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Abstract. In this paper, we have introduced three new generalized metric spaces called
partial b, (s), partial v-generalized and b, (6) metric spaces which extend b, (s) metric
space, b-metric space, rectangular metric space, v-generalized metric space, partial
metric space, partial b-metric space, partial rectangular b-metric space and so on. We
have proved some famous theorems such as Banach, Kannan and Reich fixed point
theorems in these spaces. Also, we have given some numerical examples to support our
definitions. Our results generalize several corresponding results in literature.
Keywords: partial b,(s) metric space; b, () metric space; generalized metric spaces;
fixed point theorems; weakly contractive mappings.

1. Introduction and Preliminaries

Metric space was introduced by Maurice Fréchet [1] in 1906. Since a metric
induces topological properties, it has very large application area in mathematics,
especially in fixed point theory. Generalizing of notions is in the nature of mathe-
matics. So, after the notion of metric space, many different type generalized metric
spaces were introduced by many researchers. In 1989, Bakhtin introduced the notion
of b-metric spaces by adding a multiplier to triangle ineuality. In 1994, Matthews [2]
introduced the notion of partial metric spaces. In this kind of spaces, self-distance
of any point needs not to be zero. This space is used in the study of denotational
semantics of dataflow network. In 2000, Branciari [9] introduced rectangular metric
space by adding four points instead of three points in triangle inequality. These
three spaces are the basis of other generalized metric spaces. After all these spaces,
v-generalized metric space [9], rectangular b-metric spaces [3], b, (s) metric space
[10], partial b-metric space [4] and partial rectangular b-metric space [5] were in-
troduced in recent years. Below, we shall give the definitions of some generalized
metric spaces.
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Definition 1.1. [8] Let E be a nonempty set and p: E x E — [0,00) a function.
(E, p) is called b-metric space if there exists a real number s > 1 such that following
conditions hold for all u,w,v € E:

)=0iff u=w

—
=
—~
£
S

Clearly a b-metric space with s = 1 is exactly a usual metric space.

Definition 1.2. [2] Let F be a nonempty set and p: E x E — [0,00) a mapping.
(E, p) is called partial metric space if following conditions hold for all u,w,v € E:

Low=w iff p(u,u) = p(u, w) = p(w, w);
2. p(u,u) < p(u, w);

3. plu,w) =
4. p(u,w) < p(u,v) + p(v,w) — p(v,v).

It is clear that every metric space is also a partial metric spaces.

Definition 1.3. [9] Let E be a nonempty set and let p : E x E — [0,00) be a
mapping. (E, p) is called a rectangular metric space if following conditions hold for
all u,w € E and for all distinct points ¢,d € E'\ {u, w}:

1. plu,w) =0iff u = w

3. pu,w) < p(u,c) + p(c,d) + p(d, w).

Definition 1.4. [4] Let E be a nonempty set and mapping p: E x E — [0,00) a
mapping. (E, p) is called partial b-metric space if there exists a real number s > 1
such that following conditions hold for all u,w,v € E:

1w = w iff pluyu) = p(u, w) = plw, w);

2. p(u,u) < p(u, w);

3. plu,w) = p(w,u);

4. p(u,w) < s[p(u,v) + p(v,w)] — p(v,v).

Remark 1.1. [4] It is clear that every partial metric space is a partial b-metric space
with coefficient s = 1 and every b-metric space is a partial b-metric space with the same
coefficient and zero self-distance. However, the converse of this fact does not hold.
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In 2017, Mitrovic and Radenovic introduced following generalized metric space
which is referred to as b,(s) metric space. Under the suitable assumptions, this
kind of spaces can be reduced to the other spaces.

Definition 1.5. [10] Let E be a nonempty set, p : E x E — [0,00) a mapping and
v € N. Then (E, p) is said to be a b,(s) metric space if there exists a real number
s > 1 such that following conditions hold for all u,w € E and for all distinct points
21,22,y 2y € B\ {u,w}:

1. p(u,w) =0 iff u = w;

2. p(u,w) = p(w,u);

3. p(u,w)

IN

slp(u, 21) + p(21,22) + -+ 4 p (20, w)].

This metric space can be reduced to v-generalized metric space by taking s = 1,
rectangular metric space by taking v = 2 and s = 1, rectangular b-metric space
by taking v = 2, b-metric space by taking v = 1 and usual metric space by taking
v=s=1.

2. Main Results

In this part, motivated and inspired by mentioned studies, we introduce b, () (or
extended b,(s)) metric space and partial b,(s) metric space. Also we give some
fixed point theorems in these spaces.

First we introduce partial b, (s) metric space and give some properties of it.
2.1. Partial b, (s) Metric Spaces

Definition 2.1. Let E be a nonempty set and p: E x E — [0,00) be a mapping
and v € N. Then (E, p) is said to be a partial b,(s) metric space if there exists a

real number s > 1 such that following conditions hold for all u,w, z1, 29, ..., 2, € E:
L u=w< pu,u) = p(u, w) = p(w, w);
2. p(u,u) < p(u, w);
3. p(u,w) = p(w,u);

4. p(u,w) < S[p(u7 Zl) + P(ZL 32) +...+ p<zv717 Zv) + p(ZU,’LU)] - Z;jzl p(Zi, Zl)

It is easy to see that every b,(s) metric space is a partial b,(s) metric space.
However, the converse is not true in general.

Remark 2.1. In Definition 2.1;
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1. if we take v = 2, then we derive partial rectangular b-metric space.
2. if we take v = 1, then we derive partial b-metric space.

3. if we take v = s = 1, then we derive partial metric space.

Remark 2.2. Let (E,p) be a partial b,(s) metric space, if p(u,w) = 0, for u,w € E,
then u = w.

Proof. Let p(u,w) = 0 for u,w € E. From the second condition of partial b,(s)
metric space, since p(u,u) < p(u,w) = 0, we have p(u,u) = 0. Similarly, we have
p(w,w) = 0. So, we get p(u,w) = p(u,u) = p(w,w) = 0. It follows from the first
condition that v =w. O

Proposition 2.1. Let E be a nonempty set such that dy is a partial metric and ds
is a by(s) metric on E. Then (E, p) is a partial b, (s) metric space where p : EXE —
[0,00) is a mapping defined by p(u,w) = di(u, w) + da(u,w) for all u,w € E.

Proof. Let (E,d;) be a partial metric space and (E, d3) be a b, (s) metric space. Then
it is clear that first three conditions of the partial b,(s) metric space are satisfied
for the function p. Let w,w, 21, 22, ..., 2, € E be arbitrary points. Then, we have

plu,w) = di(u,w)+ da(u,w)
< dl(u, 21) + dl(Zl, Zg) + ...+ dl(zv,w) - Zdl(zi, Zz)
=1

+5[do(u, z1) + da(z1,22) + . .. + do(zy, w)]

IA
»

dy(u, z1) + di(z1,22) + ... + di (2, w) — Zdl(zi7 i)
i=1

—|—d2(u7 Zl) + d2(21, 22) + ...+ dg(zv,w)]

v
= s |p(u,21) + p(z1,22) + ...+ p(zv,w) — ZP(%%)
=1

< sp(u,z1) + p(z1,22) + ...+ p(20, w)] = Zp(zuzi)-

So, (E, p) is a partial b,(s) metric space. [

Example 2.1. Let E = R*. Define mapping di : E x E — [0, 00) by

0, ifu=w
di(u,w) =< 2, ifuorwé¢{1,2} and u #w
25, if u,w € {1,2} and u # w

for all u,w € RY. Then, it is obvious that (F,d1) is a b,(s) metric space with v = 9
and s > g. On the other hand, let p > 1, d2 : E x E — R* be a mapping defined by
d2(u,w) = [max{u, w}]? for all u,w € E. Then, it is easy to see that (E,d3) is a partial
metric space. So, we have from Proposition 2.1 that (E, p) is a partial b, (s) metric space
where p(u, w) = di (u, w) + d2(u, w) for all u,w € E.
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Now, we give definitions of convergent sequence, Cauchy sequence and complete
partial b,(s) metric space in following way.

Definition 2.2. Let (F,p) be a partial b,(s) metric space and let {u,} be any
sequence in F and u € E. Then:

1. The sequence {u,,} is said to be convergent and converges to u, if
limy, 00 p(tn, u) = p(u, u).

2. The sequence {u, } is said to be Cauchy sequence in (E, p) if limy, 00 p(Un, Um,)
exists and is finite.

3. (E,p) is said to be a complete partial b,(s) metric space if for every Cauchy
sequence {u,} in E there exists u € E such that

o lim  p(un, um) = M p(un, u) = p(u, v).

Note that the limit of a convergent sequence may not be unique in a partial
b, (s) metric space.

Now we give an analogue of Banach contraction principle. Our proof is very
different from the original proof of Banach contraction principle in usual metric
space.

Theorem 2.1. Let (E, p) be a complete partial b, (s) metric space and S : E — E
be a contraction mapping, i.e., S satisfies

(2.1) p(Su, Sw) < Ap(u, w)

for all u,w € E, where A € [0,1). Then S has a unique fived point b € S and
p(b,b) = 0.

Proof. Let G = S™ and define a sequence {u,} by Gu,, = u,4; for all n € N and
arbitrary point ug € E. Since X € [0,1) and lim,,_,o, A" = 0, there exists a natural
number ng such that A\"° < £ for given 0 < e < 1. Then, for all u,w € E we get

(2.2) p(Gu, Gw) = p(8™0u, S™w) < A" p(u, w).
So, we have
p(unt1,ur) = p(Gug, Gug—1) < X" p(ug, ug—1) < A p(uy, ug) — 0,

as k — oo. Hence, there exists a [ € N such that

£
plurt, w) < 1s

Now, let
€
B,lu,e/2] := {w € E:p(u,w) < 3 —l—p(uhul)}.
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We need to prove that G maps the set B,[u;, ¢/2] into itself. Since u; € Bylug, /2],
it is a nonempty set. Let z be an arbitrary point in Bp[u;,e/2]. Then, using (2.2)
we get

p(Gzyw) < s[p(Gz,Gu) + p(Gu + Guigr) + ... + p(Guisv—2, GUito—1)
v—1

+p(Gupgp—1,u)] — Z p(Guiyi, Guigs)
i=0

s[p(Gz,Guy) + p(Gu; + Gui1) + ...+

+p(Gul+v 2, Guiy—1) + p(GUv—1,w)]

[/\"0( + pur, wr)) + p(urgr, wge) + ... +

IN

IN

+p(ul+v 15 Uito) + p(Ug, ur)
{Ano( + plur,wr)) + plursr, ur2) + ...+

+p(Uigv—1, Witv) + S[p(ur, wipr) + pluigr, wigp2) + ...

IN

o (o1, i) + (i, wisw)] = Y p(uisi, Ul+i)}

(5 + p(ur,w)) + (s + 1) plur, wigr) + (s + 1)p(uis1, wige)+
(s + Dp(wira, wirs) + -+ (8 + 1)p(wisv—1,Urto) + 8p(Uigv, Uio) }
S AN+ pluwyun)) + s 1)plun, ) 4 (5 + Dpurn, )

(s + Dp(uita, ) + ...+ (s + 1)P(Ul+v 1 Uiw) + SA p(ug, wi) }
= plu,w) [sA™ 4+ 2\ ] + s)\”o + 8% p(ug, up1) +
s(s+1)

IN
»
—~
>
3
S

IN
—~
DO ™

s+ 1) [p(uir1, urg2) + ... + P(Ul+u—1, Uito)] -

Since A" < £ and p(ug, u41) < m, we have

€ g €€
G < - 2 =&
pGaw) < pluu) s+ | va s S

(s* 4 8) [p(ur, wig1) + pluigr, W) + - oo 4 p(Uio—1, trso)]
13
plu,w) + 7 + (5 + s)v

IN

&
4v(s? + s)

= % + p(ur, u).
So, Gz € Byluy,e/2]. Therefore, G maps B,[u;, /2] into itself. Since w; € B,[u;, /2]
and Gu; € Bplu,€/2], we obtain that G"u; € B,lu;,¢/2] for all n € N, that is,
Um € B,luy, /2] for all m > [. On the other hand, from definition of partial b, (s)

metric space, since p(uy, u;) < p(ug, ui41) < < £, we have

e
4vu(s2+s) 27

€
P(Un, Up) < 3 + plu, ) < e
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for all n,m > l. This means that the sequence {u,} is a Cauchy sequence. Com-
pleteness of E implies that there exists b € E such that

(2.3) lim p(uy,b) = Um  p(u,, um) = p(b,b) = 0.

n—o0o n,M—00
Now, we need to show that, b is a fixed point of S. For any n € N we get
p(b,Sb) < s[p(b, unt1) +P(Un+1aun+2) + oot p(Ungo—1, Unto)+
P(Un v, SD)] Z P(Unyis Unti)

S [p(b un-i-l) + p(un+1, un+2) +...F p(u7z+v—17 un-i-v) + p(un-i-m Sb)]
s [p(b unJrl + /)(Un+1, un+2) +...+ p(un+v717 UnJrv) + p(SunJrvfly Sb)]
s[p(b,unt1) + p(Unt1, Ung2) + o+ p(Unto—1, Untow) + Ap(Unto—1,b)].

IA A CIA

So, it follows from (2.3) that p(b, Sb) = 0. So, b is a fixed point of S.

Now, we show that S has a unique fixed point. Let a,b € E be two distinct fixed
points of S, that is, Sa = a, Sb = b. Then, contractivity of mapping .S implies that

p(a,b) = p(Sa, Sb) < )\p(a7b) < p(a,b),

which is a contradiction. So, it folllows that p(a,b) = 0, that is, a = b. Moreover,
for a fixed point a, let assume that p(a,a) > 0. Then we get p(a,a) = p(Sa, Sa) <
Ap(a,a) < p(a,a) which is a contradiction. So, we have p(a,a) =0. O

Now, we prove an analogue of Kannan fixed point theorem.

Theorem 2.2. Let (E,p) be a complete partial b, (s) metric space and S : E — E
a mapping satisfying the following condition:

(2.4) p(Su, Sy) < Ap(u, Su) + p(w, Sw)]

for all u,w € E, where X € [0, %), A # % Then S has a unique fixed point b € E
and p(b,b) = 0.

Proof. .First we show the existence of fixed points of S. Let define a sequence {u,,}
by u, = S™up for all n € N and an arbitrary point uy € E and o, = p(tp, Up41)-
If o, =0, then for at least one n, u, is a fixed point of S. So, let assume that
o, > 0 for all n > 0. Since S is a Kannan mapping, it follows from (2.4) that

on = plun,tni1) = p(Stup—1,Suy)
Ap(tn—1, Sup—1) + p(un, Sun)]
Alp(un—1,un) + p(tn, tni1)]

= Aop—1+04].

IN
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Therefore, we get 0, < ﬁan_l. On repeating this process we obtain

< A !
On S - aop.

From hypothesis, since A € [0, %), we have

(25) A0, = J25B, Pltims 1) =0

So, for every ¢ > 0, there exists a natural number ng such that o, < /2 and
om < €/2 for all n,m > ng. From (2.5), we have

P(Umum) = p(Sun—hSUm—l)
A [p(un—ly Sun—l) + p(um—h Sum—l)]
= )\[p(unfhun) +p(um717um)]

- )\[Un—l +Um—1]
< Epio.
2 2

IN

for n,m > ngy. Hence, {u,} is Cauchy sequence in E and limy, - 00 p(Un, Um) = 0.
It follows from the completeness of F that there exists b € FE such that

lim p(un,b) = Um  p(un, um) = p(b,b) = 0.

n—oo n,m— oo

Now,we show that b is a fixed point of S. From definition of Kannan mappings and
partial b, (s) metric space, we have

p(b,Sb) < s[p(b,unt1) + p(Unt1,Unt2) + -+ p(Unto—1, Unyo)+
P(Untv, SH)] — Z P(Untiy Unti)
=1

5[p(by uny1) + p(Ung1, Unt2) + o A P(Untv—1,Untv) + P(Univ, SH)]
s[p(b,unt1) + p(Unt1, Ung2) + oo+ p(Unto—1,Untw) + p(SUnyv—1,50)]
s[p(0, unt1) + p(Unt1, Unt2) + -+ p(Unto—1, Unyo)+

Mp(untv—1, Stniv—1) + p(b, SO)}].

So, it follows from the last inequality that

IAINCIA

S
p(b,Sb) < =N [p(b; tng1) + p(Ungr; tnya)
+...+ p(unJrvfl» un+v) + )\p(un+v717 SunJrvfl)] .

Since A # < and {u,} is a Cauchy and convergent sequence, we have p(b, Sb) = 0,
so Sb = b. It means that b is a fixed point of S. Now we show the uniqueness of
fixed point. But first, we need to show that if b € F is a fixed point of S, then
p(b,b) = 0. Let assume to the contrary that p(b,b) > 0. Then, from (2.4) we have

p(b,b) = p(Sb, Sb) < A[p(b, Sb) + p(b, Sb)] = 2Ap(b,b) < p(b,b),
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which is a contradiction. So, assumption is wrong, namely, p(b,b) = 0. Now, we
can show that S has a unique fixed point. Suppose a,b € E be two distinct fixed
points of S. Then we have p(b,b) = p(a,a) = 0, and it follows from (2.4) that

p(b,a) = p(Sb,Sa) < X[p(b, Sb) + p(a, Sa)]
= A [p(b, b) + pla, a’” =0

Therefore, we have p(b,a) = 0 and so b = a. Thus S has a unique fixed point. This
completes the proof. [

Theorem 2.3. Let (E,p) be a complete partial b, (s) metric space and S : E — E
a mapping satisfying:

(2.6) p(Su, Sw) < Amax {p(u, w), p(u, Su), p(w, Sw)}

for all u,w € E and X\ € [O, %) Then, S has a unique fized point b € E and
p(b,b) = 0.

Proof. We begin with the fixed points of S. Let ug € E be an arbitrary initial point
and let {u,} be a sequence defined by u,4+1 = Su, for all n. If u, = up41 for at
least one natural number n, then it is clear that this point is a fixed point of S. So,
let assume that u,41 # u, for all n. Now, it follows from (2.6) that

plunt1,un) = p(Stn, Suy—1)

Amax {p(tn, Un—1), p(tn, Stn), p(tn-1,Sun—1)}
= Amax {p(tn, Un—1), p(Un, Unt1), P(Un—1,Un)}

= Amax {p(tn, Un-1), p(Un, Unt1)} .

IN

Set L = max {p(un, tn—1), p(tn, tns1)}. There exists two cases. If L = p(un, tny1),
then we get p(tup+t1, Un) < Ap(Unt1,Un) < p(Unt1,u,) which is a contradiction. So,
we must have L = p(uy,, un,—1) and then we have

P(Un+17 Un) < AP(Una Un—l)-
By repeating this process, we obtain
(2.7) P(Unt1,Un) < A" p(u1,up)

for all n. On the other hand, since A — 0 for n — oo, there exists a natural
number ng such that 0 < A"s < 1. For m,n € N with m > n, by using inequality
(2.7), we obtain

p(um um) < s [p(um un+1) + p(un+17 un+2) +...F p(un+v—3a Un+v—2)
+P(Un+v—2, un-l—no) + p(un-i-noa um-i—no) + p(um-l"ﬂo’ U’m)]

v—2
- Z p(un+i7 Un-‘ri) - p(un—i-nm un—i—no) - p(um—i-nm um+ng)
=1
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< s[p(un, ung1) + p(Ungr, Ung2) + oo+ p(Ungo—3, Unto—2)
+o(Untv—2, Untng) + P(Untngs Umsng) + P(Umtng Um)]
< s ()\n + /\n+1 N )\n+v—3) P(U07U1)

FSA"p(Up—2,Ung) + SN (U, U ) + SA™ p(Ung, Up)-
So, we get

(1= sA") p(un, um) < s (A" + AT 4o X073 plug, uy)
+8)\np(uv727 uno) + S)\'mp(uno ) UO)-

By taking limit from both side, we have

lim  p(up, um) =0
n,Mm—00

Therefore, {u, } is a Cauchy sequence in E. By completing E, there exists b € E
such that
(2.8) lim p(up,b) = lm  p(up,uy) = p(b,b) = 0.

n— 00 n,m—oo

Now, we show that b is a fixed point of S. From definition of partial b, (s) metric
space and inequality (2.6), we have

p(b,Sb) < s[p(b,unt1) + p(Unt1, tnt2) + -+ p(Unto—1, Unto)+
p(Untv, SH)] — Z P(Unyis Unti)
i=1

5[p(by unt1) + p(Ung1, Unt2) + o 4 P(Untv—1, Untv) + P(Univ, SH)]
s[p(b, unt1) + p(Un+1, Unt2) + - - + p(Untv—1, Untv) + P(SUntv—1,5D)]
s[p(b,unt1) + p(Unt1, Unt2) + o+ p(Unto—1, Untow)+

Amax {p(Untv-1,0), p(Untv—1,Unsv), p(b, Sb)}] .

ININCIA

Set F' = max {p(Untv—1,0), p(Untv—1,Untv), p(b, Sb)}. There exists three cases:
1. If F = p(tupiv—1,b), then we get

p(b, Sb) < 5 [p(b, unt1) + p(Un+1, Unt2) + -+ p(Unto—1, Untov) + Ap(Unto—1,0)] .

So, it follows from (2.8) that p(b, Sb) = 0.
2. If F = p(Untv—1,Untv), then we get

p(b, Sb) < s[p(b, unt1) + p(Unt1;Unt2) + -+ (L+A) p(Untv—1,Unto)] -

Again by using (2.8), we obtain that p(b, Sb) = 0.
3. If ' = p(b, Sb) then we get

(1 - 8/\) p(bv Sb) <s [p(bv un+l) + p(un+1a un+2) +.o. p(un+v—17 un-i-v)] .
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Since A\ € [O, %), we obtain that p(b, Sb) = 0, that is, Sb = b. Thus, b is a fixed poit
of S.

Now we show the uniqueness of fixed point of S. Suppose on the contrary that
a and b are two distinct fixed points of S and p(a,b) > 0. It follows from (2.6) that

pla,b) = p(Sa,Sb) < Amax{p(a,b), p(a, Sa), p(b, Sb)}
= Amax{p(a,b),p(a,a),p(b,b)}
= Ap(a,b) < p(a,b),
which is a cotradiction. Therefore, we must have p(a,b) = 0 and so a = b. Hence,

S has a unique fixed point. [

In definition 2.1, if we take s = 1, then we derive following definition of partial
v-generalized metric space.

Definition 2.3. Let E be a nonempty set and p: E x E — [0,00) be a mapping
and v € N. Then (FE, p) is said to be a partial v-generalized metric space if following
conditions hold for all u,w, 21, 29,...,2, € E:

Low=w & plu,u) = plu,w) = plw, w);

2. plu,u) < pu, w);

3. p(u,w) = p(w,u);

4. plu,w) < plu, 1) + pa1, 22) + -+ p(20-1, 20) + p(20,y) = 205y P23 21)-

In Theorems 2.1,2.2 and 2.3, if take s = 1, then we derive following fixed point
theorems in partial v-generalized metric space.

Corollary 2.1. Let (E,p) be a complete partial v-generalized metric space and
S : E — E be a contraction mapping, i.e., S satisfies

p(Su, Sw) < Ap(u, w)
for all u,w € E, where A € [0,1). Then S has a unique fized point b € S and
p(b,b) = 0.

Corollary 2.2. Let (E,p) be a complete partial v-generalized metric space and
S : E — E a mapping satisfying the following condition:

p(Su, Sy) < Alp(u, Su) + p(w, Sw)]

1

for all u,w € E, where X\ € [0, 5

p(b,b) = 0.

). Then S has a unique fixed point b € E and

Corollary 2.3. Let (E,p) be a complete partial v-generalized metric space and
S : E — E a mapping satisfying:

p(Su, Sw) < Amax {p(u, w), plu, Su), p(w, Sw)}

for all u,w € E and X € [0,1). Then, S has a unique fived point b € E and
p(b,b) = 0.
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2.2. b, () Metric Spaces

In 2017, Kamran et al. introduced following generalized metric space which they
called extended b-metric space.

Definition 2.4. [6] Let E be a nonempty set and let  : E x E — [1,00) be a
function. A function pg : E x E — [0,00) is called an extended b-metric if for all
u,v,w € F it satisfies:

1. po(u,w) =0 iff u = w;
2. p9(“7 w) = p(w7u)7
3. polu,w) < 0 (u,w) [po(u,0) + po v, w)).
The pair (E, pg) is called an extended b-metric space.

It is clear that if 6 (u,w) = s for all u,w € E, then we obtain b-metric space.

From this point of view, we introduce following generalized metric space called
as b, () (or extended b,(s) ) metric space.

Definition 2.5. Let F be a nonempty set, § : E x E — [1,00) a function and v €
N. Then pg : E X E — [0,00) is called b,(0) metric if for all u, z1, 22, ..., 2y, w € E,
each of them different from each other, it satisfies

L. polu,w) = 0 iff u = wy
2. po(u,w) = pg(w,u);

3. polu,w) < 0 (u,w) [po(u 21) + pol21, 22) + < + po (20, w)].
The pair (E, pg) is called b, (6) metric space.

Remark 2.3. It is clear that if for all u,w € E

1. 6 (u,w) = s, then we obtain b, (s) metric space,

2. v =1, then we obtain extended b-metric space,

3. 0 (u,w) = s and v = 1, then we obtain b-metric space,

4. 0 (u,w) = s and v = 2, then we obtain rectangular b-metric space,
5. 6 (u,w) =1 and v = 2, then we obtain rectangular metric space,
6. 6 (u,w) =1, then we obtain v-generalized metric space,

7. 0 (u,w) =1 and v = 1, then we obtain usual metric space.

Example 2.2. Let E = N. Define mappings 0 : N x N — [1,00) and ps : N x N — [0, 00)
by 6 (u,w) =3+ u + w and

1, ifuorwé¢{l,2} and u #w
0, ifu=w

6, ifu,we{l,2} and u #w
Po (uvw) =

for all u,w € N. Then, it is easy to see that (E, pg) is a b, (f) metric space with v = 5.
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Definitions of Cauchy sequence, convergence and completeness can be easily
extended to the case of b, (f) metric space by the following way.

Definition 2.6. Let (E,pg) be a b, (6) metric space, {u,} a sequence in E and
u € E. Then,

a) {un} is said to converge to uw in (F, pg) if for every € > 0, there exists ng € N
such that pg (un,u) < € for all n > ng and this convergence is denoted by
Up — U.

b) {u,} is said to be Cauchy sequence in (E, py) if for every € > 0, there exists
no € N such that pg (upn, untp) < € for all n > ny and p > 0.

c) (F,pp) is said to be complete if every Cauchy sequence in E' is convergent in
E.

Now, we are in the position to prove fixed point theorems in b, (#) metric spaces.
But first, we prove following lemmas which we need in the proof of main theorems.

Lemma 2.1. Let (E, pg) be a by(0) metric space, S : E — E a mapping and {uy}
a sequence in E defined by u,11 = Su, = S"ug such that u, # uny1. Suppose that
c €[0,1) such that

Po (Unt1,Un) < cpp (Uns Up—1)
for all n € N. Then wu,, # U, for all distinct n,m € N.

Proof. Since the proof is very similar with the proof of Lemma 1.11 of [10], we omit
it. O

Lemma 2.2. Let (E,pgy) be a b,(0) metric space with a bounded function 6 and
{un} a sequence in E defined by u,+1 = Su, = S™ug such that u, # wuy, for all
n,m € N. Assume that there exist ¢ € [0,1) and k1,ks € RT U {0} such that

(2.9) 00 (U, Un) < cpp (Um—1,Un—1) + k1™ + ko™
for all ny,m € N. Then {u,} is a Cauchy sequence in E.

Proof. Tt is easy to see that {u,} is Cauchy if ¢ = 0. So, we should assume that
¢ # 0. Since function 6 (u,w) is bounded, there exists a number ng € N such that

(2.10) 0<c™f(u,w) <1

for all u,w € FE. From hypothesis of lemma, we can write

o (tny1,tun) < cpp (tn,tn_1) + k1" + koc”
< ¢ (c,og (Up—1,Un—2) + k1™ + kgc"_l) + kT A ko
= 62/)9 (unfla un72) +2 (klcn+1 + kQCH)
< g (ur,up) +n (klc"+1 + k‘gc") )



634 I. Karahan and I. Isik

Similarly, for all £ > 1, we can write
06 (Ui Unik) < € pg (U, un) + k (lclcm+k + kgc"'H“) .
If v > 2, then from the definition of b,(#) metric space, we get

Po (unv um) < 4 (uru um) [P0 (uru unJrl) + po (Un+17 un+2)
+--+ Po (un+v73; un+v72) + Po (un+v727 unJrno)
+00 (Untngs Um+no) + Lo (Wm-tngs Um)] -

Then, we have

o (Un, Um) < 0 (Up, ) [(c" + 4 C”J“’*?’) po (ug, u1)
+ (kic+ ko) (nc® + (n+1) " 4+ 4 (n+v — 3) "3
+c"po (Uy—2, Un, ) + nc" (klcvfz + kQCnO)
+c" pg (Un, U ) + noc™ (k1™ + kac™)
+ " pp (Ung, uo) + me™ (k1c™ + k2] .

So, we obtain

00 (Un, ) (1 — €00 (U, Upy)) <
<0 (Up, Um) [(c" 4t 44 c”+”_3) po (g, uy)
+ (kic+ ko) (nc” + (n+1) "+ (n+v—3) "3
+c"pp (Uy—2, Uny ) + nC" (klc“_2 + kgc"") + noc™ (kic™ + kac™)
+ ™ pg (Ungy,ugp) + me™ (k1c™ + k)] .
Since lim,, oo nc™ = 0 and 1—¢™0 (uy,, up,) > 0, using (2.9), we have pg (v, Um) —

0 as n,m — oco. This means that {u,} is a Cauchy sequence. Since b, (s) metric
space is a bg, (32) metric space, if v = 1, then {u,} is Cauchy. O

Now we can give Banach fixed point theorem in complete b, (#) metric space.

Theorem 2.4. Let (E, pg) be a complete b,(0) metric space with a bounded func-
tion 0 and S : E — E a contraction mapping, i.e., there exists a constant ¢ € [0,1)
such that

(2.11) po (Su, Sw) < cpg (u, w)

for allu,w € E. Then S has a unique fixed point.

Proof. Let up € E be an arbitrary initial point and let {w, } be a sequence defined
by tny1 = Su, = S" ug and u, # u,4q for all n > 0. It follows from Lemma 2.1
that u, # u,, for all n,m € N. Since S is a contraction mapping, we can write

po (Un, Ur) = po (StUn—1, Stum—1) < cpg (Up—1, Um—1) .
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From Lemma 2.2, we have {u, } is a Cauchy sequence. So, it follows from complete-
ness of E that there exists an element v € E such that u,, — u. Now, we show that
u € FixS, ie., u= Su.

po (u, Su) < 0 (u,Su) [pe (u, unt1) + po (Unt1, Unt2)
+ o+ po (Ungv—1,Untv) + po (Unto, SU)]
= 0 (u,Su) [po (U, unt1) + po (Un+1, Un+2)
+-+po (un+v—1v un-i-v) + po (Sun+v—1v Su)]
< 0(u,Su)[po (u, unt1) + po (Unt1, Unt2)

+ o+ po (Undv—1, Ungo) + €Po (Ungo—1,u)] .

Since 6 is a bounded function and {u,, } is Cauchy with u,, — u, we have pg (u, Su) =
0. This means that u € FixS. Next, we need to show that u is a unique fixed point.
To the contrary, let assume that there exists another fixed point w. Since

po (1,w) = py (S, Sw) < cpy (u,w) < py (1, w),
we get u = w that is w is the unique fixed point of S. O

Remark 2.4. In Theorem 2.4,

1. if we take the constant v = 1 and the function 6 (u,w) = 1 for all u,w € E, then we
derive classical Banach fixed point theorem in usual metric spaces.

2. if we take 0 (u,w) = s for all u,w € E where s > 1, then we derive Theorem 2.1 of
[10] in by, (s) metric spaces.

3. ifv=1and 0(u,w) = s for all u,w € E, then we derive Theorem 2.1 of [13] in
b-metric spaces.

4. if v =2 and 6 (u,w) = s for all u,w € E, then we derive Theorem 2.1 of [14] and so
main theorem of [3] in rectangular b-metric spaces.

5. if O (u,w) = 1 for all u,w € E, then we derive main result of Branciari [9] in
v-generalized metric spaces.

In literature, there exist various type of contraction mappings. Weakly con-
tractive mapping is one of this type of contractions which generalize usual con-
tractions. A mapping S : F — FE is called weakly contractive if there exists a
continuous and nondecreasing function 1 (t) defined from Rt U {0} onto itself such
that ¢ (0) = 0,9 (t) - 0o as t — oo and for all u,w € E

(2.12) pa (Su, Sw) < po (u, w) — ¥ (pg (u,w)

Now, we generalize Banach fixed point theorem for weakly contractive mappings
in b, () metric space.

Theorem 2.5. Let E be a complete b, (8) metric space and S a weakly contractive
mapping on E. Then S has a unique fized point.
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Proof. Let ug € E be an arbitrary initial point. Define sequence {u,} by u; = Suo,
up = Sup = S%ug, ..., ups1 = Su, = S"ug. If u, = u,yq for all n € N where N
is the set of positive integer, then proof is trivial. So, let assume that u, # ;41
for all n. Moreover, the case that u, # u,, for all different n and m can be easily
proved. From (2.12), we can write

Po (Suna Sun+P)
< po (un, un-i—p) - (99 (Um “7z+p))

po (Uny1, Un+p+1)

for all n,p € N. Let v, = pg (tn, Untp). Since ¢ is nondecreasing, we have
(2.13) ant1 < ap — Y (ay) < ap.

Thus, the sequence {«,} has a limit « > 0. Now we should show that a = 0.
Assume to the contrary that a > 0. Using (2.13), we have

¥ (an) 2 ¢ (@) > 0.

So, we get

ant1 <o — ¥ (a).
Hence, we obtain ayim, < ay, — N¢ () which is a contradiction for large enough
N. This proves that & = 0. This means that {u,} is Cauchy. Completeness of E

implies that there exists a point © € E such that u,, — u. Now, we show that u is
a fixed point of S. Using (2.12) and definition of py, we get

po (u,Su) < 0 (u,Su)[po (u, Un+1) + po (Unt1, Unt2)
+ooo 0 (Ungv—1, Unto) + po (Unyo, Su)]
= 0(u,Su)[pg (u, unt1) + po (Un+1,Unt2)
+.oot po (Ungo—1,Unto) + po (Stntv—1,Su)]
0 (u, Su) [po (u; unt1) + po (Un+1, Unt2) + ..+
P (Untv—1, Untv) + Po (Ungv—1,1) — U (po (Untv—1,1))].

IN

Since pg (Un, Unt+p) — 0 and u, — u as n — oo and 3 (0) = 0, we have u is a fixed
point of S.

To prove the uniqueness of fixed point, we can assume that there exist one more
fixed point w. Since S is a weakly contractive mapping, we have

po (u,w) = pg (Su, Sw) < pg (u,w) — 1 (po (u, w)) < po (u,w).
So u = w This finishes the proof. O

Remark 2.5. In Theorem 2.5,

1. if we take the constant v = 1, the function 6 (u,w) = 1 for all u,w € E and ¥(t) = ct,
then we derive classical Banach fixed point theorem.
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2. if we take 9(t) = ct and 0 (u,w) = s where s € [1,00), then we derive Theorem 2.1
of [10]
3. ifv=1, 0 (u,w) = s and ¢ (t) = ct, then we derive Theorem 2.1 of [13].

4. if v =2, 0 (u,w) = s and (t) = ct, then we derive Theorem 2.1 of [14] and so main
theorem of [3].

5. if v =1 and 0 (u, w) = s, then we derive main theorem of [12].
Now, we give Reich fixed point theorem.

Theorem 2.6. Let (E, pg) be a complete b, (0) metric space with a bounded func-
tion 0 and S : E — E a mapping satisfying:

(2.14) po (Su, Sw) < apy (u, w) + Bpg (u, Su) + 7po (w, Sw)

for all u,w € E where «, B,y are nonnegative constants with o + 8 + v < 1 and
I < 1“% where Ty = min {3,v} and T's = max {0 (u, Su),0 (Su,u)}. Then S has
a unique fized point. Moreover, sequence {u,} defined by u, = Su,_1 converges
strongly to the unique fized point of S.

Proof. Let {u,} be a sequence defined by wu,,1 = Su, = S"Tlug where uy € E
is an arbitrary initial point. If u, = u,41 for all n € N, it is easy to see that ug
is a fixed point of S. Now, we assume that u, # up41 for all n. From (2.14) and
definition of {u,}, we have

Po (un+1;un) = Peo (Sunysunfl)
< apg (Un, Un—1) + Bpo (un, Supn) + vpo (un—1, Sttn_1)
= Qpg (Um un—l) + Bpo (Unv Un-H) + vpo (un—la Un) .

Then, we get

a+

po (i1 tn) < S g (U )
1-p
< <?jg po (u1,uo) -
Since a + 8+ v < 1, then it is clear that 0 < %rg < 1. So, we obtain
(2.15) lim pg (tpt1,un) =0.
n— oo

Also, since we assume that u,, # u,41 for all n and pg (up41, uyn) < %‘gpg (Un, Upn—1),

then it follows from Lemma 2.1 that w,, # w,, for all n,m € N. So, we have
Po (una um) = pPeo (Sun—la Sum—l)

apg (Un—1,Um—1) + Bpo (un—1, Stn—1) +vBpo (Wm—1, StUm—1)
apg (Un—1,Um—1) + Bpo (Un—1,Un) +YBpo (Um—1, Um)

n—1 m—1
app (Un—1, Um—1) + (6 (?f;) +7 (?jg) ) po (u1,uo) -

IN

IN
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It follows from Lemma 2.2 that {u,} is a Cauchy sequence. So, from the complete-
ness of E, we obtain that there exists a point u € E such that uw,, — u. Now, we
show that u is a fixed point of S, i.e., pg (u, Su) = 0. Since

po (u, Su) < 0 (u,Su)[po (U, unt1) + po (Unt1, Uny2) + -+
+/)0 (un+v717 un+v) + Po (un+v7 Su)]

< ¢ (uv Su) [pe (u, un+1) + po (un+1, Un+2) +-
+p6 (Untv—1,Untv) + po (Stngv—1,Su)]
< 0(u, Su)[po (w, un+1) + po (Un+1, Unt2) + -+

+P9 (un+v717 un+v) +
+apg (u'nrH)fla 'LL) + BPO (unJrvfl; un+v) + Ype (uv Su)] s

we have

(1 - 70 (U7 SU)) Po (U, SU) <0 (U, Su) [,09 (U, Un+1) + po (un-i-l, U;n+2) +oee
+ Po (un-‘rv—lv un+v) + apg (un—i-v—la u) + ﬁpQ (un-l-v—l) un+v)] .

Since ' < 1“%7 we get (1 —~0 (u,Su)) € [0,1). So, it follows from (2.15) and
convergence of {u,} that py (u,Su) = 0. This means that v is a fixed point of S.
Now, we need to show that u is a unique fixed point. Let assume that there exists
another fixed point v. Then, we have

Po (U, U) = pPo (S’LL, SU) < apg (u7 U) + ﬁp@ (ua Su) + 5p9 (Uv S’U)
= apg(u,v).

Since « < 1, we obtain that pg (u,v) = 0, i.e., u is the unique fixed point of S. [

Remark 2.6. In Theorem 2.6, if we take 0 (u,w) = s for all u,w € E where s > 1, then
we derive Theorem 2.4 of [10].

In Reich fixed point theorem, if we get a = 0, then we obtain following general-
ized Kannan fixed point theorem in b, (f) metric spaces.

Theorem 2.7. Let E be a complete b, (6) metric space and S a mapping on E
satisfying:

pe (Su, Sw) < Bpg (u, Su) +vpe (w, Sw)
for all u,w € E where 8 and v are monnegative constants with f + v < 1 and

I < 1“% where 'y = min {f,~v} and I's = max {6 (u, Su),0 (Su,u)}. Then S has a
unique fized point.
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Remark 2.7. In Theorem 2.7,

1. if v =1 and 6 (u,w) =1 for all u,w € E where s > 1, then we obtain Kannan fixed
point theorem [7] in complete usual metric spaces.

2. if v =2 and 0 (u,w) = s for all u,w € E where s > 1, then we derive Theorem 2.4
of [3].

3. ifv =2and 0 (u,w) =1 for all u,w € E where s > 1, then we obtain main theorem
of [15] without the assumption of orbitally completeness of the space and the main
theorem of [11].
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