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Abstract. Using the domination parameters of Cayley graphs constructed out of Z, x
Lo, where m € {p®,p®¢®,p*q°r"'},p,q,r are distinct prime numbers and «, 3,7 are
positive integers, in this paper we have discussed the total and connected domination
number and diameter of these Cayley graphs.
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1. Introduction and Preliminaries

Let (G,-) be a group and S = S~! be a non empty subset of G not containing
the identity element e of G. The simple graph I' whose vertex set V(I') = G
and edge set E(I') = {{v,vs}lv € V(I'),s € S} is called the Cayley graph of G
corresponding to the set S and is denoted by Cay(G,S). By Z, we denote the
cyclic group of order n. For any vertex v € V(I'), the open neighborhood of v is
the set N(v) = {u € V(I')|[{u,v} € E(T")} and the closed neighborhood of v is
the set N[v] = N(v) U{v}. For a set X C V(T'), the open neighborhood of X is
N(X) = Uyex N(v) and the closed neighborhood of X is N[X] = N(X)U X [6].
A set D C V(T) is said to be a dominating set if N[D] = V(I') or equivalently,
every vertex in V(I')\D is adjacent to at least one vertex in D. The domination
number (T is the minimum cardinality of a dominating set in I'. A dominating
set with cardinality v(T") is called a y-set. A set T C V(') is said to be a total
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dominating set if N(T') = V(I') or equivalently, every vertex in V(T") is adjacent
to a vertex in T. The total domination number v:(T") is the minimum cardinality
of a total dominating set in I'. A total dominating set with cardinality ~;(I") is
called a y;-set. A graph I is said to be connected graph if there is at least one path
between every pair of vertices in I". The connected components of a graph are its
maximal connected subgraphs. A dominating set D of I is said to be a connected
dominating set if the induced subgraph generated by D is connected. The minimum
cardinality of a connected dominating set of I" is called the connected domination
number of " and is denoted by 7.(T"), and the corresponding set is denoted by ~.-set
of I'. Let A be the length of the longest sequence of consecutive integers in Z,,
each of which shares a prime factor with m. Dominating sets were defined by Berge
and Ore [1, 16]. The concept of total domination in graphs was initiated by E.J.
Cockayne and R.W. Dows and S.T. Hedetniemi [4]. S.T Hedetniemi, R.C. Laskar[7]
introduced the connected domination number in graphs. Madhavi [10] present the
concept of Fuler totient Cayley graphs and their domination parameters studied by
Uma Maheswary and B. Maheswary [11]. Also some properties of direct product
graphs of Cayley graphs with arithmetic graphs discussed by Uma Maheswary and
B. Maheswary [13], and their domination parameters studied by Uma Maheswary
and B. Maheswary and M. Manjuri [12, 14, 15].

A walk is a sequence of pairwise adjacent vertices of a graph. A path is a walk
in which no vertex is repeated. The distance between two vertices of a graph is the
number of edges of the shortest path between them. The diameter of a connected
graph is the maximum distance between any two vertices of the graph. According
to this definition, the diameter of a disconnected graph is infinite, but if we consider
the diameter as the maximum finite shortest path length in the graph, this is the
same as the largest of diameters of the graph’s connected components. So in this
paper by diameter of a disconnected graph we mean the largest diameter of its
connected components. Let v,w € V(T') then the distance between v, w is denoted
by d(v,w) and the diameter of T is denoted by diam(T") [2, 3].

Here we study the total and connected dominating sets and diameter of Cayley
graphs constructed out of Zj, X Z,, where m & {p™, p°¢%, p*¢®r7},p, ¢, r are distinct
prime numbers and «, 8, are positive integers. The domination number of these
graphs are presented in [8] and we present some of the results without proofs .

Theorem 1.1. Let I' = Cay(Z, X Zpo, P) where & = ¢, X @pa. Then
1) v(T') =2 where p=2 and o = 1.
2) ¥(T') = 4 where p=2 and a > 2.
3) v(T') =3 wherep >3 and a > 1.

Theorem 1.2. Let I' = Cay(Zy X Zyoys,®) where ® = @p X @pa4e, p,q > 2 and
a,B > 1. Then ~(I') is given by Table 1.1.

Theorem 1.3. Let I' = Cay(Zy X Zyags,~, ) where ® = ) X @pagsy, P, q,T > 2
and o, B,y > 1. Then (") is given by Table 1.2.
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Table 1.1: v(Cay(Zy X Zpays, P))

r ~(I) Comments
Cay(Zy X Zpq, P) 4

Cay(Zy X Lo ys, P) 8 (o, B) £ (1,1)

Cay(Zp X Lgaps,P) 6 (a, B) # (1,1)

Cay(Zy X Lyogs, P) 5 (o, B) £ (1,1)

p=39g=>250rq=3,p=>5
Cay(Zy X Lyogs, P) 4 (o, B) £ (1,1)
P,g=5
Table 1.2: v(Cay(Zp X Zyo g+, P))
r ~(T) Comments
Cay(Z2 X Zqu (I)) 8
Cay(Zy X Zapy, D) 8
Cay(Zy X Lgogp,, P) 12 aFtlor#£lorvy#1
Cay(Zy X Loaps,~, P) 10 atlorf#£lorvy#1
p=3,r>d5orr=3,p>5
Cay(Zy X Lgopsy~, P) 8 aFlorf#lorvy#1
D, T >
Cay(Zy X Lpogsyr, @) | 6 <y(I7) <8 a, B,y >1
one of the prime factors is 3
Cay(Zyp X Lyogsr, P) 5 p,q,7 >5and a, B3,y > 1
Let p1,p2,...,pr be consecutive prime numbers, o, ag, as, ..., q) are positive inte-
gers and ¢ = pg X Poapsipe2  pok -

Theorem 1.4. Let I' = Cay(Z2 x Liga 1 o2
Then ~(I') > 4k + 4.

”ka,@), where p1 = 3 and a > 2.

For p = 2, the Cayley graph Cay(Z, X Z,,®), where & = ¢, X ¢, and m
is a multiple of 2, is a disconnected graph with two connected components, say
Iy and T'e, where V(T'1) = {(1,v)|v is odd} U {(0,v)|v is even} and V(I'2) =
{(0,v)|v is odd} U {(1,v)|v is even}. Since every Cayley graph Cay(G,S) is |S|-
regular (see for example [5]), we find that T is |®|-regular.

Let X be a set of consecutive integers in Z,, such that for every x € X, we have
ged(w,m) > 1. In this case we call X; a consecutive set. We use X[ to show that
the consecutive set X; has k elements.

Let I' = Cay(Z, X Zy,,®). In Section 2. we calculate v,(T") and ~.(I') and

diam(T") where m = p®. We consider the case m = p®¢® in Section 3. and the case
m = p®¢®r7 is considered in Section 4.
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2. Total and connected domination number and diameter of
Cay(Zp X Zpoc s @)

Let p be a prime number, « a positive integer and ® = ¢, X . In this section, we
obtain the total and connected domination number and diameter of I' = Cay(Z,, x
Lo, D).

Theorem 2.1. Let ' = Cay(Z, X Zp,®). Then

1) diam(T') =1 where p =2 and o = 1.

2) diam(T') =2 where p =2, >2 orp>3,a > 1.

Proof. 1) In this case I' & 2K, and clearly the diameter of I" is 1.

2) Let p = 2 and a > 2. Then I is a disconnected graph with two connected
components, say I'; and I'y, where V(I'1) = {(1,v)|v is odd} U {(0,v)|v is even}
and V(I'z) = {(0,v)|v is odd} U {(1,v)|v is even}.

Let (u,v), (u',v") € V(I'1). Then we have the following two possibilities:

i)u=1u" and v #v. Obviously (u,v) and (u,v’) are not adjacent. This implies
that d((u,v), (v ,v)) > 2. On the other hand the vertex (u — 1,v — 1) is adjacent
to both vertices. So d((u,v), (u ,v)) = 2.

1) u # v and v #* v'. We know that v —u € po and v — v’ is an odd integer.
Since all of the odd integers in Zsa to be included into a pga, hence v — v € waa.
Thus (u,v) is adjacent to (u ,v ). So d((u,v), (u ,v)) = 1.

Since (u,v) and (u',v') are arbitrary vertices of I'y, hence the diameter of T'; is
2. Similarly the diameter of I'; is 2.

Let p >3 and a > 1. Then I is connected graph where

V() ={(0,0),...,(0,p* = 1),....,(p—1,0),...,(p—1,p* = 1) }.

Assume that (u,v) and (u',v") are arbitrary vertices of I. Now we have the following
three possibilities:

i)u=u and v # v . Since (u,v) and (u’,v") are not adjacent d((u,v), (u ,v')) >
2. Let v and v be multiple of p. Note that 0 is multiple of p. Then (v —1,p — 1)
is adjacent to both (u,v) and (u/,v/). Let v and v' be non-multiple of p. Then
(u—1,p) is common neighbor of (u,v) and (u',v"). Now let one of either v or v is
multiple of p. Without loss of generality let v is multiple of p and v is non-multiple

’
v4+v
2

to both (u,v) and (u',v'). Since v — v is even so v — v is divisible by 2. Hence

’ ’

of p. Suppose that v and v" are both even or odd. Then (u—1, ) is adjacent

_vtv . 20—v—v  _ v—v I vtv v —w
v 5 = 5 = "5~ € ppe and also v — 5= = L5 € @pa. Now assume

that one of either v or v is even. Then (u — 1,2v") is common neighbor of (u,v)
and (u ,v ). Therefore d((u,v), (u ,v)) = 2.

1) u # u and v = v'. In this case vertex (u”, v—1) where u’ #u,u is adjacent
to both (u,v) and (u ,v ). Thus d((u,v), (u ,v )) = 2.
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i) u # u and v # v'. If (u,v) and (u',v") be adjacent then d((u,v), (u,v
1. If (u,v) and (u ,v ) be non-adjacent then similar to ¢) and i), d((u,v), (u ,v))
2. Therefore in this case diam(I') =2. O

Theorem 2.2. LetT' = Cay(Z, X Zpo,®). Then

1) %(T') =4 and v.(T") does not exist where p =2 and o > 1.

2) %(T) = ~.(T') =3 where p > 3 and o > 1.

Proof. 1) Let p=2 and o = 1. Then T & 2K, and obviously (") = 4.

Assume that p = 2 and @ > 2. Then by [8, Theorem 2.1}, v(I') = 4 and
D = {(0,0),(0,1),(1,0),(1,1)} is a y-set for I'. Since (0,0) and (0, 1) are adjacent
to (1,1) and (1,0), respectively. Hence D is a y;-set for T'. Thus (T") = 4.

In this case I' is a disconnected graph. Hence by the definition of connected
dominating set, v.-set does not exist for I'

2) Let p > 3 and a > 1. By [8, Theorem 2.1], we find that v(I') = 3 and
D ={(0,1),(1,0),(2,2)} is a y-set for I". Vertices of D dominate among themselves.
Therefore v:(T') = .(T') =3. O

Example 2.1. Let I'y = Cay(Zz X Zys, ®) and I'y = Cay(Zs x Zs, ®), which are shown
in Figures 2.1 and 2.2, respectively. Clearly I'; is a disconnected graph with two con-
nected components. Thus 7.-set does not exist for I'y. Also, total dominating set of
Iy, is {(0,0),(0,1),(1,0),(1,1)}. Note that total and connected dominating set of I's is

{(0,1),(1,0),(2,2)}-

F1G. 2.1: The graph 'y = Cay(Za X Zga, ®) and its total dominating set.
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(0,0)

F1G. 2.2: The graph I'y = Cay(Z3 x Z3, ®) and its total and connected dominating
set.

3. Total and connected domination number and diameter of
Cay(Zy X Lyays,P)

Let p,q be prime numbers, «, 3 positive integers and ® = ¢, X @paes. In this

section, we find the total and connected domination number and diameter of I' =

Cay(Zy X Lypags, ®).

Lemma 3.1. Let I' = Cay(Zy X Zgays,®), where o, 3> 1. Then diam(T") = 3.

Proof. T is a disconnected graph with two connected components, say I'y and T's,
where V(T'1) = {(1,v)|v is odd} U{(0,v)|v is even} and V(I'3) = {(0,v)|v is odd} U
{(1,v)|v is even}.

Let (u,v), (u',v") € V(I';). Then we have the following two possibilities:

iYu=u and v #v . Clearly d((u,v),(u,v)) > 2. Let v and v" be multiple of
2¢q. Then (u —1,2¢ — 1) is common neighbor of (u,v) and (u ,v ). Also if v and v
be non-multiple of 2¢, then (u — 1,2¢q) is adjacent to both (u,v) and (u,, v,). Note
that a trivial observation shows that v and v' have the same parity. Let v and v
be both multiple of one of the prime factors 2 or q. Then the other prime factor
is adjacent to both v and v . Now let one of either v or v is odd and is multiple
of . Then (u,v), (u',v") € {(1,v)[v is odd}. If £ be even, then (u — 1, %) is
common neighbor of (u,v) and (u',v"). Also if “£% be odd, then (u — 1, 2% + ¢)

is adjacent to both (u,v) and (u',v"). Let one of either v or v is multiple of 2¢. So

(u,v), (u',v") € {(0,v)|v is even}. If “£ € pgays, then (u — 1, ”'5”,) is common
neighbor of (u,v) and (u',v"). Moreover if ”Jg—vl be even, then (u — 1, # +q) is
adjacent to both (u,v) and (u’,v"). Thus in this case d((u,v), (u’,v")) = 2.
iyu#u andov £0v. Ifo—v € Poays, then d((u,v), (u',v")) = 1. Suppose
that v — v’ & Qoays, since u # v’ and u,u’ € Zy, we have no common neighbor
between (u,v) and (u',v"). This implies that d((u,v), (u’,v")) > 3. Without loss of
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generality assume that v = 0 and u = 1. Since v — v’ is an odd integer, we find
that v —v +2 € Poags. Thus (0,v)(1,v +1)(0,v + 2)(1,v') is a path of length 3
between (0,v) and (1,v). So diam(I';) = 3 and similarly diam(T'y) = 3. Therefore
diam(I) =3. O

Lemma 3.2. Let I' = Cay(Zy X Zgays,®), where o, > 1. Then .(I") does not
exist and 1 (T) = 8.

Proof. T is a disconnected graph with exactly two connected components I'; and I’y
where V(T'1) = {(1,v)|v is odd} U{(0,v)|v is even} and V(I'z) = {(0,v)|v is odd} U
{(1,v)|v is even}. Hence by the definition of connected dominating set, v.-set does
not exist for I

Assume first that («, ) = (1,1). Then by [8, Proposition 3.1], A = {(0,0), (1, ¢)}
and B = {(0,1),(1,¢+ 1)} dominate V(I';)\ A and V(I'3)\ B, respectively. Hence
~v(I') = 4. Vertices of A are not adjacent to each other and A is not dominated
by one vertex. Note that (1,1) and (0,¢ + 1) are adjacent to (0,0) and (1, q), re-
spectively. Hence Th = {(0,0),(1,1),(1,q),(0,q+ 1)} is a ~-set for I'y. Similarly
T, ={(0,1),(1,0),(0,q),(1,g+ 1)} is a y-set for I'y. Therefore v,(T") = 8.

Next consider the case where (a, 8) # (1,1). By [8, Lemma 3.2], v(I') = 8 and
D = {(0,0),(0,1),(0,2),(0,3),(1,0),(1,1),(1,2),(1,3)} is a v-set for I'. Vertices
(0,1),(0,0), (0,3),

(0,2) are adjacent to vertices (1,0), (1, 1), (1,2), (1, 3) respectively. Thus D becomes
a yg-set for I'. Hence 1:(T') =8. O

Proposition 3.1. Let I' = Cay(Z, X Zgay,s, ®), where a, 3 > 1. Then diam(I") =
3.

Proof. Let (u,v), (u,v") € V(I'). Then we have the following three possibilities:

i) u=u" and v # v'. In this case d((u,v),(u ,v')) > 2. Suppose that v and v’
are both even or odd. Hence by case i) of Lemma 3.1, d((u,v), (u ,v)) = 2. Since
in Zg X Zgey, g we have two connected components, where in each of them, if u = u

then v and v are both even or odd.

Assume that one of either v or v' is even. W1thout loss of generality let v
is even and v’ is odd. Also let (u”,v") where u # u, is common neighbor be-
tween (u,v), (u',v). If v be even then v — v ¢ Poaps and if v" be odd then

v —v ¢ ©9aps. Thus we have no common neighbor between (u,v) and (u',v').

1"

Hence d((u,v), (u',v')) > 3. We consider uw',u” # u, if vand v* be multiple of
p, then (u, v)(u”,p —2)(u”,p —1)(u,v") is a path of length 3 between (u v) and
(u',v"). Ifvand v be non-multiple of p, then the path (u,v)(u”, p)(u” 20 Vu',v')
is connected. If v be multlple ofp and v be non-multiple of p, since v — v € gap

" ’ 1"

then (u,v)(u ,v )(u

1) u # u and v = v'. In this case (u//,v — 1) where v’ # w,u is common
neighbor of (u,v) and (u ,v ). Hence d((u,v), (u ,v)) = 2.

,v)(u',v") is a path of length 3 between (u,v) and (u',v').
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iii) u £ u and v £ v'. If (u,v) and (u',v") be adjacent then d((u,v), (u',v)) =
1. Now assume that (u,v) and (u/,vl) are not adjacent. Let v and v" be both even
or odd. Then by case i) of Lemma 3.1, we know that there is a vertex (u”,v”),
where v # u,u’ and v is adjacent to v and v, that is adjacent to both (u,v) and
(u',v"). Thus d((u,v), (u',v")) = 2.

Now let one of either v or v” is even. Then by second paragraph of case i) and
also by using of case ii) of Lemma 3.1, we see that d((u,v), (u’,v")) = 3. Therefore
diam(I") = 3. O

Proposition 3.2. Let ' = Cay(Z, X Zsa

i) (') = 6.
1) v.(T') is given by Table 3.1.

D), where a, 8 > 1. Then

)

Table 3.1: v.(Cay(Zy X Zgaps, ®)) where o, 3 > 1.

r ~e(I") | Comments
Cay(Zy X Lgays, P) 7 p=3
Cay(Zy X Lgops, P) 6 p>5

Proof. i) Let («, 8) = (1,1). By [8, Proposition 3.1], we see that v(I') = 4 and D =
{(0,0),(0,1), (1,p), (1,p+1)} is a y-set for I'. Vertices of D are not adjacent to each
other. Hence v(I') > 4. Let a vertex say (u,v) dominates all vertices of D. Then
(u,v) is adjacent to (0,0) hence (u,v) € ®. On the other hand (u,v) is adjacent
to (0,1) thus (u,v) ¢ ®, which is impossible. We conclude that ~(T') > 5. Since
vertex (p—1,p—1) is adjacent to vertices (0, 1), (1,p) and also vertex (p—1,2p—1)
is adjacent to vertices (0,0), (1,p+1). Hence T = {(0,0), (0,1), (1,p), (1,p+1), (p—
L,p—1),(p—1,2p—1)} is a y-set for I

Finally (o, 8) # (1,1). In this case by [8, Proposition 3.3], (') = 6 and D’ =
{(0,0),(0,1),(1,2),(1,3),(2,4),(2,5)} is a y-set for I". If p = 3, then we find that
vertices (0,0),(0,1),(1,3) are adjacent to vertices (2,5),(1,2),(2,4), respectively
and if p > 5 then vertices (0,0),(1,3),(2,4),(0,1),(1,2) are adjacent to vertices
(1,3),(2,4),(0,1),(1,2),(2,5), respectively. Thus D’ becomes a ~;-set for T'.

Note that both 7 and D’ are two ~v¢-sets for I', where a, 3 > 1. Therefore
(') = 6.

i1) By using a similar argument given in the proof of case i), we have v.(T") > 6.

Assume first that p = 3. Then the subgraphs generated by T and D' are discon-
nected. Since the subgraph generated by D’ has exactly three connected compo-
nents which are induced subgraphs generated by sets {(0,0),(2,5)}, {(0,1),(1,2)}
and {(1, 3), (2,4)}, also the subgraph generated by T has exactly two connected com-

ponents which are induced subgraphs generated by sets {(0,1), (1,p),(p—1,p—1)}
and {(0,0), (1,p+1),(p — 1,2p — 1)}. We conclude that .(I') > 7.



Domination Parameters and Diameter of Abelian Cayley Graphs 703

Note that vertex (0, p) is adjacent to vertices (p—1,p—1) and (1, p+1). Therefore
C ={(0,0),(0,1),(1,p), (L,p+1),(p—1,p—1),(p—1,2p—1),(0,p)} is a connected
dominating set for I' with minimum cardinality. Therefore ~.(T") = 7.

Now suppose that p > 5. According to the proof of final part of case i), we
see that D" becomes a connected dominating set for I' with minimum cardinality.
Therefore in this case 7.(I') = 6. O

Proposition 3.3. LetT' = Cay(Z, xZ
diam(T") = 2.

pogs> ), where p,q > 3 and o, f > 1. Then

Proof. Let (u,v),(u',v") € V(T'). Then we have the following three possibilities:

i) u=u and v # v . Hence d((u,v), (u',v")) > 2. Let v and v" be multiple of
pq, then (v —1,pg — 1) is common neighbor of (u,v) and (u/,v,). Let v,v € Pporgh s
then (u — 1,pq) is adjacent to both (u,v) and (u',v). Let v and v" be multiple of
p, then ¢ is adjacent to both v and v. Also let v and v be multiple of g, then p is
adjacent to both v and v". So d((u,v), (u',v")) = 2. Let v is multiple of p and v’ is

v4v
2

common neighbor of (u, v) and (u/, v/). Assume that v = kpand v = k'¢; k,k € Z.

Then v — 4% = =2 = kp;k 4. Suppose that kp;k 1 ¢ p0qs and without loss

multiple of ¢. If v and v" be both even or odd, then we show that (u—1, )is a

of generality assume kp;k 1 = k”p; k" € Z. Then kp — k/q = 2k//p which implies

kp—2k"p =k q. Hence (k=2k_); = ¢, which is impossible, since ¢ is not a multiple

k/
’ ’
kp—k q v4v
of p. Hence 5 5

L If one of either v or v" be odd, then 2(v + v) is adjacent to both v and v’
Assume that v = kp is even and v o= qu is odd. Without loss of generality let

2(v + v,) —v=v+4+20 =k p. Then kp + 2k'q = k" p. This implies (k%_,k )p =g,

which is impossible. Thus v is adjacent to 2(v + v,). Similarly v s adjacent to
2(v +v ). Hence d((u,v), (u,v)) = 2. Let v be multiple of p or ¢ and v € @pays.

. Similarly v is adjacent to

€ Ppags, and v is adjacent to

Assume that v and v" be both even or odd. If v — v’ € Ppags then it is easy to see

that ”Jg” is adjacent to both v and v and if v — v’ & Ppage then v — v s adjacent
to both v and v. Now suppose that one of either v or v’ is odd. If v be multiple of
p then v ¢ is adjacent to both v and v . If v be multiple of ¢ then v p is adjacent
to both v and v . Moreover if v be multiple of pg then v (p + ¢) is adjacent to both
v and v . Thus d((u,v), (u,v)) = 2. Let one of either v or v is multiple of p or
q and other is multiple of pg. We know that +2 and —2 is adjacent to all of the
multiple of pg. Since by proof of [8, Proposition 3.1], A = 2, hence v is adjacent
to +2 or —2 or both of them. So we have a common neighbor between (u,v) and
(u,v ). Therefore d((u,v), (u,v)) = 2.

i) u# u and v =v". In this case the vertex (u",v — 1) where v # u,u’, is a
common neighbor of (u,v) and (u ,v ). Thus d((u,v), (u,v)) = 2.

iii) u # v’ and v # v'. Hence by i) and ii), d((u,v), (u',v)) = 2.

Therefore diam(T') = 2. O
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Proposition 3.4. LetI' = Cay(Zy X Zyogs, ®), where p,q > 3 and o, > 1. Then
v(I') and ~.(T') is given by Table 3.2.

Table 3.2: ~v4(Cay(Zy X Zyogs, ®)) = ve(Cay(Zy X Zpogs, ®)) where p,q > 3 and
o, B =1

I Y (L), ve(I') Comments
Cay(Zp X Zipags, P) ) one of the prime factors is 3
Cay(Zy X Lypogs, P) 4 p,q>5

Proof. Assume first that one of the prime factors is 3. Let («,3) = (1,1). Then
by [8, Proposition 3.1], (') = 4 and D = {(0,0),(0,1), (1,2'), (1,¥')} is a ~-set
for T', where z,2’ and y,y’ are consecutive integers in Z,,, each of which shares a
prime factor with pg where 2’ is a multiple of p and 3’ is a multiple of q. Note that
vertices of D are not adjacent to each other. Hence ~(I') > 4. Also D is dominated
by {(2,2)}. Thus T = {(0,0),(0,1),(1,2'), (1,¥"),(2,2)} is a y;-set and ~v.-set for
.

The next case is where (o, 8) # (1,1). By [8, Table 1], v(I') = 5 and D =
{(0,0),(0,1),(1,2),(2,3),(2,4)} is a 7-set for I". Vertices (0,0),(2,4),(1,2),(0,1)
are adjacent to vertices (2,4), (1,2),(0,1),(2,3), respectively. Hence D dominates
all vertices of I' and the subgraph generated by D is connected. Thus D becomes
a yi-set and ~y.-set for I". Therefore v (I') = 7.(T") = 5.

Finally assume that p,q > 5. Then by [8, Proposition 3.1, Table 1], v(T") = 4
and D = {(0,0),(1,1),(2,2),(3,3)} is a y-set for I'. Since p,q > 5 then vertices of
D dominate among themselves. Therefore 1(I') = ~.(I') =4. O

As an immediate consequence of Lemma 3.2 and Propositions 3.2, 3.4, we have
the following theorem.

Theorem 3.1. LetI' = Cay(Z, x Z
v(I) and ~.(T') is given by Table 3.3.

pogts ®), where p,q > 2 and o, > 1. Then

Table 3.3: v:(Cay(Zy X Zpags, P)), ve(Cay(Zy X Zyays, ®)) where o, 8 > 1.

r 7 (T) e(T) Comments
Cay(Zo X Lgays,P) 8 does not exist
Cay(Zy X Loy, P) 6 7 p=3
Cay(Zy X Zgoys, P) 6 6 p>5
Cay(Zy X Lypogs, P) 5 5 one of the prime factors is 3
Cay(Zy X Lyogs, P) 4 4 p,q>5
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Example 3.1. The graph I' = Cay(Z2 X Zyy32,®P), which is shown in Figure 3.1, is
a disconnected graph with two connected components, say I'y and I's. Thus ~.-set
does not exist for I'. In this graph two sets 71 = {(0,0),(0,4),(1,1),(1,3)} and T> =
{(0,1),(0,3),(1,0), (1,4)} are ~y;-sets sets for I'y and I'y, respectively. Hence 7 (I") = 8.

F1c. 3.1: Two connected components of I' = Cay(Za X Zay32, ®), left 'y, right T'y

Example 3.2. Let p = 3, ¢ = 5. Then total and connected dominating set of I' =
Cay(Zs x Z15,®), which is shown in Figure 3.2, is {(0,0), (0, 1), (1,6), (1, 10), (2,2)}.

F1G. 3.2: The graph I' = Cay(Z3 X Z15, ®) and its total dominating set.

4. Total and connected domination number and diameter of
Cay(Zy X Lo sy, P)

Let p,q,r be three prime numbers, «, 3,7 positive integers and ® = ¢, X Qpags,~ .
In this section, we obtain the total and connected domination number of Cay(Z, x
Lo g, ®) and we extend the results in the previous section for diameter of this
graph.
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Lemma 4.1. Let I' = Cay(Zy X Zgags v, ®), where p,q,r are distinct prime num-
bers and a, B,y > 1. Then diam(I") = 3.

Proof. T is a disconnected graph with two connected components, say I'y and T's,
where V(T'1) = {(1,v)|v is odd} U{(0,v)|v is even} and V(I'3) = {(0,v)|v is odd} U
{(1,v)|v is even}.

Let (u,v), (u',v") € V(I';). Then we have the following two possibilities:

i)u=u,v#v. Since u =u hence d((u,v),(u,v)) > 2. Now by Table 4.1
we show that d(( v),(u',v)) = 2. In this table, When 0,0 are odd we have
w=u =1, u —Oandwhenv v’ are even we have u = u’ =0, u' =1. We prove
the rows 67 8 of the table and the rest is similarly proven.

Let v,v" are odd and v = kq, v = k/qr, kk ez 1f HTU be non-multiple of ¢

then we show that

”2” is adjacent to both v and v

Let k' € Z. If v — " = 2k", then k(g — 1) — K'r = 2k". This implies

k= %q_#. Since 2k —|— k'r is odd and q — 1 is even hence k is non-integer, which
is impossible. If v — T = k"¢, then ¥tv = (k- K )q, which is inaccurate because

’

v4v
q

is non-multiple of q. Moreover 1f v — ”'Z” = k"r, then k = (%)r. But

v4v
q

we know that k is non—multiple of r. Sowv — € Poagsry and similarly v s

/

. / " ! . .
adjacent to % q . Since u” is adjacent to u,u thus (u , ”'Z” ) is common neighbor

between (u,v), (u',v). Similarly it is easy to see that if ”J;” be multiple of ¢ then

(u”, ”J;“ + 2r) is adjacent to both (u,v) and (u’,v").

Let v € gogaqam,vl = kqis odd and k,k" € Z. If v — (v+ ’U/)T = 2k", then
v=2k"+ (v—|—v,)r Hence v is even, which is inaccurate. Also ifv— (v—|—v,)r =k'q,
then v = (’C +hr)g and if v — (v+v)r =k'r, then v = (k" + v+ v')r, which are
impossible. Hence v is adjacent to (v 4+ v )r. Similarly it is easy to see that v" is
adjacent to (v+v)r. Therefore (u”, (v+v")r ) is adjacent to both (u,v) and (u',v").

i) u#u,v#v. Ifv be adjacent to v, then d((u v), (u',v")) = 1. Suppose
that v be non-adjacent to v, since u ;é u and u,u € Zga, hence we have no
common neighbor between (u,v) and (u',v"). This implies that d((u,v), (v ,v')) >
3. Without loss of generality assume that v = 0 and u =1. Now by Table 4.2 we
show that d((u,v), (u',v")) = 3. In this table u,u” = 0 and also v ,u" = 1. Now
we prove the ﬁfth row and the rest is similarly proven. Let v = 2kr k € Z and
v e Poagsyrv. Clearly u, u' are adjacent to u/ u'.

First we show that v is adjacent to q. Let k' e

Ifv—qg= 2k”, then ¢ = 2(kr — k”).

1"

+1
2k

" k
Ifv—qg=k q, thenr = )q.
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Ifv—q= k//r, then ¢ = (2k — k”)r.
In all three cases, we came across a contradiction. So v — q € Ygays,~.

Next we prove that ¢ is adjacent to (¢ + v/)r.

If (g+v)r—q=2k, then k = %
/ " CE —r 41
If (g+v)r—qg=%k q, thenv :(++)q.

If (g+v)r—qg=Fk r, theng=(q+v —k )r.

. . . . . " . . ’ . .
which is impossible, since k£ is integer and v € ga4s,+ and also ¢ is non-integer
of r.

Finally we show that (¢ + v )r is adjacent to v .

If (g+v)r—v =2k, then k = %
/ ’ " ’ k”—’f‘
If (g+v)r—v =k ¢, thenv = ( 1)q.
r—

If (g+0v)r—v =k r, thenv = (qg+v —k )r.
Again which are impossible. This implies that (u,v)(u",¢)(u", (¢ + v )r)(u',v")
is shortest path between (u,v) and (u',v’). Thus diam(I';) = 3 and similarly
diam(T'z) = 3. Therefore diam(I") =3. O

Lemma 4.2. Let I' = Cay(Zy X Zoags,~, ®), where o, 3,7 > 1. Then ~.(I') does
not exist and 1 (T') = 12.

Proof. Clearly I is a disconnected graph with two connected components say I'; and
Ty. Let V4 = V(I'1) and Vo = V(I'). Then Vi = {(1,v)|v is odd}U{(0,v)|v is even}
and V2 = {(0,v)|v is odd} U{(1,v)|v is even}. Hence by the definition of connected
dominating set, 7.-set does not exist for I.

Let (o, ,7v) = (1,1,1). Then we find by [8, Lemma 4.1], that v(I") = 8 and
Dy ={(0,0),(0,2), (1,z4), (1,24)} and D2 = {(0,1),(0,3), (1, z5), (1,z%)} are mini-
mal dominating sets for T'y and Ty respectively, where X? = {1, 72, 23, 74, 75} and
X? = {,ah, 2%, o, 25} are consecutive integers in Zg,,., each of which shares
a prime factor with 2¢r. Since vertices of D; are not adjacent to each other,
we conclude that (1) > 4. On the other hand it is clear that D; is not
dominated by one vertex. Hence v,(I'1) > 5. Vertex (1,1) is adjacent to ver-
tices (0,0),(0,2) and vertex (0,4) is adjacent to vertices (1,z4),(1,2}). Thus
Ty = {(0,0),(0,2),(0,4),(1,1), (1,24),(1,2)} dominates all vertices of I';. Sim-
ilarly 7o = {(0,1),(0,3),(0,5),(1,2), (1, z5), (1,2%)} dominates all vertices of I's.
Hence 7:(T") = 12.
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Table 4.1: Common neighbor between (u,v), (u',v') in T = Cay(Zy x Liyor gy, @)

u=u,v#v common neighbor Comments
v, ’Ul = (pQQqﬂr’Y (u,,v 2(]7")
v,v are odd and multiple of ¢ (u,2r)
v,v are odd and multiple of r (u ,2q)
v,v are odd and multiple of ¢r (u”, 2)
v is odd and multiple of ¢ (u”, ”;” ) if % be even
and v’ is odd and multiple of r (u”, ¥ 4 gr) if “£2 be odd
v is odd and multiple of ¢ (u”, ”Z” ) if ”T” *kq, keZ
and v’ is odd and multiple of gr (u”, ”Z” +2r) | if ”T” =k'q kK €
v is odd and multiple of 7 (u”, ”'/’;f’ ) if % #£kr, kel
and v’ is odd and multiple of gr (u”, ”t” +2q) | if ”T” =k'r, k €Z
U € Poa g8y and v" is odd and multiple of ¢ (", (v+v)r)
U € Poays,y and v is odd and multiple of r (u",(v+v)q)
U € Pgags,~ and v is odd multiple of gr (u,(v+v)2)
v,v are even and multiple of r (u”,q)
v,v are even and multiple of ¢ (u”,r)
v,v are even and non-multiple of ¢ and r (u ,qr)
v,v are even and multiple of 2qr (u ,2qr—1)
v is even and multiple of ¢ (u”, ) if ”“;”, be even
and v is even and multiple of r (u”, vy if “t2 be odd
v is even and multiple of gr (u ; %) if %, € Poagh
and v is even and non-multiple of (u ,% +qr) if % & 0oagspm
q and r
v is even and multiple of ¢r (u”, % +qr) if % +*kq, kel
and v’ is even and multiple of ¢ (u”, % +7) if % = k/q, K e
v is even and multiple of ¢r (u”, L +qr) if ”7 *kr, kel
and v’ is even and multiple of 7 (u”, % +q) if ©- = Er, k ez

Let (o, B8,7) # (1,1,1). Then by [8, Lemma 4.3], v(I') = 12. Indeed D, =
{(0’ 0)7 (0’ 2)7 (0’ 4)7 (1’ 1)7 (1’ 3)7 (1’ 5)} and D2 = {(0’ 1)7 (0’ 3)7 (0’ 5)7 (1’ 0)7 (1’ 2)7 (1’ 4)}
are minimal dominating sets for T';, T'a, respectively. Vertex (1,1) is adjacent

to vertices (0,0), (0,2) and vertex (0,4) is adjacent to vertices (1, 3),(1,5).
Similarly Ds becomes a ~-set for I's.

D; becomes a yi-set for I'y.

Thus
Therefore

Proposition 4.1. LetT' = Cay(ZyXxZgaps,, ®), where a, B,y > 1. Then diam(T") = 3.
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Table 4.2: Shortest path between (u,v), (u',v") in T' = Cay(Za x Liyor gy, @)

utu,vEv

shortest path between (u,v), (u,v")

Comments

v = 2kqr, k € Z,v/ € Poagbry

(u, v)(uI , v,)

d((u,v), (u,0)) =1

v is multiple of 2¢gr and
v’ is odd and multiple of ¢

(u,v)(w ,D(u ,(14+v)r)(u,v)

v is multiple of 2¢gr and
v’ is odd and multiple of r

(w,0)(u, Du, (1 +v)g)(u,v)

v is multiple of 2¢r and
v’ is odd and multiple of gr

i

(u,v)(w 1), (1+2)2)(u ,v)

v=2kr keZuv € PoogBry

(u,0) (", @) (", (g + 0 )r)(u’,v)

v is multiple of 2r and (u,0)(u”, q) (", %)(u/, v') if q+271/ be even
v" is odd and multiple of (u,v)(u”, q)(u”, oy 4 qr)(u',v") if Z£% be odd

v is multiple of 2r and
v’ is odd and multiple of ¢

777 7 7

(u,0) (", q)(u”, 2r)(u’, V)

v is multiple of 2r and

v’ is odd and multiple of gr

(u,0)(u” )", ) (o)

(u,0) (0", g) (", S+ 2r) ()

if‘ﬁT”J;Akq,keZ
1fq+T”=/{q,k'eZ

v =2kq,k € Z,v € Pragsyv

(w,0)(u_,r)(u_, (r+v)g)(u,v)

v is multiple of 2¢ and

v’ is odd and multiple of ¢

(w,0) () (", 5 ) (o)

(u, v)(u//, T)(um, TJ;” + qr)(u/,v/)

T

if £ be even
/

if % be odd

v is multiple of 2¢ and
v’ is odd and multiple of r

(u,0)(u”,r) (", 2q)(u’,0)

v is multiple of 2¢ and

v’ is odd and multiple of gr

"

(u,0) (), ) ()

(u’ ’U)(u//v T) (uma HTU +2q) (u/, U/)

if T L oy k€
if £ = k'K €Z

v=2kke€ Z,v, € Paghry

(u,0)(u”,qr)(u”, (gr +v)2)(u’, )

v is multiple of 2 and

v’ is odd and multiple of ¢

(o) qr) () )

L o))

1f%7ékq,kez
1f%:/{q,/{ez

v is multiple of 2 and

v’ is odd and multiple of r

(u,0) (", qr)(u
(uv)(u”,qr)(u”, E) (')

(u,v)(, qr)(u”, T 4 2g)(u',0)

if L L kr k€ Z
e

v is multiple of 2 and
v’ is odd and multiple of ¢qr

(u,0) (", qr) (™, 2)(u’,0)

Proof. We proceed along the lines of Theorem 4.1, and ¢ := p. Let (u,v), (u,,vl)

are arbitrary vertices of I'. Then we have following three possibilities:

u=u',v#v. Weknow that d((u,v), (u',v")) > 2. Assume that v and v" are
both even or odd. Thus by case i) of Theorem 4.1, we have d((u,v), (u ,v)) = 2.
Suppose that one of either v or v is odd. Hence we have no path of length 2 between
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(u,v), (u,v"). Now we show that d((u,v), (u',v')) = 3. Without loss of generality
assume that v is even and v’ is odd. If v be multiple of 2pr and v’ be multiple of
pr, then (u,v)(u”, pr—2)(u",pr—1)(u’,v') is a path of length 3 between (u,v) and
(u',v"), where u = v’ # 4" #u" . If v be multiple of 2pr and v € Poapsyy, NOtE
that v and v" are adjacent, then (u,v)(u",v")(u"",v)(u,v") is a shortest path. For
other cases of v and v we are using of Table 4.2, where u = u #* u’ #+ o

i) u# u',v =v". In this case vertex (u ,v — 1) is a common neighbor between
(u,v) and (u',v"), where v # u,u’. Thus d((u,v), (u’,v")) = 2.

1) u # u v #+ v'. Let v and v be both even or odd. Then by Table 4.1, where
u' # u,u’, we see that d((u,v),(u,v')) = 2. Let one of either v or v be even
and other be odd. Then by Table 4.2, where u = v and v = u//, we see that
d((u,v), (u',v")) = 3. Therefore diam(I') = 3. [

Proposition 4.2. Let I' = Cay(Zy X Zgaps,~, ®), where o, 3,7 > 1. Then v4(T")
and ~y.(I") is given by Table 4.3.

Table 4.3: v;(Cay(Zy X Zgeps,, ®)) and ve(Cay(Zy X Zoaps,~, P))

r (1) | (1) Comments
Cay(Zy X Lgopsy~, ) 10 12 one of the prime factors is 3
p=3
Cay(Zy X Lgaps,~, P) 10 10 one of the prime factors is 3
p=25
Cay(Zy X Lgops,~, P) 8 8 p,r>5

Proof. Assume first that one of the prime factors is 3. In this case if (o, 8,7) =
(1,1,1) then by [8, Lemma 4.2], v(T") = 8 and

D= {(07 0)7 (07 1)7 (07 2)7 (07 3)7 (17 $4)7 (1,1‘:1), (17 ‘TS)v (17 ‘T;’))}

is a y-set for T'. Vertices of D are not adjacent to each other. Hence v;(T") >
8. Note that D is not dominated by one vertex, since every vertex (u,v) € V,
where v is an odd (even) integer, is not adjacent to the vertex (u',v’), where
v is an odd (even) integer. This implies that (') > 9. Now we take an-
other dominating set with cardinality 10. By [8, Proposition 4.4], we have D =
{(0,0),(0,1),(0,2),(0,3),(1,4),(1,5),(2,6),(2,7),(2,8),(2,9)} is a dominating set
of T. If the other prime factor is 5, then vertices (0,0), (0, 1),(0,2),(0,3),(1,5)
are adjacent to vertices (2,7),(2,8),(2,9),(1,4), (2,6), respectively. Also let other
prime factor be > 7 then vertices (0, 0), (0, 1), (0, 2), (0, 3), (1, 4) are adjacent to ver-
tices (1,5),(2,6),(2,7),(2,8),(2,9), respectively. Hence D becomes a v;-set for T.
Therefore v, (I") = 10.

Let (o, 8,7) # (1,1,1). By [8, Proposition 4.4], v(T') = 10. By previous para-
graph, v(T") = 10.



Domination Parameters and Diameter of Abelian Cayley Graphs 711

Now we find the connected domination number of I' where one of the prime
factors is 3. By above discussion v.(I") > 9. We use again from D .

Let p = 3. Without loss of generality assume that » = 5. Then the subgraph
generated by D' has exactly five connected components which are induced the sub-

graphs generated by sets {(0,0), (2,7)}, {(0,1), (2,8)}, {(0,2),(2,9)}, {(0,3),(1,4)}
and {(1,5),(2,6)}. Hence 7.(I') > 10. Let a vertex say (u,v) € V(T'), where v is
an odd integer, dominates all vertices (0,0), (2,8), (0,2), (1,4),(2,6). Since u € Zg,
it is impossible. This implies that ~.(I') > 11. Next consider another dominating
with cardinality 12.

Let
={(1

A (1,1),(2,2),(1,4),(2,5),(1,7),(2,8),(1,10), (2,11)},
B ={(0,0),(2,2),(0,3),(2,5),(0,6),(2,8),(0,9),(2,11)}

and
C ={(0,0),(1,1),(0,3),(1,4),(0,6),(1,7),(0,9), (1,10)}.

Then A, B and C dominate {(0,v)|v € Zgazs,~ }, {(1,0)|v € Zyazs,~ } and {(2,v)|v €
Zyaszs ) respectively. Thus

D" ={(0,0),(1,1),(2,2),(0,3), (1,4),(2,5), (0,6), (1,7), (2,8), (0,9), (1,10), (2,11)}

is a dominating set for I'.  Both vertices next to each other in D" are adjacent.
Hence the subgraph generated by D is connected. Therefore ~.(T") = 12.

Letp > 5. Then D" = {(0,0), (1,1),(2.2). (3,3), (4,4),(0,5), (1,6). (2,7), (3,8),
(4,9)} is a dominating set for I'. Both vertices next to each other in D are adja-
cent. Thus the subgraph generated by D is connected. Therefore ~.(I") = 10.

Finally assume that p,r > 5. By [8, Lemma 4.2, Proposition 4.4], v(T') = 8 and

111

by using a proof of proposition 4.4, we know that D = {(0,0), (1,1), (2,2), (3, 3),
(4,4),(2,5), (1, 6/)“, (0,7)} is a y-set for T, /\/there a, 8,7 > 1. Both vertices next to
each other in D are adjacent. Hence D is a 4-set and 7.-set for I'. Therefore
() =7.(I) =8 O

Proposition 4.3. LetI' = Cay(Zy X Zpyoys,~, ®), where p,q,7 > 3 and o, B, > 1.
Then diam(I") = 2.

Proof. Let (u,v), (u',v) are arbitrary vertices of T'. Then we have following three
possibilities:

i)u=u',v#v. By Table 4.5, we show that d((u,v), (u,v")) = 2. In this table
u' # .

i) u# u and v =v". In this case the vertex (u",v — 1) where v # u,u’, is a
common neighbor of (u,v) and (u ,v ). Thus d((u,v), (u,v)) = 2.

iii) u # v’ and v # v'. Hence by (i) and (i), d((u,v), (u,v")) = 2.

Therefore diam(T') = 2. O
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Table 4.4: Common neighbor between (u,v), (u',v") in T' = Cay(Z, x /R )
u=u,v#0 common neighbor Comments
UV, U € Ppaghpy (u_, pqr)
v,v are multiples of pgr (u ,pgr —1)

v,v are multiples of pq

(u ,r)

v, v are multiples of pr

77

(u,q)

v,v are multiples of gr

v,v are multiples of p

v # v and each of them is

multiple of one of the prime factor

and both of them are even or odd

. ’
ifv—v € ppagsrm

. ’
ifv—v & @pagsm

v is multiple of p
and v’ is multiple of pq

1f % E @paqﬁr'y

if % be multiple of p

v is multiple of p
and v’ is multiple of pr

1f % E @paqﬁr'y

if % be multiple of p

v is multiple of p
and v’ is multiple of gr

if v, v’ be both even or odd
if one of them be odd and other
be even

v is multiple of p
and v’ is multiple of pgr

if % be non-multiple of p
if % be multiple of p

v is multiple of p
and v € Ppagsrm

if v, v be both even or odd
if one of them be odd and other
be even

v, v are multiples of ¢

(u,p)
(u_,qr)
)
(u ,2(v+wv))
(’lf/ ) (%)T +pq7')
(uw,(3)r+qr)
(u”, (3)a+par)
(. (Fla+ar)
) (u”’ ’U-S’U, )
(u,2(v+v))
(u", 5+ par)
(v, 3 +ar)
(u”vﬁ(v + v )qr)
(u,vqr)
(u,pr)

v is multiple of ¢

/ (w, ()r +pqr) if 2 € ppags
and v is multiple of pq (u, (%)r +pr) if 2 be multiole of ¢
v is multiple of ¢ (u, (%)p + pqr) if 2 € ppagam
and v’ is multiple of gr (u//, (%)p + pr) if % be multiole of ¢
v is multiple of ¢ (u”, ”“;”/) if v,v" be both even or odd
and v is multiple of pr (w200 +") if one of them be odd and other
be even
v is multiple of ¢ (w, % + pqr) if % be non-multiple of ¢
and v’ is multiple of pgr (u//, % +pr) if % be multiple of ¢
v is multiple of ¢ (u,(v+v)pr) if v,v be both even or odd
and v € Opecghry (u”, v pr) if one of them be odd and other

be even
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Table 4.5: Shortest path between (u,v), (u',v") in T' = Cay(Zy x Liyor gy, @)

u=u,v#v common neighbor Comments
v,v are multiple of r (u”,pq)
v i/s multiple of r (1/1/ ,(£)q + par) if 2 € ppagsp
and v is multiple of pr (u ,(2)q +pq) if 2 be multiole of r
v i/s multiple of r (1/1/ , (7)p + par) if € ppagsrm
and v is multiple of ¢r (u, (Z)p+ ]?q) if = be multiole of r
v is multiple of r (u”, vy ) if v,v" be both even or odd
and v is multiple of pg (u’,2(v+v")) if one of them be odd
v }s multiple of r (1/1/ ;2 4 pgr) if ¥ be non-multiple of r
and v is multiple of pgr (u , 24 pq) if 2 be multiple of r
v is multiple of r (u, (v+v)pqg) if v,v be both even or odd
and v’ € PpogBr (u//, v/pq) if one of them be odd
v is multiple of pq (u”, %) if v"'v € Ppaghry
and v’ is multiple of pr (u”, ”*;’ +qr) if ”'“’ be multiple of p
v is multiple of pq (u”, ”";’ ) if v"'v € Ppaghry
and v" is multiple of rq (u//, vty + pr) if ﬂ be multiple of ¢
v is multiple of pr (u”, vty ) if Y € ppagsry
and v’ is multiple of rq (u”, ”'H’ +pq) if ”t” be multiple of r
v = kp/q, keZnv e Ppagsry and (u”, ”2“ ) if v— U// € Ppoghy
v,v are both even or odd (' v—1") if v—v ¢ ppags
one of the v or v" is odd (u// UIT) ifo—ov ¢ Do gBr
v = lq?r, keZ, v e Ppagsryand (u”, ”“;” ) if v— v// € Ppaghrv
v,v are both even or odd (', v—10") ifv—v & @pags
one of the v or v" is odd ( " 0'q) ifv—v ¢ DpogBry
v = kq/r, ke Z,UI € Ppagsyry and /(/u”, Jg/ ) if v— U € Ppaghry
v,v are both even or odd (u, v = ) if v — U & Ppogr
one of the v or v" is odd (u”,v'p) ifo—ov ¢ Dpo gBr
by Proposition 4.5[8], A =4
v=kpgr,k € Z and v’ (u”, +4) or (u”, —4) | then pgr is adjacent by +4
is multiple of pq or pr or gr and pq, pr, qr are
adjacent by +4 or —4
v is multiple of pgr (u”, ”*;’ ) if v,v" be both even or odd
and v € Opoghrr (w20 +0")) if one of them be odd

Proposition 4.4. LetT" = Cay(Zy X Zpo ys,~, ®), where p,q,r > 3 and o, B, > 1.
Then v+(T) and ~.(T) is given by Table 4.6.
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Table 4.6: v (Cay(Zy X Zyo go,~, ®)) and v.(Cay(Zy X Zyo 4o,+, P)) where p,q,7 > 3

r 7 (1), 7e(I) Comments
Cay(Zp X Lyoger,®) | 6 < 44(I'),7:(I') < 8 | one of the prime factors is 3
Cay(Zy X Lyogsr, P) 5 p,q, 7 >5

Proof. By using the [8, Proposition 4.5], D,D", D", D" are minimal dominating
sets for various cases in this graph. Clearly the subgraphs generated by D, Dl, D"
and D" are all connected. Therefore 4(T') = 7(I') = ~v.(I'). O

As an immediate consequence of Lemma 4.2 and Propositions 4.2, 4.4, we have
the following theorem.

Theorem 4.1. Let I' = Cay(Zy X Zyo,,+,®), where p,q,r > 2 and o, 3,7 > 1.
Then v¢(T")and v.(T") 4s given by Table 4.7.

Table 4.7: v,(Cay(Zy X Zpoyp,~, P)) and v.(Cay(Zy X Zyogp,+, P)) where o, 3,7 > 1

r 7(T) Ye(T) Comments

Cay(Zo X Lgays,~, P) 12 does not exist

Cay(Zy X Lgopsy~, ) 10 12 one of the prime factors is 3
p=3

Cay(Zy X Lgopsr~, P) 10 10 one of the prime factors is 3
p=5

Cay(Zyp X Loaps,~, P) 8 8 p,r>5

Cay(Zy X Lyogsrr, ®) | 6 <7 (') <8 | 6 <7.(I') <8 | one of the prime factors is 3

Cay(Zyp X Lyogs,, P) 5 5 P, ¢, >5

As an immediate consequence of Lemmas 3.1, 4.1 and Propositions 3.1, 3.3, 4.1, 4.3,
we have the following theorem.

Theorem 4.2. Let ' = Cay(Z, x Zp, ®), where m € {p“q”®,p*¢?r7'}. Then

1) diam(T") = 3 where one of the prime factors is 2.

2) diam(T") = 2 where p,q,r > 3.

Remark 4.1. Let p1,p2,...,pr be consecutive prime numbers, p1 = 3, o, 1, a2, ..., Qg
are positive integers, a > 2, and ® = 2 X Poaptt o2 ok Then by [8, Theorem 4.7], we
1p52 . pp

have vy(Cay(Z2 XZzap‘fl P22 pok s ®)) > 4k+4. Therefore . (Cay (Z2 XZzap‘fl P22,

4k + 4. Since T is a disconnected graph, the 7.-set does not exist for I'.

:‘7“@)) >

P
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