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1. Introduction

After the introduction of fuzzy sets by Zadeh [32] in 1965 and fuzzy topology
by Chang [7] in 1967, research was conducted on the generalizations of the notions
of fuzzy sets and fuzzy topology. The concept of intuitionistic fuzzy sets was
introduced by Atanassov [2-4] as a generalization of fuzzy sets. In the last 27 years
various concepts of fuzzy mathematics have been extended for intuitionistic fuzzy
sets. In 1997 Coker [8] introduced the concept of intuitionistic fuzzy topological
spaces as a generalization of fuzzy topological spaces. In 1999, Ozbakir and Coker
[25] introduced the concept intuitionistic fuzzy multifunctions and studied their
lower and upper intuitionistic fuzzy semi continuity from a topological space
to an intuitionistic fuzzy topological space. In the present paper we extend the
concepts of lower and upper a-irresolute multifunctions due to Neubrunn [20] to
intuitionistic fuzzy multifunctions and obtain some of their characterizations and
properties.

2. Preliminaries

Throughout this paper (X,7) and (Y,I') represent a topological space and an
intuitionistic fuzzy topological space, respectively.
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Definition 2.1. [14,21] A subset A of a topological space (X, 7) is called :
(a) Semi-open if A c CI(Int(A)).
(b) Semi-closed if its complement is semi-open.
(c) a-open if A C Int(Cl(Int(A))).

(d) a-closed if its complement is a-open.

Remark 2.1. [21] Every open (resp. closed) set is a-open (resp. a-closed) and every a-open
(resp. a-closed) set is semi-open (resp. semi-closed) but the converses may not be true.

The family of all a-open (resp. a-closed) subsets of topological space (X, 1) is
denoted by aO(X) (resp. aC(X)). The intersection of all a-closed (resp. semi-closed)
sets of X containing a set A of X is called the a-closure [16] (resp. semi-closure) of
A. Itis denoted by aCI(A) (resp. sCI(A)). The union of all a-open (resp. semi-open)
subsets of A of X is called the a-interior [16] (resp. semi-interior) of A .It is denoted
by alnt(A) (resp. sInt(A)). A subset A of X is a-closed (resp. semi-closed) if and
only if A > CI(Int(CI(A))) (resp.A D Int(CI(A)). A subset N of a topological space
(X, 7) is called a a-neighborhood [15] of a point x of X if there exists a a-open set O
of X such that x e O c N. Ais an a-open in X if and only if it is a @-neighborhood
of each of its points. A subset V of X is called an a-neighborhood of a subset A of
X if there exists U € aO(X) such that A c U c V. A mapping f from a topological
space (X, 7) to another topological space (X*, t*) is said to be a-continuous [17, 18]
(resp. a-irresolute [16]) if the inverse image of every open (resp. a-open ) set of X*
is a-open in X. Every continuous (resp. a-irresolute) mapping is a-continuous but
the converse may not be true [16,17]. A multifunction F from a topological space
(X, 7) to another topological space (X*, t*) is said to be lower a-irresolute [20] (resp.
upper a-irresolute [20]) at a point xq € X if for every a-neighborhood U of x; and
for any a-open set W of X* such that F(xo) " W # ¢ (resp. F(xo) € W) there is a
a-neighborhood U of X such that F(x) N W # ¢(resp. F(x) € W) for every x € U.

Lemma2.1. [27] The following properties hold for a subset A of a topological space (X, 7):
(@) Ais a-closed in X < sInt(CI(A) C A,
(b) sInt(CI(A)) = CI(Int(CI(A)));
(c) aCI(A) = A U CI(Int(CI(A))).

Lemma?2.2. [27] The following are equivalent for a subset A of a topological space (X, 7):
(@) A € aO(X),
(b) U c A c Int(CI(U)) for some open set U of X.
(c) U c A c sCI(U) for some open set U of X.
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(d) A c sCI(Int(A)).

Definition 2.2. [2-4] Let Y be a nonempty fixed set. An intuitionistic fuzzy set AinY
is an object having the form

A={<xuiy), vily) >y € Y}

where the functions uz(y) : Y — land vs(y) : Y — | denotes the degree of membership
(namely w4 (y)) and the degree of non-membership (namely v4(y) ) of each element y € Y
to the set A, respectively, and 0 < uz(y) + pz(y) < 1foreachy €Y.

Definition 2.3. [2-4] Let Y be a nonempty set and the intuitionistic fuzzy sets AandB
be in the form

A={<xuily),vay) > ye Y}, B={<x usly) vsly) > yeY)

and let B, : @ € A be an arbitrary family of intuitionistic fuzzy sets in Y. Then:
(@). ACBifVy e Y [ua(y) < ug(y) and v(y) = vs(y)]

(b). A=BifAcBandB C A;

(©). A= (< X, va(Y), pa(y) >1y € Y};
(d.0={<y,01>yeYlandl={<y,1,0> yeY}
&) NAy = {< X, AEA(Y), VVA(Y) > Y € Y)

(f). UA = (<X, Vug(y), Av&(Y) >ty € Y)

Definition 2.4.  [9] Two intuitionistic fuzzy sets A and B of Y are said to be quasi-
coincident (AgB for short) if Ay € Y such that

pa(y) > va(y)

or
va(Y) < pa(y)-

Lemma2.3. [9] For any two intuitionistic fuzzy sets AandBof Y,
~ (AgB) & A c BC.

Definition 2.5. [8] An intuitionistic fuzzy topology on a nonempty set Y is a family I’
of intuitionistic fuzzy sets in Y which satisfy the following axioms:

0:.0,1€T,
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0,. ,5\1 m&z eI for any,&l,,&z eT,

Os. U,&a e T for arbitrary family {Aa o€ AL eT.

In this case the pair (Y, T) is called an intuitionistic fuzzy topological space and
each intuitionistic fuzzy set in T, is known as an intuitionistic fuzzy open setin Y.
The complement B¢ of an intuitionistic fuzzy open set B is called an intuitionistic
fuzzy closed setin Y.

Definition 2.6. [8] Let (Y,T) be an intuitionistic fuzzy topological space and A be an
intuitionistic fuzzy set in Y. Then the interior and closure of A are defined by

_cl(A)=n{K : K is an intuitionistic fuzzy closed set in Y and {A C K},
Int(A)=U{G : G is an intuitionistic fuzzy open setin Y and {G C A}.

Lemma2.4. [8] For any intuitionistic fuzzy set Ain (Y, T') we have:
() A is an intuitionistic fuzzy closed set in Y < CI(A) = A
(b) A is an intuitionistic fuzzy open setin Y < Int(A) = A
() CI(A°) = (Int(A))
(d) Int(A°) = (CI(A)).

Definition 2.7. [25] Let X and Y are two non empty sets. A function F : (X, 7) — (Y,I)
is called intuitionistic fuzzy multifunction if F(x) is an intuitionistic fuzzy setin Y, ¥x € X.

Definition 2.8. [30] Let F: (X, ) — (Y, I) is an intuitionistic fuzzy multifunction and
A be a subset of X. Then F(A) = UxeaF(X).

Lemma2.5. [30] Let F:(X, 1) — (Y,T) be an intuitionistic fuzzy multifunction. Then

(a) A € B = F(A) € F(B) for any subsets A and B of X.
(b) F(A N B) € F(A) N F(B) for any subsets A and B of X.

(€) F(UaeaArn) = U{F(A,) : a € A} for any family of subsets {A, : @ € A} in X.

Definition 2.9. [25] Let F : (X, 7) — (Y, T) is an intuitionistic fuzzy multifunction.
Then the upper inverse F*(A) and lower inverse F~(A) of an intuitionistic fuzzy set A in
Y are defined as follows:

FHA) = {x € X : F(x) C A}
F~(A) = {x € X : F(X)qA}.

Lemma2.6. [30] Let F : (X, 7) — (Y, I) be an intuitionistic fuzzy multifunction and
A, B be intuitionistic fuzzy sets in Y. Then:



On Lower and Upper a-Irresolute Intuitionistic Fuzzy Multifunctions 365
@F 1) =F@)=X
(b) F*(A) S F~(A)
© [F(A)° = [F*(A)]
(d) [F*(A)° = [F(AY]
(e) If A C B, then F*(A) C F*(B)

(f If AC B, then F(A) C F(B).

Definition 2.10. [13] A subset A of an intuitionistic fuzzy topological space (Y,I) is
called:

(a) intuitionistic fuzzy Semi open if A c CI(Int(A)).
(b) intuitionistic fuzzy Semi closed if its complement is semi open.
() intuitionistic fuzzy a-open if A C Int(CI(Int(A))).

(d) intuitionistic fuzzy a-closed if its complement is a-open.

Definition 2.11.  [7] Let (Y,T) be an intuitionistic fuzzy topological space and A be an
intuitionistic fuzzy set in Y. Then the a-interior and a-closure of A are defined by:
aCl(A) = n{K : K is an intuitionistic fuzzy a-closed set in Y and A C K}

alnt(A) = U{G : G is an intuitionistic fuzzy a-open set in Y and G C A}.

Definition 2.12. [25] An intuitionistic fuzzy multifunction F : (X, ) — (Y,T) is said
to be:

(a) Intuitionistic fuzzy upper semi-continuous at a point xo € X, if for any intuitionistic
fuzzy open set W C Y such that F(xo) C W there exists an open set U C X containing
Xo such that F(U) c W .

(b) Intuitionistic fuzzy lower semi-continuous at a point Xo € X, if for any intuitionistic
fuzzy open set W c Y such that F(xo)qW there exists an open set U C X containing
Xo such that

F(X)qW, V¥x e U.

() Intuitionistic fuzzy upper semi-continuous (intuitionistic fuzzy lower semi-continuous)
if it is intuitionistic fuzzy upper semi-continuous (intuitionistic fuzzy lower semi-
continuous) at each point of X.
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3. Lower a-Irresolute Intuitionistic Fuzzy Multifunctions

Definition 3.1. An intuitionistic fuzzy multifunction F : (X, 7) — (Y, T) is said to be:

(a) Intuitionistic fuzzy lower a-irresolute at a point xo € X, if for any W € IFaOY such
that F(xo)gW there exists U € «OX containing Xo such that

F(X)qW, Vx € U.

(b) Intuitionistic fuzzy lower a-irresolute if it is intuitionistic fuzzy lower a-irresolute at
each point of X.

Theorem 3.1. Let F :(X,7) — (Y,I') be an intuitionistic fuzzy multifunction and let
x € X. Then the following statements are equivalent:

(a) F is intuitionistic fuzzy lower a-irresolute at x.
(b) For each intuitionistic fuzzy a-open set B of Y with F(x)qB, implies

x € sCI(Int(F~(B))).

(c) For any semi-open set U of X containing x and for any intuitionistic fuzzy a-open set
B of Y with F(x)gB, there exists a nonempty open set VV C U such that

F(v)gB, Yve V.

Proof. (a)=(b). Letx € Xand B be any intuitionistic fuzzy a-open set of Y such that
F(x)gB. Then by (a) AU € aO(X) such that x € U and F(v)qB, Vv € U. Thusx € U
F~(B). Since U € aO(X) by Lemma 2.2, U c sCI(Int(U)). Hence x € sCI(IntF~(B)).

(b)=(c). Let B be any intuitionistic fuzzy a-open set of Y such that F(x)qB,
then x € sCI(IntF~(B)). Let U be any semi-open set of X containing x. Then
U N Int(F~(B)) # ¢ and U N Int(F~(B)) is semi-open in X. Put

V = Int(U N Int(F~(B)),

then Vis an open setof X,V Cc U,V # ¢ and F(v)gB, Vv € V.

(c)=(a). Let {Uy} be the system of the semi—open sets in X containing x. For
any semi—open set U of X such that x € U and any intuitionistic fuzzy a-open
set B of Y such that F(x)gB, there exists a nonempty open set By c U such that
F(v)gB, Vv € By. Let W = UBy : U € {U,}, then W is open in X, x € sCI(W) and
F(v)gB,Yv € W. Put S = W U x, then W c S c sCI(W). Thus S € aO(X), xe S and
F(v)gB,¥veS. Hence F is intuitionistic fuzzy lower a-irresolute at x. [

Definition 3.2. [26] Let X and Y are two nonempty sets. A multifunction F: X — Y is
called fuzzy multifunction if F(x) is a fuzzy setin Y, ¥xeX.
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Corollary 3.1. Let F be a fuzzy multifunction form a topological space (X, 7) into a fuzzy
topological space (Y, o) and let x € X. Then the following statements are equivalent:

(a) Fis fuzzy lower a-irresolute at x.
(b) For each fuzzy a-open set B of Y with F(x)gB, implies
x € sCI(Int(F~B)).
(c) For any semi-open set U of X containing x and for any fuzzy a-open set B of Y with

F(X)gB, there exists a nonempty open set VcU such that

F(v)gB, Vv e V.

Corollary 3.2. For a multifunction F ;: X — Y and a point x € X. Then the following
statements are equivalent:

(a) F is lower a-irresolute at x.
(b) For each a-open set B of Y with F(x) N B # ¢, implies x € sCI(Int(F~B)).

(c) For any semi-open set U of X containing x and for any a-open set B of Y with
F(x)NB # ¢, there exists anonempty open setV C U such that F(x)NB # ¢,Yv € V.

Theorem 3.2. LetF: (X, 7) — (Y, T) be an intuitionistic fuzzy multifunction. Then the
following statements are equivalent:

(@) F is intuitionistic fuzzy lower a-irresolute.

(b) F~ (&) € aO(X), for every intuitionistic fuzzy a-open set G of Y.

(c) F*(V) € aC(X), for every intuitionistic fuzzy a-closed set V/ of Y.

(d) sInt(CI(F*(B))) c F*(aCI(B)), for each intuitionistic fuzzy set B of Y.
(e) F(sInt(CI(A))) c aCI(F(A)), for each subset A of X.

() F(aCI(A)) c aCI(F(A)), for each subset A of X,

(9) aCI(F*(B)) c F*(aCl(B)), for each intuitionistic fuzzy set B of Y.

(h) F(CI(Int(CI(A)))) c aCI(F(A)), for each subset A of X.

Proof. (a)=(b). Let G be any intuitionistic fuzzy a-open set of Y and x € F‘(é),
so F(X)qG, since F is Intuitionistic fuzzy lower a-irresolute, by Theorem 3.1 it
follows that x € sCI(Int(F(G))). As x is chosen arbitrarily in F~(G), we have
F~(G) c sCl(IntF~(G)) and thus F~(G) € aO(X).

(b)=(a). Let x be arbitrarily chosen in X and G be any intuitionistic fuzzy a-
open set of Y such that F(x)qG, so x € F~(G). By hypothesis F~(G) € aO(X), we have
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x € F7(G) c sCI(Int(F~(&))) and thus F is intuitionistic fuzzy lower a-irresolute at
x according to Theorem 3.1. As x was arbitrarily chosen, F is intuitionistic fuzzy
lower a-irresolute.

(b)e(c). Obvious.
(c)=(d). Let B be any arbitrary intuitionistic fuzzy set of Y. Since aCI(B) is

intuitionistic fuzzy a-closed set in Y by hypothesis, F*(CI(B)) € aC(X). Hence by
lemma 2.1, we obtain

F*(aCI(B)) o sInt(CI(F*(CI(B)))) D sInt(CI(F*(B))).

(d)=(e). Suppose that (d) holds, and let A be an arbitrary subset of X. Let us
put B = F(A), then A c F*(B). Therefore, by hypothesis, we have

sInt(CI(A)) c sInt(CI(F*(B))) c F*(aCI(B)).

Therefore, F(sInt(CI(A))) c F(F*(aCI(B))) c aCI(B) = aCI(F(A)).
(e)=(c). Suppose that (e) holds, and let B be any intuitionistic fuzzy a-closed
set of Y. Put A = F*(B), then F(A) c B. Therefore, by hypothesis, we have

F(sInt(CI(A))) c aCI(F(A)) c aCI(B) = B
and
F*(F(sInt(CI(A)))) c F*(B).
Since we always have
F*(F(sInt(CI(A)))) D sInt(CI(A)),

one can verify

F*(B) o sInt(CI(F*(B))).
Hence by lemma, 2.1, F*(B) € aC(X).

(c)=(f). Since A c F*(F(A)), we have A c F*(CI(F(A))). Now aCI(F(A)) is an
intuitionistic fuzzy a-closed set in Y and so by hypothesis
F*(CI(F(A))) € aC(X).

Thus

aCI(A) c FF(aCI(F(A))).
Consequently,

F(aCI(A)) c F(F(aCI(F(A)))) C aCI(F(A)).

(f)=(c). Let B be any intuitionistic fuzzy a-closed set of Y. Replacing A by F*(B)
we get by(f), 3 3 o
F(aCI(F*(B))) c aCI(F(F*(B))) c aCI(B) = B.

Consequently, aCI(F*(B)) ¢ F*(B). But F*(B) c aCI(F*(B)). And so, aCI(F*(B)) =
F*(B). Thus F*(B) € aC(X).
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(f)=(g). Let B be any intuitionistic fuzzy set of Y. Replacing A by F*(B) we get

by (f), . . .
F(aCI(F*(B))) c aCI(F(F*(B))) c aCI(B).

Thus aCI(F*(B)) c F*(aCI(B)).
(9)=(f). Replacing B by F(A), where A is a subset of X, we get by (g),
aCl(A) c aCI(F*(F(A))) = aCI(F*(B)) = F*(aCI(B)) = F* (aCI(F(A))).

Thus
F(aCI(A)) c F(F*(aCI(F(A))) c aCI(F(A)).

(e)=(h). Follows from by Lemma 2.6.

(h)=(a). Letx € X and V be any intuitionistic fuzzy a-open set in Y such that
F(X)qV. Then x € F~(V). We shall show that F~(V) € aO(X). By the hypothesis, we
have

F(CI(INt(CI(F*(V®))))) € aCI(F(F*(V®))) C (V9),

which implies
CI(Int(CI(F* (V9))))) € F*(V°) c (F(V))".

Therefore, we obtain F~(V) c Int(CI(Int(F=(V)))) . Hence F~(V) € aO(X). Put
U =F (V). Then x € U € aO(X) and F(u)qV for every u € U thus F is intuitionistic
fuzzy lower a-irresolute. O

Corollary 3.3. Let F be a fuzzy multifunction form a topological space (X, 7) into a fuzzy
topological space (Y, o). Then the following statements are equivalent:

(@) F is fuzzy lower a-irresolute.

(b) F~(G) € aO(X), for every fuzzy a-open set G of Y.

(c) F*(V) € aC(X), for every fuzzy a-closed set V of Y.

(d) sInt(CI(F*(B))) c F*(aCI(B)), for each fuzzy set B of Y.
(e) F(sInt(CI(A))) c aCI(F(A)), for each subset A of X.

(f) F(aCI(A)) c aCI(F(A)), for each subset A of X,

(9) aCI(F*(B)) c F*(aCl(B)), for each fuzzy set B of Y.

(h) F(CI(Int(CI(A)))) c aCI(F(A)), for each subset A of X.

Corollary 3.4. Let F be a multifunction from a topological space (X, ) into another
topological space (Y, C). Then the following statements are equivalent:

(@) F is lower a-irresolute.

(b) F~(G) € aO(X), for every a-open set G of Y.
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(c) F*(V) € aC(X), for every a-closed set V of Y.

(d) sInt(CI(F*(B))) c F*(aCI(B)), for each set B of Y.

(e) F(sInt(CI(A))) c aCI(F(A)), for each subset A of X.

() F(aCI(A)) c aCI(F(A)), for each subset A of X,

(9) aCI(F*(B)) c F*(aCI(B)), for each set B of Y.

(h) F(CI(Int(CI(A)))) c aCI(F(A)), for each subset A of X.

4. Upper a-Irresolute Intuitionistic Fuzzy Multifunctions

Definition 4.1. An intuitionistic fuzzy multifunction F :(X, ) — (Y, T) is said to be:

(a) Intuitionistic fuzzy upper a-irresolute at a point xo € X, if for any intuitionistic fuzzy
a-open set W of Y, such that F(xo) ¢ W there exists U € «OX containing X, such
that F(U) ¢ W.

(b) Intuitionistic fuzzy upper a-irresolute if it has this property at each point of X.

Theorem 4.1. Let F: (X,7) — (Y,I') be an intuitionistic fuzzy multifunction and let
x € X. Then the following statements are equivalent:

(a) F is intuitionistic fuzzy Upper a-irresolute at x.

(b) For each intuitionistic fuzzy a-open set G of Y with F(x) c G, there result the relation
x € sCI(Int(F~(G))).

(c) For any semi-open set U of X containing x and for any intuitionistic fuzzy a-open set
G of Y with F(x) c G, there exists a nonempty open set VV c U such that F(V) c G.

Proof. (a)=(b). Let x € X and G be any intuitionistic fuzzy a-open set of Y such
that F(x) c G, there is a U € aO(X) such that x € U and F(v) c G,¥v € U. Thus
x € U c F*(G). Since

U € aO(X), U c sCI(Int(U)) c sCI(Int(F*(G))).

Hence, x € sCI(Int(F*(G))).

(b)=(c). Let G be any intuitionistic fuzzy a-open set of Y such that F(x) c G,
then x € sCI(Int(F*(G))). Let U c X be any semi-open set such that x € U, then
U N Int(F*(G)) # ¢. PutV = Int(U N Int(F*(G))), then V is an open setin X,V c U,
V # ¢and F(V) CG.

(c)=(a). Let {Ux} be the system of the semi-open sets in X containing x. For any
semi-open set U c X such that x € U and G be any intuitionistic fuzzy a-open set of
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Y such that F(x) C G, there exists a nonempty open set Gy C U such that F(Gy) C G.
Let W = Gy:Ue {Uy}. Then W is open, x € sCI(W) and F(w) C G, Yw € W. Put
S=WUuUx, then W c S c sCI(W). Thus S € aO(X) , x € Sand F(w) c G,Vw € S.
Hence F is intuitionistic fuzzy upper a-irresolute atx. O

Corollary 4.1. Let F be a fuzzy multifunction form a topological space (X, 7) into a fuzzy
topological space (Y, o) and let x € X. Then the following statements are equivalent:

(a) F is fuzzy upper a-irresolute at x.

(b) For each fuzzy a-open set G of Y with F(X) C G, there exists the relation x €
sCI(Int(F~(G))).

(c) For any semi-open set U of X containing x and for any fuzzy a-open set G of Y with
F(x) c G, there exists a nonempty open set V c U such that F(V) c G.

Corollary 4.2. Let F be a multifunction from a topological space (X,7) into another
topological space (Y, C) and let x € X. Then the following statements are equivalent:

(a) F is Upper a-irresolute at x.
(b) For each a-open set G of Y with F(x) C G, there exists the relation x € sCI(Int(F~(G))).

(c) For any semi-open set U of X containing x and for any a-open set G of Y with F(x) C G,
there exists a nonempty open set V c U such that F(V) c G.

Definition 4.2. Let A be an intuitionistic fuzzy set of an intuitionistic fuzzy topological
space (Y, I'). Then V issaid to be an a-neighbourhood of Ain Y if there exists an intuitionistic
fuzzy a-openset U c Y suchthat Ac U c V.

Theorem 4.2. For an intuitionistic fuzzy multifunction F :(X, ) — (Y, T) the following
statements are equivalent:

(a) F is intuitionistic fuzzy upper a-irresolute.
(b) F*(&) € aO(X), for every intuitionistic fuzzy a-open set G of Y.
(c) F~(B) € aC(X), for each intuitionistic fuzzy a-closed set B of Y.

(d) For each point x € X and for each a-neighborhood V of F(x) in Y, F*(V) is an
a-neighborhood of x.

(e) For each point x € X and for each a-neighborhood V of F(x) in Y, there is an a-
neighborhood U of x such that F(U) c V.

(f) aCI(F~(B)) c F~(aCI(B)) for each intuitionistic fuzzy set B of Y.
(9) sInt(CI(F~(B))) c F~(aCI(B)) for any intuitionistic fuzzy set B of Y.
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Proof. (a)=(b). Let V be any intuitionistic fuzzy a-open set of Y and x € F+(V). By
Theorem4.1, x € sCI(IntF*(B)). Therefore, we obtain

F+(V) c sCI(IntF*(B)).

Hence by Lemma 2.2, F*(V) € aO(X).

(b)=(a). Let x be arbitrarily chosen in X and G be any intuitionistic fuzzy a-
open set of Y such that F(x) c G, so x € F*(G) . By hypothesis F*(G) € aO(X), we
have _ _

x € F*(G) c sCI(Int(F*(G)))
and thus F is intuitionistic fuzzy upper a-irresolute at x according to Theorem 4.1.
As x was arbitrarily chosen, F is intuitionistic fuzzy upper a-irresolute.

(b)=(c). This follows from Lemma 2.6 that [F~(A)]¢ = [F*(A)].

(c)=(f). Let B be any intuitionistic fuzzy a-open set of Y. Then by (c), F~(aCI(B))
is an a-closed set in X. Thus by Lemma 2.1 we have

F~(aCI(B)) o sInt(CI(F~(CI(B)))) D sInt(CI(F~(B)))
> F~(B) UsInt(CI(F~(B))) > aCI(F~(B)).

()=(g). Let B be any intuitionistic fuzzy a-open set of Y. By Lemma 2.1, we
have
aCI(F~(B)) = F~(B) UssInt(CI(F~(B))) c F~(aCI(B)).

(9)=(c). Let B be any intuitionistic fuzzy a-closed set of Y. Then by (g) we

have,
sInt(CI(F~(B))) c F~(B) U sInt(CI(F~(B))) c F (aCI(B)) = F(B).
Hence By Lemma 2.1, F~(B) € aC(X).

(b)=(d). Let x € X and V be an a-neighborhood of F(x) in Y. Then there
is an intuitionistic fuzzy a-open set G of Y such that F(x) ¢ G ¢ V. Hence,
x € F*(G) c F*(V). Now by hypothesis F(G) € aO(X), and thus F*(V) is an
a-neighborhood of x.

(d)=(e). Letx € X and V be an a-neighborhood of F(x) in Y. Put U = F*(V).
Then U is an a-neighborhood of x and F(U) c V.

(e)=(a). Let x € X and V be an intuitionistic fuzzy set in Y such that F(x) c V.
V, being an intuitionistic fuzzy a-open setin Y, is an a-neighborhood of F(x) and
according to the hypothesis there is an a-neighborhood U of x such that F(U) c V.
Therefore there is A € aO(X) such that x € A ¢ U and hence F(A) c F(U) c V.
Hence F is intuitionistic fuzzy upper a-irresolute at x. O

Corollary 4.3. Let F be a fuzzy multifunction from a topological space (X, 7) into a fuzzy
topological space (Y, o) and let x € X. Then the following statements are equivalent:

(a) F is fuzzy upper a-irresolute.
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(b) F*(G) € aO(X), for every fuzzy a-open set G of Y.
(c) F~(B) € aC(X), for each fuzzy a-closed set B of Y.

(d) For each point x € X and for each a-neighborhood V of F(x) in Y, F*(V) is an
a-neighborhood of x.

(e) For each point x € X and for each a-neighborhood V of F(X) in Y, there is an a-
neighborhood U of x such that F(U) Cc V.

(f) aCI(F~(B)) c F~(aCI(B)) for each fuzzy set B of Y.
(9) sInt(CI(F~(B))) c F~(aCI(B)) for any fuzzy set B of Y.

Corollary 4.4. : Let F be a multifunction form a topological space (X, 7) into another
topological space (Y, C) and let x € X. Then the following statements are equivalent:

(a) F is upper a-irresolute.
(b) F*(G) € aO(X), for every a-open set G of Y.
(c) F7(B) € aC(X), for each a-closed set B of Y.

(d) For each point x € X and for each a-neighborhood V of F(x) in Y, F*(V) is an
a-neighborhood of x.

(e) For each point x € X and for each a-neighborhood V of F(x) in Y, there is an a-
neighborhood U of x such that F(U) Cc V.

(f) aCI(F~(B)) c F~(aCI(B)) for each set B of Y.
(9) sInt(CI(F~(B))) c F~(aCI(B)) for any set B of Y.
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