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Abstract. The theory of hyperstructures is of great importance due to its connections
to various fields of Science. Hv-structures are hyperstructures where the equality is
replaced by the nonempty intersection. This class of the hyperstructures is very large
so one can use it in order to define several objects that they are not possible to be
defined in the classical hyperstructure theory. This paper attempts an exposition of the
connection between hyperstructure (Hv-structure) theory and certain type of chemical
reactions. In this regard, we consider elements with four oxidation states and investigate
their mathematical structures.
Keywords. Hyperstructures; chemical reaction; mathematical structure; chemical
reaction.

1. Introduction

The origin of hypergroups can be followed back to Marty [18] who introduced
it in 1934 at the eighth Congress of Scandinavian Mathematicians. He generalized
the concept of a group, where the theory of groups is the oldest branch of ordinary
algebra, by considering the result of the “interaction” between two elements of a
non-empty set to be a non empty set of elements. He published some notes on
hypergroups, using them in different contexts as algebraic functions, rational frac-
tions, non-commutative groups. The theory knew an important progress starting
with the 70’s, when its research area has enlarged and new concepts were introduced
and studies such as canonical hypergroups, hyperrings, hypermodules, etc. A gen-
eralization of algebraic hyperstructures was introduced in 1990 by T. Vougiouklis
[21] where he defined weak hyperstructures. Many researchers such as Corsini [6],
Corsini and Leoreanu [7], Davvaz [8, 9], Davvaz and Leoreanu-Fotea [16], and Vou-
giouklis [20] wrote books related to hyperstructure theory and their applications.
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One of motivations for the study of hyperstructures comes from chemical reactions.
In [11], Davvaz and Dehghan-Nezhad provided examples of hyperstructures asso-
ciated with chain reactions. In [13], Davvaz et al. introduced examples of weak
hyperstructures associated with dismutation reactions. In [15], Davvaz et al. inves-
tigated the examples of hyperstructures and weak hyperstructures associated with
redox reactions. In [1], Al-Tahan et al. presented three different examples of weak
hyperstructures associated to elechtrochemical cells. In [5]. Chung et al. investi-
gated mathematical structures of chemical reactions for three consecutive oxidation
states of elements. Some authors considered particular elements with four oxida-
tion states and investigated their chemical hyperstructures. For example, Chun in
[4] presented chemical hyperstructures of chemical reactions for a set of Titanium
and Al-Tahan et al. in [2] studied chemical hyperstructures of chemical reactions
for a set of Astatine, a set of Tellurium and a set of Bismuth. Then in [3], they
studied mathematical structures of chemical reactions for arbitrary elements with
four oxidation states.

In this paper, we consider an arbitrary element with four oxidation states and
investigate its algebraic hyperstructures and it is organized as follows: After an
Introduction, Section 2 presents some definitions and concepts related to (weak)
hyperstructures that are used throughout the paper. Section 3 presents chemical
hyperstructures using redox reactions of an arbitrary element with four oxidation
states as algebraic hyperstructures under certain conditions. Finally, Section 4
presents some examples of elements with four oxidation states that satisfy the con-
ditions presented in Section 3.

2. Preliminaries

In this section, we present some definitions and concepts related to (weak) hy-
perstructures that are used throughout the paper.

Definition 2.1. [8] Let H be a non-empty set. Then, a mapping ◦ : H × H →
P∗(H) is called a binary hyperoperation on H , where P∗(H) is the family of all
non-empty subsets of H . The couple (H, ◦) is called a hypergroupoid.

In the above definition, if A and B are two non-empty subsets of H and x ∈ H ,
then we define:

A ◦B =
⋃

a∈A

b∈B

a ◦ b, x ◦A = {x} ◦A and A ◦ x = A ◦ {x}.

Hv-structures were introduced by T. Vougiouklis as a generalization of the well-
known algebraic hyperstructures [19, 21], also see [12, 20]. Some axioms of classical
algebraic hyperstructures are replaced by their corresponding weak axioms in Hv-
structures. Most of Hv-structures are used in representation theory.
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Definition 2.2. [20] A hypergroupoid (H, ◦) is called an Hv-semigroup if (x ◦ (y ◦
z)) ∩ ((x ◦ y) ◦ z) 6= Ø for all x, y, z ∈ H .

A subset K of an Hv-semigroup is an Hv-subsemigroup if K is an Hv-semigroup.
An element x ∈ H is called idempotent if x2 = x ◦ x = x and an element e ∈ H is
called an identity of (H, ◦) if x ∈ x ◦ e ∩ e ◦ x, for all x ∈ H . The hypergroupoid
(H, ◦) is said to be commutative if x ◦ y = y ◦ x, for all x, y ∈ H .

We present an example of a commutative Hv-semigroup.

Example 2.1. [2] Let H = {a, b, c, d} and define (H, ⋆) by the following table:

⋆ a b c d

a a {a, c} {a, c} c

b {a, c} {a, c} {a, c} c

c {a, c} {a, c} c {c, d}

d c c {c, d} d

Then (H,⋆) is a commutative Hv-semigroup.

Definition 2.3. [6] A hypergroupoid (H, ◦) is called a:

1. semihypergroup if for every x, y, z ∈ H , we have x ◦ (y ◦ z) = (x ◦ y) ◦ z;

2. quasi-hypergroup if for every x ∈ H , x ◦H = H = H ◦ x (The latter condition
is called the reproduction axiom);

3. hypergroup if it is a semihypergroup and a quasi-hypergroup.

We present an example of a commutative hypergroup of four elements.

Example 2.2. [2] Let H = {a, b, c, d} and define “◦” on H by the following table:

◦ a b c d

a a {a, b, c} {a, c} H

b {a, b, c} {a, b, c} {a, b, c} H

c {a, c} {a, b, c} c {c, d}

d H H {c, d} d

Then (H, ◦) is a commutative hypergroup.

Definition 2.4. [6] Two hypergroupoids (H, ◦) and (K, ⋆) are said to be iso-

morphic hypergroupoids, written as H ∼= K, if there exists a bijective function
f : H → K such that f(x ◦ y) = f(x) ⋆ f(y) for all x, y ∈ H .
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3. Chemical hyperstructures for elements with four oxidation states

Through the Latimer diagrams of all elements, we selected a lot of chemical
species that were recorded four consecutive standard reduction potentials in acidic
and/or basic solution [17].

Example 3.1. [17] The following Latimer diagram are for Astatine, Copper, Iridium,
and Carbon respectively that are elements with four consecutive standard reduction po-
tentials in acidic and/or basic solution.

At0−3 −→0.5 At0− −→0 At2 −→0.2 At
−;

CuO
+ −→1.8 Cu

2+ −→0.159 Cu
+ −→0.521 Cu;

Ir
6+ −→0.4 Ir

4+ −→0.1 Ir
3+ −→0.1 Ir;

C
6+ −→

−1.01 C
+ −→

−0.52 C −→
−0.7 C

4−
.

Let A,B,C, and D be chemical species of an arbitrary element S and let n1 be
the difference of the oxidation number between D and C, n2 be the difference of
the oxidation number between C and B and n3 be the difference of the oxidation
number between B and A. Let α, β, and γ be the potential difference between
D,C,B, and A like in the following Latimer diagram of S.

D −→α C −→β B −→γ A.

We present the following reductions.
(1) D −→ B , E1 = αn1+βn2

n1+n2

,

(2) D −→ A , E2 = αn1+βn2+γn3

n1+n2+n3

,

(3) C −→ A , E3 = βn2+γn3

n2+n3

.
Let {x, x′, y, y′} ⊆ {A,B,C,D} such that x −→a x′ and y −→b y′ where a, b are
potential differences. We get the following redox reaction:

x+ x′ −→a+b y + y′

If E = a + b > 0 then our redox reaction is spontaneous. Otherwise it is not
spontaneous.
In this paper, we are concerned about the chemical hyperstructures of S
under the condition α ≥ γ ≥ β. We consider the four different cases, case

α = γ = β, case α > γ > β, case α > γ = β, and case α = γ > β.In this regard,
we consider each case separately and find the (weak) hyperstructures associated to
it.

3.1. Case α = γ = β

Let H = {A,B,C,D}, it is clear that:
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E1 = E2 = E3 = α = β = γ.

For all x, y ∈ H , we define “⊕” on H as follows: x⊕ y = z where z in the product
of the spontaneous redox reaction with greatest potential difference that occurs
between x and y.
Then we obtain the following table for (H,⊕).

⊕ A B C D
A A {A, B} {A, C} {A, D}
B {A, B} B {B, C} {B, D}
C {A, C} {B, C} C {C, D}
D {A, D} {B, D} {C, D} D

Theorem 3.1. Let H = {A,B,C,D}. Then (H,⊕) is a commutative hypergroup.

Proof. The proof is straightforward since (H,⊕) is the Biset hypergroup with four
elements.

3.2. Case α > γ > β

Let H = {A,B,C,D}, it is clear that:

β < E1 < α, β < E2 < α, β < E3 < γ.

The following are all possible spontaneous redox combinations for H .
A+A −→ A+A [0]
For the spontaneous reactions of A+B, we consider the three cases: Case E2 < γ,
Case E2 > γ and Case E2 = γ.
Case E2 < γ. We get that

A+B −→







C +A [γ − E3]
D +A [γ − E2]

B +A [0]

Case E2 > γ. We get that

A+B −→

{

C +A [γ − E3]
B +A [0]

Case E2 = γ. We get that

A+B −→

{

C +A [γ − E3]
B +A [0]

A+ C −→ C +A [0]
For the spontaneous reaction A + D, we consider the 6 cases: Case E2, E1 < γ,
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Case E2, E1 > γ, Case E2, E1 = γ, Case E1 > γ, E2 < γ, Case E1 > γ, E2 = γ,
Case E1 < γ, E2 > γ, Case E1 < γ, E2 = γ.
Case E2, E1 < γ. We get that

A+D −→















B + C [α− γ]
C + C [α− E3]
D + C [α− E2]

D +A [0]

Case E2, E1 > γ. We get that

A+D −→































B + C [α− γ]
B +B [E1 − γ]
B +A [E2 − γ]
C + C [α− E3]
D + C [α− E2]

D +A [0]

Case E1 = γ,E2 = γ. We get that

A+D −→































B + C [α− γ]
C + C [α− E3]
C +B [E1 − E3]
C +A [E2 − E3]
D + C [α− E2]

D +A [0]

Case E1 > γ,E2 < γ. We get that

A+D −→























B + C [α− γ]
B +B [E1 − γ]
C + C [α− E3]
D + C [α− E2]

D +A [0]

Case E1 > γ,E2 = γ. We get that

A+D −→































B + C [α− γ]
B +B [E1 − γ]
C + C [α− E3]
C +A [γ − E3]
D + C [α− γ]
D +A [0]

Case E1 < γ,E2 > γ. We get that

A+D −→























B + C [α− γ]
B +A [E2 − γ]
C + C [α− E3]
D + C [α− E2]

D +A [0]
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Case E1 < γ,E2 = γ. We get that

A+D −→































B + C [α− γ]
C + C [α− E3]
C +A [γ − E3]
D + C [α− E2]
D +B [E1 − γ]

D +A [0]

For the spontaneous reaction B + B, we consider the three cases: Case E1 < γ,
Case E1 > γ and Case E1 = γ.
Case E1 < γ. We get that

B +B −→







B +B [0]
A+ C [−β + γ]
A+D [γ − E1]

Case E1 > γ. We get that

B +B −→

{

B +B [0]
A+ C [−β + γ]

Case E1 = γ. We get that

B +B −→

{

B +B [0]
A+ C [−β + γ]

B + C −→

{

C +B [0]
C +A [−β + E3]

B +D −→























C + C [−β + α]
C +B [−β + E1]
C +A [−β + E2]
D + C [α− E1]

D +B [0]

C + C −→ C + C [0]
C +D −→ D + C [0]
D +D −→ D +D [0]

Remark 3.1. For all x, y ∈ H , the major product of x and y is that with the greatest
potential difference.

For all x, y ∈ H , we define “⊕i” with i = 1, 2, . . . , 7 on H for E2, E1 < γ, Case
E2, E1 > γ, Case E2, E1 = γ, Case E1 > γ, E2 < γ, Case E1 > γ, E2 = γ, Case
E1 < γ, E2 > γ, Case E1 < γ, E2 = γ. Where x ⊕i y = zi and zi is in the
product of the spontaneous redox reaction with greatest potential difference that
occurs between x and y.
Since the major part for all cases of E1, E2 under the case α > γ > β is the same,
we get (H,⊕i) = (H,⊕1) for i = 1, 2, . . . , 7.
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⊕1 A B C D

A A {A,C} {A,C} C

B {A,C} {A,C} {A,C} C

C {A,C} {A,C} C {C,D}

D C C {C,D} D

Theorem 3.2. (H,⊕1) is commutative Hv-semigroup.

Proof. (H,⊕1) is isomorphic to the Hv-semigroup (H, ⋆) presented in Example
2.1.

Let H = {A,B,C,D}, for all x, y ∈ H , we define “⊗1” for the case E1, E2 < γ,
“ ⊗2 ” for the case E1, E2 > γ, “ ⊗3 ” for the case E1 < γ,E2 > γ, “ ⊗4 ” for
the case E1 > γ,E2 < γ, “ ⊗5 ” for the case E1 < γ,E2 = γ, “ ⊗6 ”for the case
E1 > γ,E2 = γ and “⊗7 ” for the case E1 = E2 = γ. Here, x⊗i y = z, where z is
in the product of any spontaneous redox reaction that occurs between x and y for
i = 1, 2, . . . , 7.

Remark 3.2. (H,⊗2) = (H,⊗6) = (H,⊗7) and (H,⊗3) = (H,⊗5).

(H,⊗i) for i = 1, 2, . . . , 7 are given by tables 3.1, 3.2, 3.3, 3.4.

Table 3.1: (H,⊗1)
⊗1 A B C D

A A H {A,C} H

B H H {A,B,C} H

C {A,C} {A,B,C} C {C,D}

D H H {C,D} D

Table 3.2: (H,⊗2)
⊗2 A B C D

A A {A,B,C} {A,C} H

B {A,B,C} {A,B,C} {A,B,C} H

C {A,C} {A,B,C} C {C,D}

D H H {C,D} D



Hypergroups and Hv-groups Associated to Elements with four Oxidation States 697

Table 3.3: (H,⊗3)
⊗3 A B C D

A A {A,B,C} {A,C} H

B {A,B,C} H {A,B,C} H

C {A,C} {A,B,C} C {C,D}

D H H {C,D} D

Table 3.4: (H,⊗4)
⊗4 A B C D

A A H {A,C} H

B H {A,B,C} {A,B,C} H

C {A,C} {A,B,C} C {C,D}

D H H {C,D} D

Remark 3.3. It is clear that (H,⊗i), i = 1, 2, 3, 4 are not isomorphic.

Proposition 3.1. (H,⊗1) is a commutative quasi-hypergroup.

Proof. Since all elements of H are present in every row and column, it follows that
(H,⊗1) is a quasi-hypergroup.

Proposition 3.2. ({A,C},⊗1) and ({C,D},⊗1) are commutative semihypergroups.

Proof. The proof is straightforward.

Proposition 3.3. (H,⊗1) is a commutative semihypergroup.

Proof. Since ({A,C},⊗1) and ({C,D},⊗1) are hypergroups, it suffices to consider
the following cases for associativity:
A⊗1 (D ⊗1 z) = (A⊗1 D)⊗1 z = H .
A⊗1 (B ⊗1 z) = (A⊗1 B)⊗1 z = H .
A⊗1 (C ⊗1 z) = (A⊗1 C)⊗1 z = H for all z ∈ H − {C}.
A⊗1 (C ⊗1 C) = (A⊗1 C)⊗1 C = {A,C}.

B ⊗1 (y ⊗1 z) =

{

{A,B,C} if y = C, z = C
H, otherwise

= (B ⊗1 y)⊗1 z.

C ⊗1 (y ⊗1 B) =

{

{A,B,C} if y = C
H, otherwise

= (C ⊗1 y)⊗1 B.

C ⊗1 (B ⊗1 z) =

{

{A,B,C} if z = C
H otherwise

= (C ⊗1 B)⊗1 z.
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D ⊗1 (y ⊗1 z) = (D ⊗1 y) ⊗1 z = G for all y, z /∈ {C,D}. Thus, (H,⊗1) is a
semihypergroup..

Theorem 3.3. (H,⊗1) is a commutative hypergroup.

Proof. The proof is follows from Propositions 3.1 and 3.3.

Theorem 3.4. (H,⊗i) for i = 2, 3, 5, 6, 7 are commutative hypergroups.

Proof. By following the same proof done in Theorem 3.3, we get that (H,⊗i) for
i = 2, 3, 5, 6, 7 are commutative hypergroups.

Theorem 3.5. (H,⊗4) is a commutative Hv-group.

Proof. Easy computations show that (H,⊗4) is a commutative Hv-group.

3.3. Case α > γ = β

Let H = {A,B,C,D}, it is clear that:

β = γ < E1 < α, β = γ < E2 < α, β = E3 = γ.

The following are all possible spontaneous redox combinations for H .
A+A −→ A+A [0]
A+B −→ B +A [0]
A+ C −→ C +A [0]

A+D −→































B + C [α− γ]
B +B [E1 − γ]
B +A [E2 − γ]
C + C [α− E3]
D + C [α− E2]

D +A [0]
B +B −→ B +B [0]
B + C −→ C +B [0]

B +D −→























C + C [−β + α]
C +B [−β + E1]
C +A [β − E2]
D + C [α− E1]

D +B [0]
C + C −→ C + C [0]
C +D −→ D + C [0]
D +D −→ D +D [0]
For all x, y ∈ H , we define “⊕8 ” on H as follows: x⊕8 y = z, where z is the major
product of the spontaneous redox reaction that occurs between x and y.
We obtain the following table for (H,⊕8):
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⊕8 A B C D

A A {A,B} {A,C} {B,C}

B {A,B} B {B,C} C

C {A,C} {B,C} C {C,D}

D {B,C} C {C,D} D

Proposition 3.4. Let H = {A,B,C,D}. Then (H,⊕8) is a commutative Hv-

semigroup.

Proof. Let x, y, z ∈ H . We consider the following cases for x, y, z.

• If x = y = z then x ∈ x⊕8 (y ⊕8 z) ∩ (x⊕8 y)⊕8 z.

• If x = A then A ∈ x ⊕8 (y ⊕8 z) ∩ (x ⊕8 y) ⊕8 z for all (y, z) 6= (D,D) and
C ∈ x⊕8 (D ⊕8 D) ∩ (x⊕8 D)⊕8 D.

• If x = B then B ∈ x ⊕8 (y ⊕8 z) ∩ (x ⊕8 y) ⊕8 z for all (y, z) 6= (D,D) and
C ∈ x⊕8 (D ⊕8 D) ∩ (x⊕8 D)⊕8 D.

• If x = C then C ∈ x⊕8 (y ⊕8 z) ∩ (x⊕8 y)⊕8 z.

• If x = D and (y, z) 6= (D,D) then C ∈ x ⊕8 (y ⊕8 z) ∩ (x ⊕8 y) ⊕8 z for all
(y, z) 6= (D,D).

Therefore, (H,⊕8) is a commutative Hv-semigroup.

Let H = {A,B,C,D}, for all x, y ∈ H , we define “⊗8” on H , where x⊗8 y = z and
z is the product of any spontaneous redox reaction that occurs between x and y.
Then we obtain the following tables for (H,⊗8):

⊗8 A B C D

A A {A,B} {A,C} H

B {A,B} B {B,C} H

C {A,C} {B,C} C {C,D}

D H H {C,D} D

Proposition 3.5. ({A,B},⊗8), ({A,C},⊗8), ({B,C},⊗8), ({C,D},⊗8), and ({A,B,C},⊗8)
are hypergroups.

Proof. Since ({A,B},⊗8), ({A,C},⊗8), ({B,C},⊗8), ({C,D},⊗8) and ({A,B,C},⊗8)
are biset hypergroups, it follows that they are hypergroups.
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Remark 3.4. Every element in (H,⊗8) is idempotent, that is x⊗8 x = x.

Proposition 3.6. Let H = {A,B,C,D}. Then (H,⊗8) is semihypergroup.

Proof. Since ({A,B},⊗8), ({A,C},⊗8), ({B,C},⊗8), ({C,D},⊗8), and ({A,B,C},⊗8)
are hypergroups, it suffices to consider the following cases for associativity in Table
3.5. Thus, (H,⊗8) is semihypergroup.

Theorem 3.6. Let H = {A,B,C,D}. Then (H,⊗8) is a commutative hyper-

group.

Proof. The proof is followed by Propositions 3.5 and 3.6.

3.4. Case α = γ > β

Let H = {A.B,C,D} , it’s clear that:

β < E1 < α = γ, β < E2 < α = γ, β < E3 < γ = α.

The following are all possible spontaneous redox combinations of H .
A+A −→ A+A [0]

A+B −→







B +A [0]
C +A [γ − E3]
A+D [γ − E2]

A+ C −→ C +A [0]
We have E1 − E3 = αn1+βn2

n1+n2

− βn2+γn3

n2+n3

= n2(n1 − n3)(α − β).
Case n1 > n3. We get that

A+D −→















C + C [α− E3]
C +B [E1 − E3]
D + C [α− E2]

D +A [0]

Case n1 ≤ n3. We get that

A+D −→







C + C [α− E3]
D + C [α− E2]

D +A [0]

B +B −→







B +B [0]
A+ C [−β + γ]
A+D [γ − E1]

B + C −→

{

C +B [0]
C +A [γ − E3]
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Table 3.5: Associativity of (H,⊗8)
D ⊗8 (A⊗8 A) = D ⊗8 A = H (D ⊗8 A)⊗8 A = H ⊗8 A = H

A⊗8 (D ⊗8 A) = A⊗8 H = H (A⊗8 D)⊗8 A = H ⊗8 A = H

A⊗8 (A⊗8 D) = A⊗8 H = H (A⊗8 A)⊗8 D = A⊗8 D = H

D ⊗8 (B ⊗8 B) = D ⊗8 B = H (D ⊗8 B)⊗8 B = H ⊗8 B = H

B ⊗8 (D ⊗8 B) = B ⊗8 H = H (B ⊗8 D)⊗8 B = H ⊗8 B = H

B ⊗8 (B ⊗8 D) = B ⊗8 H = H (B ⊗8 B)⊗8 D = B ⊗8 D = H

D ⊗8 (D ⊗8 D) = D ⊗8 D = D (D ⊗8 D)⊗8 D = D ⊗8 D = D

A⊗8 (D ⊗8 D) = A⊗8 D = H (A⊗8 D)⊗8 D = H ⊗8 D = H

B ⊗8 (D ⊗8 D) = B ⊗8 D = H (B ⊗8 D)⊗8 D = H ⊗8 D = H

D ⊗8 (A⊗8 D) = D ⊗8 H = H (D ⊗8 A)⊗8 D = H ⊗8 D = H

D ⊗8 (B ⊗8 D) = D ⊗8 H = H (D ⊗8 B)⊗8 D = H ⊗8 D = H

D ⊗8 (D ⊗8 A) = D ⊗8 H = H (D ⊗8 D)⊗8 A = D ⊗8 A = H

D ⊗8 (D ⊗8 C) = D ⊗8 {C,D} = {C,D} (D ⊗8 D)⊗8 C = D ⊗8 C = {C,D}

A⊗8 (B ⊗8 D) = A⊗8 H = H (A⊗8 B)⊗8 D = {A,B} ⊗8 D = H

A⊗8 (C ⊗8 D) = A⊗8 {C,D} = H (A⊗8 C)⊗8 D = {A,C} ⊗8 D = H

A⊗8 (D ⊗8 B) = A⊗8 H = H (A⊗8 D)⊗8 B = H ⊗8 B = H

A⊗8 (D ⊗8 C) = A⊗8 {C,D} = H (A⊗8 D)⊗8 C = H ⊗8 C = H

B ⊗8 (A⊗8 D) = B ⊗8 H = H (B ⊗8 A)⊗8 D = H ⊗8 D = H

B ⊗8 (C ⊗8 D) = B ⊗8 {C,D} = H (B ⊗8 C)⊗8 D = {B,C} ⊗8 D = H

B ⊗8 (D ⊗8 A) = B ⊗8 H = H (B ⊗8 D)⊗8 A = H ⊗8 A = H

B ⊗8 (D ⊗8 C) = B ⊗8 {C,D} = H (B ⊗8 D)⊗8 C = H ⊗8 C = H

C ⊗8 (A⊗8 D) = C ⊗8 H = H (C ⊗8 A)⊗8 D = {A,C} ⊗8 D = H

C ⊗8 (B ⊗8 D) = C ⊗8 H = H (C ⊗8 B)⊗8 D = {B,C} ⊗8 D = H

C ⊗8 (D ⊗8 A) = C ⊗8 H = H (C ⊗8 D)⊗8 A = {C,D} ⊗8 A = H

C ⊗8 (D ⊗8 B) = C ⊗8 H = H (C ⊗8 D)⊗8 B = {C,D} ⊗8 B = H

D ⊗8 (A⊗8 B) = D ⊗8 {A,B} = H (D ⊗8 A)⊗8 B = H ⊗8 B = H

D ⊗8 (A⊗8 C) = D ⊗8 {A,C} = H (D ⊗8 A)⊗8 C = H ⊗8 C = H

D ⊗8 (B ⊗8 A) = D ⊗8 H = H (D ⊗8 B)⊗8 A = H ⊗8 A = H

D ⊗8 (B ⊗8 C) = D ⊗8 {B,C} = H (D ⊗8 B)⊗8 C = H ⊗8 C = H

D ⊗8 (C ⊗8 A) = D ⊗8 {A,C} = H (D ⊗8 C)⊗8 A = {C,D} ⊗8 A = H

D ⊗8 (C ⊗8 B) = D ⊗8 {B,C} = H (D ⊗8 C)⊗8 B = {C,D} ⊗8 B = H
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B +D −→























C + C [−β + α]
C +B [−β + E1]
C +A [−β + E2]
D + C [α− E1]

D +B [0]
C + C −→ C + C [0]
C +D −→ D + C [0]
D +D −→ D +D [0]

For all x, y ∈ H , we define “⊕9” on H for the case n1 > n3 and the case n1 ≤ n3,
where x ⊕9 y = z, where z is the major product. We obtain the table below for
(H,⊕9) :

⊕9 A B C D

A A {A,C} {A,C} C

B {A,C} {A,C} {A,C} C

C {A,C} {A,C} C {C,D}

D C C {C,D} D

Theorem 3.7. (H,⊕9) is a commutative Hv-semigroup.

Proof. (H,⊕9) is isomorphic to (H,⊕1) in Theorem 3.2.

Let H = {A,B,C,D}, for all x, y ∈ H , we define “⊗9” on H for the case n1 > n3,
“⊗10” for the case n1 ≤ n3, where x ⊗9 y = z where z is the product of any
spontaneous redox reaction that occurs between x and y. Then we obtain the
tables for (H,⊗9) and (H,⊗10):

⊗9 A B C D

A A H {A,C} H

B H H {A,B,C} H

C {A,C} {A,B,C} C {C,D}

D H H {C,D} D

Proposition 3.7. (H,⊗9) is a commutative hypergroup.

Proof. (H,⊗9) is isomorphic to (H,⊗1) in Theorem 3.3.

Proposition 3.8. (H,⊗10) is a commutative hypergroup.
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⊗10 A B C D

A A H {A,C} {A,C,D}

B H H {A,B,C} H

C {A,C} {A,B,C} C {C,D}

D {A,C,D} H {C,D} D

Proof. It is clear that (H,⊗10) is a quasi-hypergroup since all elements of H are
present in every row and column, so it remains to prove that (H,⊗10) is a semi-
hypergroup, i.e. associative.
Since ({a, c},⊗10) and ({a, c, d},⊗10) are associative, then it suffices to consider the
cases for associativity in a similar way that is done in Table 3.5.

Remark 3.5. In some of the above spontaneous reactions, not all spontaneous reactions
are considered because their presence or absence does not affect our results.

4. Examples of Chemical hyperstructures

In this section, we present some elements with four oxidation states and identify
their chemical hyperstructure. In particular, we present Copper and Astatine as an
examples under the case α > γ > β with E1 > γ and E2 > γ, Iridium under the
case α > γ = β with E1, E2 > γ, and Uranium under the case α > γ > β with
E1 > γ and E2 > γ.

Example 4.1. Copper, denoted as Cu, is a soft and ductile element with very high
thermal and electrical conductivity. Copper is one of the few metals that can occur in
nature in a directly usable metallic form native metals. The Latimer diagram of Copper
in acid solution satisfying the condition α ≥ γ ≥ β is given as follows:

CuO+ −→1.8 Cu2+ −→0.159 Cu+ −→0.521 Cu.

Copper has four different oxidation states: +3,+2,+1, and 0. We denote CuO+ by
Cu3+. We have α = 1.8, β = 0.159, γ = 0.521 and n1 = n2 = n3 = 1. Since E1 =
(1.8)(1)+(0.159)(1)

2
= 0.979 > γ, and E2 = (1.8)(1)+(0.159)(1)+(0.521)(1)

3
= 0.826 > γ, it follows

that:

• (H = {Cu, Cu+, Cu2+, Cu3+},⊕2) is a commutative Hv-semigroup.

According to Table 4.1, Cu2+ is the most common oxidation state.

• (H = {Cu, Cu+, Cu2+, Cu3+},⊗2) is a commutative hypergroup with the following
table:

Every element e in H is identity since for all x ∈ H,x ∈ x⊗ e ∩ e⊗ x.

Example 4.2. [2] Astatine denoted as At is a radioactive chemical element and it is the
heaviest known halogen.The Latimer diagram of Astatine in base solution satisfying the
condition α > γ > β is given as follows:
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Table 4.1: ({Cu,Cu+, Cu2+, Cu3+},⊕2)
⊕2 Cu Cu+ Cu2+ Cu3+

Cu Cu {Cu,Cu2+} {Cu,Cu2+} Cu2+

Cu+ {Cu,Cu2+} {Cu,Cu2+} {Cu,Cu2+} Cu2+

Cu2+ {Cu,Cu2+} {Cu,Cu2+} Cu2+ {Cu2+, Cu3+}

Cu3+ Cu2+ Cu2+ {Cu2+, Cu3+} Cu3+

Table 4.2: ({Cu,Cu+, Cu2+, Cu3+},⊗2)
⊗2 Cu Cu+ Cu2+ Cu3+

Cu Cu {Cu,Cu+, Cu2+} {Cu,Cu2+} H

Cu+ {Cu,Cu+, Cu2+} {Cu,Cu+, Cu2+} {Cu,Cu+, Cu2+} H

Cu2+ {Cu,Cu2+} {Cu,Cu+, Cu2+} Cu2+ {Cu2+, Cu3+}

Cu3+ H H {Cu2+, Cu3+} Cu3+

At5+ −→0.5 At+ −→0 At2 −→0.2 At−.

Al-Tahan et al. in [2], studied the Hv-semigroup and hypergroup associated to Astatine.
Their results on Astatine can be also concluded from our results of Section 3.

Astatine has four oxidation states: +5,+1, 0,−1. We have α = 0.5, β = 0, γ =
0.2 and n1 = 4, n2 = 1, n3 = 1. Since E1 = (0.5)(4)+(0)(1)

5
= 0.4 > γ and E2 =

(0.5)(4)+(0)(1)+(0.2)(1)
6

= 0.367 > γ, we get the following results:
• (H = {At−, At2, At+, At5+},⊕2) is a commutative Hv-semigroup.

Table 4.3: ({At−, At2, At
+, At5+},⊕2)

⊕2 At− At2 At+ At5+

At− At− {At−, At+} {At−, At+} At5+

At2 {At−, At+} {At−, At+} {At−, At+} At+

At+ {At−, At+} {At−, At+} At+ {At+, At5+}

At5+ At+ At+ {At+, At5+} At5+

According to Table 4.3, At+ is the most common oxidation state.
• (H = {At−, At2, At+, At5+},⊗2) is a commutative Hv − semigroup.
According to Table 4.4, At5+ is the least common oxidation state.

Example 4.3. Uranium (U) is a metallic, silver-gray element that is a member of the
actinide series. It is the principle fuel for nuclear reactors, but it also used in the manu-
facture of nuclear weapons. The Latimer diagram of Uranium in base solution satisfying
the condition α > γ > β is given as follows:
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Table 4.4: ({At−, At2, At
+, At5+},⊗2)

⊗2 At− At2 At+ At5+

At− At− {At−, At2, At
+} {At−, At+} H

At2 {At−, At2, At
+} {At−, At2, At

+} {At−, At2, At
+} H

At+ {At−, At+} {At−, At2, At
+} At+ {At+, At5+}

At5+ H H {At+, At5+} At5+

U6+ −→
−0.3 U4+ −→

−2.6 U3+ −→
−2.1 U.

Uranium has four oxidation states: +6,+4,+3, 0. We have α = −0.3, β = −2.6, γ =
−2.1. Since E1 = (−0.3)(2)+(−2.6)(1)

3
= −1.06 > γ and E2 = (−0.3)(2)+(−2.6)(1)+(3)(−2.1)

6
=

−1.58 > γ. We get the following results:
• (H = {U,U3+, U4+, U6+},⊕2) is a commutative Hv-semigroup.

Table 4.5: ({U,U3+, U4+, U6+},⊕2)
⊕2 U U3+ U4+ U6+

U U {U,U4+} {U,U4+} U4+

U3+ {U,U4+} {U,U4+} {U,U4+} U4+

U4+ {U,U4+} {U,U4+} U4+ {U4+, U6+}

U6+ U4+ U4+ {U4+, U6+} U6+

According to Table 4.5, U4+ is the most common oxidation state.
• (H = {U,U3+, U4+, U6+},⊗2) is a hypergroup with the following table.

Table 4.6: ({U,U3+, U4+, U6+},⊗2)
⊗2 U U3+ U4+ U6+

U U {U,U3+, U4+} {U,U4+} H

U3+ {U,U3+, U4+} {U,U3+, U4+} {U,U3+, U4+} H

U4+ {U,U4+} {U,U3+, U4+} U4+ {U4+, U6+}

U6+ H H {U4+, U6+} U6+

According to Table 4.6, U6+ is the least common oxidation state.

Example 4.4. Iridium (Ir) is a chemical element, a very hard, brittle, silvery-white
transition metal of the platinum group. The Latimer diagram of Iridium in base solution
satisfying the condition α > γ = β is given as follows:

Ir6+ −→0.4 Ir4+ −→0.1 Ir3+ −→0.1 Ir.
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Iridium has four oxidation states +6,+4,+3, 0. We have α = 0.4, β = γ = 0.1 and n1 =
2, n2 = 1, n3 = 3. Since E1 = (0.4)(2)+(0.1)(1)

3
= 0.3 > γ and E2 = (0.4)(2)+(0.1)(1)+(0.1)(3)

6
=

0.2 > γ, we get the following results:

• (H = {Ir6+, Ir4+, Ir3+, Ir},⊕7) is a commutative Hv-semigroup with the following
table:

Table 4.7: ({Ir6+, Ir4+, Ir3+, Ir},⊕7)
⊕7 Ir Ir3+ Ir4+ Ir6+

Ir Ir {Ir, Ir3+} {Ir, Ir4+} {Ir3+, Ir4+}

Ir3+ {Ir, Ir3+} Ir3+ {Ir3+, Ir4+} Ir4+

Ir4+ {Ir, Ir4+} {Ir3+, Ir4+} Ir4+ {Ir4+, Ir6+}

Ir6+ {Ir3+, Ir4+} Ir4+ {Ir4+, Ir6+} Ir6+

According to above table 4.7, Ir6+ is the least common oxidation state.
• (H = {Ir6+, Ir4+, Ir3+, I},⊗7) is a commutative hypergroup.

Table 4.8: ({Ir6+, Ir4+, Ir3+, Ir},⊗7)
⊗7 Ir Ir3+ Ir4+ Ir6+

Ir Ir {Ir, Ir3+} {Ir, Ir4+} H

Ir3+ {Ir, Ir3+, } {Ir3+} {Ir3+, Ir4+} H

Ir4+ {Ir, Ir4+} {Ir3+, Ir4+} Ir4+ {Ir4+, Ir6+}

Ir6+ H H {Ir4+, Ir6+} Ir6+

According to Table 4.8, Ir4+ is the most common oxidation state.

5. Conclusion

This paper dealt with non-isomorphic (Hv-semigroups) hypergroups of an ele-
ment with four oxidation states which has the largest number of examples among
all cases for elements with four oxidation states.
For future work, it will be interesting to generalize our work to arbitrary elements
with k- oxidation states.
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