 :_1’
2 (911922 — 912)

kiz = Hz+\/Hi - K3 =—1,
ks = Hy—/HZ — Ky——1.

5. Examples

We give two illustrative examples to the spherical images of a regular space curve
according to quasi frame.



On Surfaces Constructed by Evolution According to Quasi Frame

Example 5.1. Let us consider the space curve a which is defined by

a : R—R?
a(t) = ((2+ cost+sint)sintcos(sin(10¢t)),
(2 + cost + sint) sin ¢ sin(sin(10¢)),
(2 + cost +sint) cost).

Calculating the first derivative of «, one can easily see that

lo @] # 0

615

for all £ € R. So we can say that a is a regular space curve. In the light of the quasi
formulas, one can easily obtain the quasi frame {Tq,N,,B,} of a. The graphics of the

curve « and its spherical images are given below.

F1G. 5.1: The curve «

(a) (b)

Fi1G. 5.2: The spherical image of tangent of curve «
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(a) (b)

Fic. 5.3: The spherical image of the quasi-normal of curve «

(a) (b)

F1c. 5.4: The spherical image of the quasi-binormal of curve o

Example 5.2. Let us consider the space curve 8 which is defined in [5] by

8 : R—R?
18 t 2 9t 18 t 2 9t, 3
J— — 3 — . 3 . P - . . _ t .
Bty = ( 7 sin( 4)+45 sm(4), 5 cos( 4)+45 COS(4),5COS )

Calculating the first derivative of 3, one can easily see that

18 (1) #0

for all + € R. So we can say that 8 is a regular space curve. In the light of the quasi
formulas, one can easily obtain the quasi frame {Tq,Nq,Bq} of 8. The graphics of the
curve 3 and its spherical images are given below.
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Fic. 5.5: The curve 8

(a) (b)

Fi1G. 5.6: The spherical image of tangent of curve
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-~

(a) (b)

Fi1G. 5.7: The spherical image of the quasi-normal of curve (8

(a) (b)
F1a. 5.8: The spherical image of the quasi-binormal of curve

REFERENCES

1. M. DEDE, C. Ekict and A. GORGULU: Directional g-frame along a space curve. Int
Jour Adv Res Comp Scie Soft Eng IJARCSSE. 5(12) (2015), 775-780.



On Surfaces Constructed by Evolution According to Quasi Frame 619

. M. DEDE, C. Exici and H. TozAk: Directional tubular surfaces. International Journal
of Algebra. 9(12) (2015), 527-535.

. R. A. HussiEN and G. M. SAMAH: Generated Surfaces via Inextensible Flows of
Curves. Journal of Applied Mathematics. (2016).

. T. KORPINAR and E. TURHAN: Time Fvolution Equations for Surfaces Generated
via Binormal Spherical Image in Terms of Inextensible Flows. Journal of Dynamical
Systems and Geometric Theories. 12(2) (2014), 145-157.

. L. Kura, N. EKMEKCI, Y. YAYLI and K. ILARSLAN: Characterizations of Slant Helices
in Buclidean 3-Space. Turk. J. Math.. 34(2) (2010), 261-273.

. M. A. SOLIMAN: Ewvolutions of the Ruled Surfaces via the Evolution of Their Directriz

Using Quasi Frame along a Space Curve. Journal of Applied Mathematics and Physics.
(2018).

. M. A. SoLivaN, N. H. ABDEL-ALL, R. A. HUSSIEN and T. Y. SHAKER: Surfaces
Generated via the Evolution of Spherical Image of a Space Curve. Korean Journal of
Mathematics. 26(3) (2018), 425-437.

Aziz YAZLA

Selcuk University, Faculty of Sceince
Department of Mathematics

P. O. Box 42130

Konya/Turkey

aziz.yazla@selcuk.edu.tr

Muhammed T. SARIAYDIN

Selcuk University, Faculty of Sceince
Department of Mathematics

P.O. Box 42130

Konya/Turkey

talatsariaydin@gmail.com



