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Abstract. In this paper we define an equivalence relation on the set of all possible geo-
metrical models of M(n, k) containing n points in 3D Euclidean space having k distinct
distances. We investigate the number of geometrical models for M(4, 2), M(5, 2) and
M(6, 2) up to the mentioned equivalence relation.
Keywords. Constructible models; distinct distances; partition-equivalent; geometrical
model.

1. Introduction

Distance geometry has considered two main problems since its inception. One of
these problems is the study of the embedding of a semimetric space in an Euclidean
space. From the empirical point of view, R3 is the most important Euclidean space,
especially in several applications such as molecular conformation, wireless sensor
networks, statics, dimensionality reduction, and robotics. In these applications
input data is a set of points and their pair-wise distances(a semimetric space) and
the output is a set of points in R

3 realizing those given distances.

Our task is to focus on the number of distinct distances in a semimetric space. A
semimetric space with n points and k distinct distances may be embedable in R

3 or
not. Such space is denoted by M(n, k) and if it can be embedded in R

3, we say that
M(n, k) is constructible. Such problems have been extensively researched, and yet
in many cases are still wide open (see for example [4, 3, 7]). Some computational
theorems have been proved in [5] for M(n, k). In [6] an equivalence relation was
introduced for all models of M(n, k) and the author classified all possible models
for M(4, 2) and M(5, 2). In this paper we define a new equivalence relation in term
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of the partitions of a natural number and find the number of the equivalence classes
for M(4, 2), M(5, 2), and M(6, 2).

The paper has been organized as follow: First we provide some preliminaries
and definitions. Using the partition of a number, we then define an equivalence
relation to classify the models of M(n, k). Finally we will investigate M(6, 2) in
term of the mentioned equivalence relation.

2. Definitions and Notations

In this section we introduce the basic concepts which are used through the paper.
Some of these preliminaries have been defined in [1, 6, 5].

Definition 2.1. A semimetric on a set S is a function d : S × S → [0,∞) which
satisfies the following properties:

• d(x, y) = d(y, x) for all x, y ∈ S.

• d(x, y) = 0 if and only if x = y.

A semimetric space is a pair (S, d) where S is a set and d is a semimetric on it.

When d is understood, we usually omit mention of it and just say “S is a semimetric
space.” In some literature d is called the distance function. The distance between
two points p and q is denoted in both notations d(p, q) or pq.

The problem of embedding an arbitrary semimetric space isometrically into R
3

is an interesting task in Distance Geometry. A necessary condition for embedding
can be stated in term of Cayley-Menger determinant.

Definition 2.2. Let {p0, p1, . . . , pk} be a semimetric space. The Cayley-Menger
determinant for this k + 1-tuple is defined as
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Theorem 2.1. [1] A necessary condition that a semimetric r+1-tuple {p0, p1, . . . , pr}
be isometrically embedded in an Euclidean space R

n is that for every k = 1, 2, . . . , r
the determinant D(p0, ..., pk) either vanish or have the sign of (−1)k+1. If n < r,
then D(p0, ..., pk) = 0 (n < k 6 r).

We will consider this theorem for n = 3 and r = 5. Note that if a five-points
semimetric space {p0, . . . , p4} can an embedded in R

3, then a necessary condition
for embedding six points {p0, p1, . . . , p5} in R

3 is that D(p0, . . . , p5) = 0.
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Definition 2.3. Let S = {p1, p2, . . . , pn} be a semimetric space such that

card{d(pi, pj) | i 6= j, i, j = 1, 2, . . . , n} = k

(d is the distance function). Then S is called a model with n points and k distances
and is denoted by M(n, k). If S can be isometrically embedded in R

3, then we say
M(n, k) is constructible .

For example M(5, 1) is not constractible, while M(4, 1) is constructible. In [6]
M(n, 2) was investigated for n 6 5. Here we consider the case n = 6. Note that
M(n, 2) is not constructible for n > 6 [2].

Definition 2.4. [5] Let m,m1,m2, . . . ,mk are natural numbers such that

m = m1 +m2 + · · ·+mk, 1 6 m1 6 m2 6 . . . 6 mk.

Then the summand m1 +m2 + · · ·+mk is called a k-partition for m.

For example 1+9, 2+8, 3+7, 4+6, and 5+5 are 2-partitions for 10. Similarly, 2-
partitions for 15 are 1+14, 2+13, and so on.
Notation. We correspond to each model M(n, k), a k-partition of m = n(n− 1)/2
(the number of edges) as follow. Let d1, d2, . . . , dk be the distances in this model
and mj be the number of edge with length dj . Without loss of generality we can
assume m1 6 m2 6 . . . 6 mk. Then the number of all edges is

m = m1 +m2 + · · ·+mk.

We also correspond to each model M(n, k), a colored graph with n vertices in which
the edges with same length have same color.

Definition 2.5. Two models forM(n, k) are said to be partition-equivalent if their
k-partitions are same.

For example the following models forM(5, 2) are partition-equivalent with 2-partitions
4+6:

In (a), the points A, C, E, and D are vertices of a regular tetrahedron and B is its
center, while in (b), the points A, B, C, D, and E are the vertices of a right pyramid
whose base is a unit squar with edge length equal to

√
2.

One can easily show that partition-equivalence is an equivalence relation on the
set of all constructible models for M(n, k).

It was shown that all 2-partitions of 10 concerning to M(5, 2) are constructible
[6]. So up to partition-equivalence there are exactly 5 geometrical models for
M(5, 2). Similarly all 2-partitions of 6 concerning to M(4, 2) are constructible,
so there are exactly 3 geometrical model for M(4, 2) up to partition-equivalence.
In the next section we complete our task to classify all models for M(n, 2) up to
partition-equivalence by considering M(6, 2).
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3. Partition-Equivalent Models for M(6, 2)

For 6 points in R
3 the number of edges is

(

6

2

)

= 15.

As we see before, there are seven 2-partitions for 15: 1+14, 2+13, 3+12, 4+11,
5+10, 6+9, and 7+8. So one can say that there are at most seven constructible
model for M(6, 2) up to partition-equivalence. But as we will see some of these
partitions are not constructible. Our goal is to determine which of these partitions
are constructible. The construction is as follow: starting with all possible graphs
for each partition m+ n = 15, we next investigate which graph is constructible. In
the rest of paper we use the notation P (m,n) for the partition m+ n = 15.

First we show that P (3, 12), P (5, 10), and P (6, 9) are constructible.

Proposition 3.1. P (3, 12) is constructible for M(6, 2).

Proof. Let the points A, B, C, D, E, and F are the vertices of a regular octahedron
as follows:

If we take d(A,B) = 1 as other edges, then d(B,D) = d(C,E) = d(A,F ) =
√
2.

In fact this shape is the geometrical realization for the following graph whose 2-
partition is P (3, 12).

This completes our argument.

Note that for P (3, 12) we have some other graphs. But to be constructible, it is
sufficient to find one graph having a geometric realization as above.

Proposition 3.2. P (5, 10) is constructible for M(6, 2).
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Proof. Take the points A, B, C, D, E, and F as the vertices of a regular pyramid
whose base is a regular pentagon as follow.

If we assume for example d(A,B) = 1 (and the same for other edges), then d(B,D) =
d(C,E) = d(A,D) = d(B,E) = d(A,C) =

√

2− 2 cos 3π/5. So this is a geometrical
realization for the foolowing graph of P (5, 10).

This completes our argument.

Proposition 3.3. P (6, 9) is constructible for M(6, 2)

Proof. Let A, B, C, D, E, and F are the vertices of a right prism as follow:

Take d(A,B) = 1 (and the same for other edges), then d(B,D) = d(A,E) =
d(A,D) = d(B,F ) = d(E,C) = d(A,F ) = d(C,D) =

√
2. The above shape is a

realization for the following graph of P (6, 9).

This completes our argument.

Now we continue with non-constructible partitions.

Proposition 3.4. P (1, 14) is not constructible for M(6, 2).

Proof. The corresponding graph for P (1, 14) is as follow.
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If this graph have a geometric realization, then the five points A,C,D,E, F have
equal pair-wise distances, which is impossible, because in R

3 there are at most four
points with this property.

Proposition 3.5. P (2, 13) is not constructible for M(6, 2)

Proof. For P (2, 13) there are two non-isomorphic graphs as follows:

Graph (1) has no geometrical realization, because it is impossible that five points
B, C, D, E, and F have same pair-wise distances.

We show the same statement for graph (2). If graph (2) has a geometrical
realization then the points B, C, D, and E are vertices of a regular tetrahedron and
so are F, D, C, and B.These two pyramids have the common triangle BCD as a
common face and hence the only possible geometric structure for these five points
is as follows:

If we assume d(B,D) = 1, then d(B,F ) = 2
√

2/3. It means that d(B,D) 6=
d(B,F ), while these two edges in graph (2) have same length. So the graph (2) has
no geometrical realization.

The argument used in the above proposition will be used in next proposition. We
will recall this argument as two regular pyramids with a common face.

Proposition 3.6. P (4, 11) is not constructible for M(6, 2).

Proof. All possible graphs for P (4, 11) have been presented in the following figure:
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We show that these graphs have no realizations in R
3. In graphs (2), (4), and

(7) we have two regular pyramids with a common face. Due to the length of the
other edges, it follows that these graphs have no realization in R

3.

Graphs (3) is not constructible since the points A,B,C,D, and E have same
pair-wise distances which is impossible in R

3.

Now consider the graph (1). We have two regular pyramids ABCE and BCDF
with common edgeBC. Since ED = AF , the position of two pyramids is symmetric.
Without lose of generality to construct these pyramids one can take the vertices as
follows:

A = (1
2
, 0,

√

2

2
), B = (0,− 1

2
, 0), C = (0, 1

2
, 0),

D = (− 1

2
, 0,−

√

2

2
), E = (− 1

2
, 0,
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2
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2
, 0,−

√

2

2
).

By simple calculation one can see that AF = ED =
√
2 and AD =

√

3/2, so
AD 6= AF , while in (1) we have AD = AF .

For the remaining graphs, we use Theorem 2.1. First consider the graph (5).
Omit the point E for a moment, the remaining points A, B, C, D, and F are vertices
of a right pyramid whose base is a square of side 1 (B is the apex of pyramid), so
AF = DC =

√
2. If this garph has a realization in R

3, then its Cayley-Menger
determinant must be zero. But we have

D(A,B,C,D,E, F ) =
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= 5 6= 0.

Same argument can be applied for the graphs (6) and (8) by disregarding the
point D. It is easy to see that D(A,B,C,D,E, F ) = −4 for graph (6), and
D(A,B,C,D,E, F ) = −16 for graph (8). So the necessary condition in Theorem
2.1 does not hold for these cases.
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The only partition which has not been specified is P (7, 8). Because of its variety,
the investigation of P (7, 8) requires a separate research (there are at least 19 non-
isomorphic graphs for P (7, 8)). The author’s research for P (7, 8) has been led to
the following conjecture:

Conjecture 3.1. P (7, 8) is not constructible for M(6, 2).

Regardless of whether the above conjecture is correct or not we have already proved
the following important theorem:

Theorem 3.1. Up to partition-equivalence, there are at least 3 constructible mod-
els for M(6, 2).
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