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Abstract. In this paper, we classify conformal surfaces of revolution in hyperbolic
3-space H

3(−c
2) satisfying an equation in terms of the position vector field and the

Laplace operators with respect to the first, the second and the third fundamental forms
of the surface.
Keywords: hyperbolic 3-space; Laplace operators; fundamental forms of the surface.

1. Introduction

Surfaces of revolution is form of the most easily recognized class of surfaces.
The use of surfaces of revolution is essential in many fields such as physics and
engineering. Surfaces of revolution have been well known since ancient times as
well as common objects in geometric modelling which can be found everywhere in
nature, human artefacts, technical practice and also in mathematics. Furthermore,
many objects from everyday life such as cans, table glasses and furniture legs are
surfaces of revolution. The process of lathing wood produces surfaces of revolution
by its very nature [1, 19].

The notion of finite type immersion of submanifolds of a Euclidean space has
been used in classifying and characterizing the well known Riemannian subman-
ifolds. Chen posed the problem of classifying the finite type surfaces in the 3-
dimensional Euclidean space E

3. A Euclidean submanifold is said to be of Chen
finite type if its coordinate functions are a finite sum of eigenfunctions of its Lapla-
cian ∆ . Further, the notion of finite type can be extended to any smooth function
on a submanifold of a Euclidean space or a pseudo-Euclidean space. The theory of
submanifolds of finite type has been studied by many geometers [7, 11].

In H
3(−c2), surfaces of constant mean curvature H = c are particularly inter-

esting, because they exhibit many geometric properties in common with minimal
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surfaces in E
3. This is not a coincidence. There is a one-to-one correspondence, so-

called Lawson correspondence, between surfaces of constant mean curvature Hh

in H
3(−c2) and surfaces of constant mean curvature He =

√
H2

h − c2. Those
corresponding constant mean curvature surfaces satisfy the same Gauss-Codazzi
equations, so they share many geometric properties in common. Lee and Zarske
constructed surfaces of revolution with constant mean curvature H = c and mini-
mal surfaces of revolution in hyperbolic 3-space H3(−c2) of constant curvature −c2.

In addition, they have showed that, the limit of the surfaces of revolution with
H = c in H

3(−c2) is a catenoid, the minimal surface of revolution in Euclidean 3-
space as c approaches 0 15. Lee and Martin studied spacelike and timelike surfaces
of constant mean curvature in de sitter 3-space [14, 16]. Kaimakamis, Papanto-
niou and Petoumenos studied Lorentz invariant spacelike surfaces of constant mean
curvature in anti de sitter 3-space [12].

We know that, x is harmonic if ∆x = 0 in Euclidean 3−space. However, this
is no longer true in H

3(−c2) because the Laplacian equation ∆x = 0 is not the
harmonic map equation in H

3(−c2) [15].

Let x : M →E
m be an isometric immersion of a connected n-dimensional man-

ifold in the m-dimensional Euclidean space E
m. Denote by H and ∆ the mean

curvature and the Laplacian of M with respect to the Riemannian metric on M

induced from that of Em, respectively [6]. Takahashi proved that the submanifolds
in E

m satisfying ∆x = λx, that is, all coordinate functions are eigenfunctions of the
Laplacian with the same eigenvalue λ ∈ R are either the minimal submanifolds of
E
m or the minimal submanifolds of hypersphere S

m−1 in E
m [18].

As an extension of Takahashi theorem, Garay studied hypersurfaces in E
m whose

coordinate functions are eigenfunctions of the Laplacian, but not necessarily asso-
ciated to the same eigenvalue. He considered hypersurfaces in E

m satisfying the
condition

∆x = Ax,(1.1)

where A∈Mat (m,R) is an m ×m- diagonal matrix, and proved that such hyper-
surfaces are minimal (H = 0) in E

m and open pieces of either round hyperspheres
or generalized right spherical cylinders [10].

Related to this, Dillan, Pas and Vertraelen investigated surfaces in E
3 whose

immersions satisfy the condition

∆x = Ax+B,(1.2)

where A∈Mat (3,R) is a 3 × 3-real matrix and B ∈ R
3 [8]. In other words, each

coordinate function is of 1-type in the sense of Chen [7]. For the Lorentzian version
of surfaces satisfying (1.2), Alias, Ferrandez and Lucas proved that the only such
surfaces are minimal surfaces and open pieces of Lorentz circular cylinders, hyper-
bolic cylinders, Lorentz hyperbolic cylinders, hyperbolic spaces or pseudo-spheres
[2].

The notion of an isometric immersion x is naturally extended to smooth func-
tions on submanifolds of Euclidean space or pseudo-Euclidean space. The most
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natural one of them is the Gauss map of the submanifold. In particular, if the
submanifold is a hypersurface, then the Gauss map can be identified with the unit
normal vector field to it. Dillen and Vertraelen studied surfaces of revolution in
the three dimensional Euclidean space E

3 such that its Gauss map G satisfies the
condition

∆G = AG,(1.3)

where A∈Mat (3,R) [9]. Baikoussis and Vertraelen studied the helicoidal surfaces in
E
3 [3]. Choi completely classified the surfaces of revolution satisfying the condition

(1.3) in the three dimensional Minkowski space E3
1 [5]. Bekkar, Zoubir and Senoussi

classified surfaces of revolution satisfying (1.1) in the three dimensional Minkowski
space [4, 17]. Kaimakamis, Papantpniou and Peteoumenos classified surfaces of
revolution satisfying

∆IIIr = Ar,

in the three dimensional Lorentz-Minkowski space [12]. Choi, Kim and Yoon in-
vestigated the surfaces of revolution satisfying an equation in terms of the position
vector field and the 2nd-Laplacian in Minkowski 3-space [6].

The main purpose of this paper is complete the classification of conformal sur-
faces of revolution in H

3(−c2) in terms of the position vector field and the Laplacian
operators.

2. Preliminaries

LetR3+1 denote the Minkowski spacetime with rectangular coordinates x0, x1, x2, x3

and the Lorentzian metric

ds2 = − (dx0)
2
+ (dx1)

2
+ (dx2)

2
+ (dx3)

2
.

Hyperbolic 3-space is the hyperquadric:

H
3(−c2) =

{
(x0, x1, x2, x3) ∈ R

3+1

∣∣∣∣−x2
0 + x2

1 + x2
2 + x2

3 = − 1

c2

}

which has the constant sectional curvature -c2. This is a hyperboloid of two sheets
in spacetime so it is called the hyperboloid model of hyperbolic 3-space. Consider
the chart

U =
{
(x0, x1, x2, x3) ∈ H

3(−c2) | x0 + x1 > 0
}

and define

t = −1

c
log c (x0 + x1) ,

x =
x2

c (x0 + x1)
,
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y =
x3

c (x0 + x1)
.

Then
ds2 = (dt)

2
+ e−2ct

{
(dx)

2
+ (dy)

2
}
.

R
3 with coordinates t, x, y and the metric

gc = (dt)
2
+ e−2ct

{
(dx)

2
+ (dy)

2
}

is called the flat model of hyperbolic 3-space . We will still denote it by H
3(−c2).The

flat chart model is a local chart of hyperbolic 3-space, so it is not regarded as a
standard model of hyperbolic 3-space. As c → 0, H3(−c2) flattens out to Euclidean
3-space E

3 [15].

Let R3 be equipped with the metric

ds2 = (dt)
2
+ e−2ct

{
(dx)

2
+ (dy)

2
}
.(2.1)

The space (R3, g) has constant curvature −c2. It is denoted by H
3(−c2) and is

called the pseudospherical model of hyperbolic 3-space. From the metric (2.1), one
can easily see that H3(−c2) flattens out to E

3 Euclidean 3-space as c → 0 [15].

LetM be a domain and x : M →H
3(−c2) a parametric surface. The metric (2.1)

induces an inner product on each tangent space Tp H
3(−c2). This inner product

can be used to define conformal surfaces in H
3(−c2) . x : M → H

3(−c2) is said to
be conformal if

〈xu,xv〉 = 0 |xu| = |xv| = e
w
2, ,(2.2)

where (u, v) is a local coordinate system in M and w : M → R is a real-valued
function in M. The induced metric on the conformal parametric surface is given by

ds2
x
= ew

(
(du)

2
+ (dv)

2
)
.

In order to calculate the mean curvature of x, we need to find a unit normal vector
field G of x. For that, we need something like cross product. H

3(−c2) is not a
vector space but we can define an analogue of cross product locally on each tangent
space Tp H

3(−c2). Let

v = v1

(
∂

∂t

)

p

+ v2

(
∂

∂x

)

p

+ v3

(
∂

∂y

)

p

,

w = w1

(
∂

∂t

)

p

+ w2

(
∂

∂x

)

p

+ w3

(
∂

∂y

)

p

,

x, y ∈ Tp H
3(−c2), where

{(
∂
∂t

)
p
,
(

∂
∂x

)
p
,
(

∂
∂y

)

p

}
denote the canonical basis for Tp

H
3(−c2). The cross product is defined by

v ×w = (v2w3 − v3w2)

(
∂

∂t

)

p
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+e2ct (v3w1 − v1w3)

(
∂

∂x

)

p

+e2ct (v1w2 − v2w1)

(
∂

∂y

)

p

,

where p = (t;x; y) ∈ H
3(−c2). Then by a direct calculation we obtain

g11 = 〈xu,xu〉 , g22 = 〈xv,xv〉 , g12 = 〈xu,xv〉 .(2.3)

Let x : M → H
3(−c2) be a parametric surface. Then on each tangent plane Tp

x(M), we have

‖xu × xv‖2 = e4ct(u,v)
(
g11g22 − g212

)
,(2.4)

where p = (t(u; v), x(u; v), y(u; v)) ∈ H
3(−c2) . If c → 0, (2.3) becomes the familiar

formula
‖xu × xv‖2 = g11g22 − g212

from the Euclidean case. In this case, the Gaussian curvature and the mean curva-
ture of a parametric surface x(u, v) may be calculated by





K = K̃+ ǫ
h11h22−h2

12

g11g22−g2

12

,

H = g22h11+g11h22−2g12h12

2(g11g22−g2

12)
,

(2.5)

where K̃ is the sectional curvature and G is unit normal vector field of M, respec-
tively. So the coefficient of second fundamental forms are given by

h11 = 〈xuu,G〉 , h22 = 〈xvv,G〉 , h12 = 〈xuv,G〉 .

Let x : M → H
3(−c2) be a conformal surface satisfying (2.2). The mean curvature

H of x is given by

H =
1

2
e−w 〈∆x,G〉 .(2.6)

One can easily see that the the formulas (2.4) and (2.5) coincide for conformal
surfaces in H

3(−c2) [15].

Rotations about the t−axis are the only type of Euclidean rotations that can be
considered in H

3(−c2). Consider a profile curve α(u) = (u, f(u), 0) in the tx−plane.
Denote x(u, v) as the rotation of α(u) about the t−axis through an angle v. Then,

x(u, v) = (u, f(u) cos v, f(u) sin v) .(2.7)

[15]. It is well known in terms of local coordinates {u, v} of M the Laplacian
operators ∆I, ∆II , ∆III of the first, the second and the third fundamental forms
on M are defined by [4, 12, 17]

∆I
x = −

1
√

∣

∣g11g22 − g2
12

∣

∣







∂

∂u







g22xu − g12xv
√

∣

∣g11g22 − g2
12

∣

∣






−

∂

∂v







g12xu − g11xv
√

∣

∣g11g22 − g2
12

∣

∣












,(2.8)
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∆II
x = −

1
√

∣

∣h11h22 − h2

12

∣

∣







∂

∂u







h22xu − h12xv
√

∣

∣h11h22 − h2

12

∣

∣






−

∂

∂v







h12xu − h11xv
√

∣

∣h11h22 − h2

12

∣

∣












.(2.9)

and

∆III
x = −

1
(

h11h22 − h2

12

)

√

g11g22 − g2
12













∂
∂u

(

Zxu−Y xv

(h11h22−h2
12
)
√

g11g22−g2
12

)

− ∂
∂v

(

Y xu−Xxv

(h11h22−h2
12
)
√

g11g22−g2
12

)













,(2.10)

where

X = g11h
2
12 − 2g12h11h12 + g22h

2
11,

Y = g11h12h22 − g12h11h22 + g22h11h12 − g12h
2
12,

Z = g22h
2
12 − 2g12h22h12 + g11h

2
22.

3. Conformal Surfaces of Revolution Satisfying ∆Ix = Ax

In this section, we will classify conformal surfaces of revolution H
3(−c2) satisfying

the equation
∆Ix = Ax,(3.1)

where A = (aij) ∈ Mat(3, R) and

∆Ixi=
(
∆Ix1,∆

Ix2,∆
Ix3

)
,

where
x1 = u, x2 = f(u) cos v, x3 = f(u) sin v.(3.2)

The coefficients of the first fundamental form are given by





g11 = e−2cu
(
e2cu + f ′2(u)

)
,

g22 = e−2cuf2(u),
g12 = 0.

(3.3)

If we require x(u, v) to be conformal, then

e2cu + f ′2(u) = f2(u).(3.4)

The coefficients of the second fundamental form are given by





h11 = − f(u)f ′′(u)
√

f2(u)(e2cu+f ′
2 (u))

,

h22 = f2(u)
√

f2(u)(e2cu+f ′
2(u))

,

h12 = 0.

(3.5)
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So the Gaussian curvature K and the mean curvature H are calculated by

K =
−c2f(u)

(
e2cu + f ′2(u)

)2
− e4cuf ′′(u)

f(u)
(
e2cu + f ′2(u)

)2

and

H =
−f(u)f ′′(u) + e2cu + f ′2(u)

2e−2cu
(
e2cu + f ′2(u)

)√
f2(u)

(
e2cu + f ′2(u)

) ,

respectively. With the conformality condition (3.4), H is reduced to

H =
−f ′′(u) + f(u)

2e−2cuf3(u)
.(3.6)

Let H = c. Then (3.6) can be written as

f ′′(u)− f(u) + 2ce−2cuf3(u) = 0.(3.7)

The differential equation (3.7) cannot be solved analytically [15]. If c = 0, then
(3.7) becomes

f ′′(u)− f(u) = 0.

Hence we can see that if H = 0 then c = 0 .Thus we have:

Proposition 3.1. Let M be surfaces of revolution given by (2.6) in H
3(−c2). If

c 6= 0, then there are no minimal conformal surfaces of revolution in H
3(−c2). If

c = 0, then there are minimal conformal surfaces of revolution in E
3 if and only if

f ′′ − f = 0 which has the general solution f(u) = c1e
u + c2e

−u for some constant
c1, c2 [15].

With the conformality condition (3.4), K is reduced to

K =
−c2f5(u)− e4cuf ′′(u)

f5(u)
.(3.8)

Let K = c. Then (3.8) can be written as

cf5(u) + c2f5(u) + e4cuf ′′(u) = 0.(3.9)

The differential equation (3.9) cannot be solved analytically. Hence we see that if
K = 0 then c = 0 and f ′′(u) = 0 . Thus we have:

Proposition 3.2. Let M be surfaces of revolution given by (2.6) in H
3(−c2). If

c 6= 0, then there are no flat conformal surfaces of revolution in H
3(−c2). If c = 0

then there are flat conformal surfaces of revolution in E
3 if and only if f ′′ = 0 which

has the general solution f(u) = c1u+ c2 for some constant c1, c2 [15].
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Assume that K = K0 ∈ R\{0}. By (3.8), we get

f5(u)K0 + c2f5(u) + e4cuf ′′(u) = 0,(3.10)

where f(u) 6= 0. The differential equation (3.10) cannot be solved analytically for
c 6= 0. If c = 0, then the solution of (3.10) given by

f(u) = ± 3

1

6

√

√

√

√c
1

3

1

(

−1+JacobiCN

[

2.3
1

12

√

c
2

3

1
(u+c2)

2(−K0)
1

3 , 1
4 (2+

√
3)

])

√
1 +

√
3

√
−2 +

√
3− JacobiCN

[
2.3

1

12

√
c

2

3

1 (u+ c2)
2
(−K0)

1

3 , 1
4

(
2 +

√
3
)]

,

(3.11)
where c1, c2 ∈ R.

Theorem 3.1. There is no conformal surface of revolution which has constant the
Gaussian curvature in H

3
(
−c2

)
. The Gaussian curvature of conformal surface of

revolution is constant, K = K0, in E
3 if and only if the function f(u) is (3.11).

Similar calculations are also used for the mean curvature, what we get there is not
conformal on the surfaces of revolution which has the real mean curvature in E

3. By
straightforward computation, the Laplacian operator on M with the help of (3.1),
(3.2), (3.3) and (2.7) turns out to be

∆Ixi =




e2cu
(

−f ′

(

e2cu+f ′
2
)

+f(ce2cu+f ′f ′′)
)

f(e2cu+f ′
2)2

,

e4cu cos v
(

e2cu+f ′
2

+f(cf ′−f ′′)
)

f(e2cu+f ′
2)2

,

e4cu sin v
(

e2cu+f ′
2

+f(cf ′−f ′′)
)

f(e2cu+f ′
2)

2




.(3.12)

With the conformality condition (3.4), the equation (3.12) is reduced to

∆Ixi =




e2cu(−f ′f2+f(ce2cu+f ′f ′′))
f5 ,

e4cu cos v(f2+f(cf ′−f ′′))
f5 ,

e4cu sin v(f2+f(cf ′−f ′′))
f5


 .

Suppose that M satisfies (3.1). Then from (3.1) , we have






a11u+ a12f(u) cos v + a13f(u) sin v =
e2cu(−f ′f2+f(ce2cu+f ′f ′′))

f5 ,

a21u+ a22f(u) cos v + a23f(u) sin v =
e4cu cos v(f2+f(cf ′−f ′′))

f5 ,

a31u+ a32f(u) cos v + a32f(u) sin v =
e4cu sin v(f2+f(cf ′−f ′′))

f5 .

(3.13)
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Since the functions cos v, sin v and the constant function are linearly independent,
by (3.13) we get a12 = a13 = a21 = a23 = a31 = a32 = 0 , a11 = λ , a22 = a33 = µ.
Consequently the matrix A satisfies

A =




λ 0 0
0 µ 0
0 0 µ



 .

The equation (3.13) is rewritten as the following:





λu =

e2cu(−f ′f+ce2cu+f ′f ′′)
f4 ,

µf(u) =
e4cu(f+cf ′−f ′′)

f4 .

(3.14)

This means that M is at most of 2-type. From (3.14), we have





e4cu

f4 = λu
c
− e2cuf ′(f ′′−f)

cf4 ,

e4cu

f4 = µf
f+cf ′−f ′′

.
(3.15)

Combining the first and the second equation of (3.15), we obtain

λu

c
− e2cuf ′ (f ′′ − f)

cf4
=

µf

f + cf ′ − f ′′
.(3.16)

The equation (3.16) is reduced to

e2cuf ′ (f − f ′′) ((−1 + c) f − f ′′) + f4 (((−1 + c)λu + cµ) f − λuf ′′) = 0.(3.17)

In the cases {c 6= 0, λ 6= 0, µ = 0} , {c 6= 0, λ = 0, µ 6= 0} , {c 6= 0, λ 6= 0, µ 6= 0} , the
second order nonlinear differential equation (3.17) cannot be solved analytically.
For the case {c 6= 0, λ = 0, µ = 0} , (3.17) can be written as

e2cuf ′ (f − f ′′) ((1− c) f ′ − f ′′) = 0.(3.18)

The general solutions of (3.18) are given by




f(u) = c1,

f(u) = c1e
u + c2e

−u,

f(u) = c1e
u
√
c−1 + c2e

−u
√
c−1,

(3.19)

where c1, c2 ∈ R and c − 1 > 0. Substituting the solutions (3.19) into (3.14),
respectively. They don’ t satisfy these equations. Thus, we can give the following
theorem:

Theorem 3.2. Let M be conformal surfaces of revolution given by (2.6) and c 6= 0
in H

3(−c2). Then there are no harmonic and non- harmonic conformal surfaces
of revolution satisfying the conditions ∆Ix = 0 and ∆Ix = Ax,respectively, where
A∈Mat (3,R).
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In the cases {c = 0, λ 6= 0, µ 6= 0} , {c = 0, λ 6= 0, µ = 0} , we cannot obtain any
conformal surfaces of revolution in E

3. In the cases {c = 0, λ = 0, µ 6= 0}, {c = 0, λ = 0, µ = 0},
the general solutions of (3.18) are given by

f(u) = c1, f(u) = c1 cosu+ c2 sinu,

and
f(u) = c1e

u + c2e
−u,(3.20)

respectively. The solution f(u) = c1 satisfies (3.14) for µ = 1
c4
1

. Then, the

parametrization of M is given by

x(u, v) = (u, c1 cos v, c1 sin v) .(3.21)

Fig. 3.1:

The solution f(u) = c1 cosu+ c2 sinu does not satisfies (3.14). But the solution
(3.20) satisfies (3.14). Then, the parametrization of M is given by

x(u, v) =
(
u,
(
c1e

u + c2e
−u
)
cos v,

(
c1e

u + c2e
−u
)
sin v

)
.(3.22)

Thus we can give the following theorem:

Theorem 3.3. Let M be conformal surfaces of revolution given by (2.6) and c = 0
in E

3. If M is harmonic or non-harmonic conformal surfaces of revolution, then it
is an open part of the surfaces (3.21) or (3.22), respectively.
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Fig. 3.2:

4. Conformal Surfaces of Revolution Satisfying ∆IIx = Ax

In this section, we classify conformal surfaces of revolution with non-degenerate
second fundamental form in H

3(−c2) satisfying the equation

∆IIx = Ax,(4.1)

where A = (aij) ∈ Mat(3, R) and

∆IIxi=
(
∆IIx1,∆

IIx2,∆
IIx3

)
.(4.2)

By straightforward computation, the Laplacian operator on M with the help of
(3.2), (3.5), (4.2) and (2.8) turns out to be

∆IIxi =




√

f2(e2cu+f ′
2)(ff ′′′−f ′f ′′)

2f2f ′′
2 ,

cos v
√

f2(e2cu+f ′
2)
(

ff ′f ′′′−f ′
2

f ′′−2ff ′′
2
)

2f2f ′′
2 ,

sin v
√

f2(e2cu+f ′
2)
(

ff ′f ′′′−f ′
2

f ′′−2ff ′′
2
)

2f2f ′′
2




.(4.3)

With the conformality condition (3.4), the equation (4.3) is reduced to

∆IIxi =




ff ′′′−f ′f ′′

2f ′′
2 ,

cos v
(

ff ′f ′′′−f ′
2

f ′′−2ff ′′
2
)

2f ′′
2 ,

sin v
(

ff ′f ′′′−f ′
2

f ′′−2ff ′′
2
)

2f ′′
2




.
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Suppose that M satisfies (4.1). Then from (4.1) and (4.2), we have





a11u+ a12f(u) cos v + a13f(u) sin v = ff ′′′−f ′f ′′

2f ′′
2 ,

a21u+ a22f(u) cos v + a23f(u) sin v =
cos v

(

ff ′f ′′′−f ′
2

f ′′−2ff ′′
2
)

2f ′′
2 ,

a31u+ a32f(u) cos v + a32f(u) sin v =
sin v

(

ff ′f ′′′−f ′
2

f ′′−2ff ′′
2
)

2f ′′
2 .

(4.4)

Since the functions cos v, sin v and the constant function are linearly independent,
by (4.4) we get a12 = a13 = a21 = a23 = a31 = a32 = 0, a11 = λ, a22 = a33 = µ.
Consequently the matrix A satisfies

A =




λ 0 0
0 µ 0
0 0 µ




and the equation (4.4) is rewritten as follows:





λu = ff ′′′−f ′f ′′

2f ′′
2 ,

µf(u) cos v =
cos v

(

ff ′f ′′′−f ′
2

f ′′−2ff ′′
2
)

2f ′′
2 ,

µf(u) sin v =
sin v

(

ff ′f ′′′−f ′
2

f ′′−2ff ′′
2
)

2f ′′
2 .

(4.5)

From (4.5), we obtain





λu = ff ′′′−f ′f ′′

2f ′′
2 ,

µf(u) =

(

ff ′f ′′′−f ′
2

f ′′−2ff ′′
2
)

2f ′′
2 .

(4.6)

This means that M is at most of 2-type. From (4.6), we have

{
ff ′′′−f ′f ′′

2f ′′
2 = λu,

ff ′′′−f ′f ′′

2f ′′
2 = f(µ−1)

f ′
.

(4.7)

Combining the first and the second equation of (4.7), we obtain

λuf ′(u) + f(u) (1− µ) = 0.(4.8)

If we solve the ordinary differential equation, we get

f(u) = c1u
µ−1

λ ,(4.9)

where λ 6= 0, µ 6= 0, c1 ∈ R. If we apply the solution (4.9) into the first and the
second line of the equation (4.6), we can easily see that it does not satisfies these
equations. If we choose

λ =
(µ− 1)

2

µ− 2
, µ 6= 1, µ 6= 2,
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then the equation (4.8) is reduced to

(
(µ− 1)

2

µ− 2

)
uf ′(u) + f(u) (1− µ) = 0.(4.10)

Its general solution is given by

f(u) = c1u
µ−2

µ−1 .(4.11)

The solution (4.11) provides the system (4.6). Thus the matrix A satisfies

A =




(µ−1)2

µ−2 0 0

0 µ 0
0 0 µ



 .

Then, the parametrization of M is given by

x(u, v) =
(
u, c1u

µ−2

µ−1 cos v, c1u
µ−2

µ−1 sin v
)
.(4.12)

Fig. 4.1:

Let µ = 0, then from (4.10), we obtain

f(u)− uf ′(u)

2
= 0.

Its general solution is
f(u) = c1u

2.(4.13)

The solution (4.13) does not satisfies (4.7). Thus we can give the following theorems:

Definition 4.1. A surface in H
3(−c2) is said to be II-harmonic if it satisfies the

condition ∆IIx = 0.
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Theorem 4.1. Let M be conformal surfaces of revolution given by (2.6) and c 6= 0
in H

3(−c2).Then there are no II-harmonic conformal surfaces of revolution satis-
fying the condition ∆IIx = 0.

Theorem 4.2. Let M be conformal surfaces of revolution given by (2.6) and c 6= 0
in H

3(−c2). If the surface M satisfies the condition ∆IIx = Ax,where A∈Mat

(3,R), then it is an open part of the surface (4.12).

5. Conformal Surfaces of Revolution Satisfying ∆IIIx = Ax

In this section, we will classify conformal surfaces of revolution with non-degenerate
second fundamental form in H

3(−c2) satisfying the equation

∆IIIx = Ax,(5.1)

where A = (aij) ∈ Mat(3, R) and

∆IIIxi=
(
∆IIIx1,∆

IIIx2,∆
IIIx3

)
.(5.2)

By straightforward computation, the Laplacian operator on M with the help of
(3.2), (3.3), (3.5), (5.2) and (2.9) turns out to be

∆IIIxi =




e4cu(f ′′′−cf ′′)+e2cuf ′

(

f ′′′f ′−f ′′
2
)

f2f ′′
3 ,

e2cu cos v
(

−e2cu
(

f ′′
2

+f ′(cf ′′−f ′′′)
)

+f ′
2
(

f ′′′f ′−2f ′′
2
))

f2f ′′
3 ,

e2cu sin v
(

−e2cu
(

f ′′
2

+f ′(cf ′′−f ′′′)
)

+f ′
2
(

f ′′′f ′−2f ′′
2
))

f2f ′′
3




.(5.3)

Suppose that M satisfies (5.1). Then from (5.1) and (5.2), we have

a11u+ a12f(u) cos v + a13f(u) sin v = A(u)e2cu(5.4)

a21u+ a22f(u) cos v + a23f(u) sin v = B(u)e2cu cos v

a31u+ a32f(u) cos v + a33f(u) sin v = B(u)e2cu sin v,

where

A(u) =




e2cu (f ′′′ − cf ′′) + f ′

(
f ′′′f ′ − f ′′2

)

f2f ′′3



 ,

B(u) =

(
−e2cu

(
f ′′2 + f ′ (cf ′′ − f ′′′)

)
+ f ′2

(
f ′′′f ′ − 2f ′′2

))

f2f ′′3
.

Since the functions cos v, sin v and the constant function are linearly independent,
by (5.4) we get a12 = a13 = a21 = a23 = a31 = a32 = 0 , a11 = λ, a22 = a33 = µ.



Classification of Conformal Surfaces of Revolution 347

Consequently the matrix A satisfies

A =




λ 0 0
0 µ 0
0 0 µ




and (5.4) is rewritten as the following:

λu =
e4cu (f ′′′ − cf ′′) + e2cuf ′

(
f ′′′f ′ − f ′′2

)

f2f ′′3
,(5.5)

µf(u) =
e2cu

(
−e2cu

(
f ′′2 + f ′ (cf ′′ − f ′′′)

)
+ f ′2

(
f ′′′f ′ − 2f ′′2

))

f2f ′′3
.

Combining the first and the second equation of (5.5), we obtain

e4cu + e2cuf ′2 + µf3f ′′ − uλf2f ′f ′′ = 0.(5.6)

In the cases {c 6= 0, λ 6= 0, µ = 0} , {c 6= 0, λ = 0, µ 6= 0} , {c 6= 0, λ 6= 0, µ 6= 0} and
{c = 0, λ 6= 0, µ = 0} , {c = 0, λ = 0, µ 6= 0} , {c = 0, λ 6= 0, µ 6= 0} , we can not ob-
tain any conformal surfaces of revolution in H

3(−c2) and E
3, respectively. Because

the second order nonlinear differential equation (5.6) cannot be solved analytically.
We will discuss two cases according to constant c.

Case 1: Let c 6= 0, λ = 0, µ = 0, from (5.6), we obtain

e4cu + e2cuf ′2 = 0.(5.7)

Its general solution is

f(u) = c1 ± i
ecu

c
,(5.8)

Case 2: Let c = 0, λ = 0, µ = 0, from (5.6), we obtain

1 + f ′2 = 0.(5.9)

The general solution of the equation (5.9) is given by

f(u) = c1 ± iu.(5.10)

Since the solutions (5.8) and (5.10) are complex, it is a contradiction. Thus we can
give the following theorem:

Definition 5.1. A surface in H
3(−c2) is said to be III-harmonic if it satisfies the

condition ∆IIIx = 0.
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Theorem 5.1. Let M be conformal surfaces of revolution given by (2.6) and c 6=
0 in H

3(−c2).Then there are no III-harmonic and non III-harmonic conformal
surfaces of revolution satisfying the conditions ∆IIIx = 0 and ∆IIIx = Ax, where
A∈Mat (3,R), respectively.

Theorem 5.2. Let M be conformal surfaces of revolution given by (2.6) and c = 0
in E

3. Then there are no III-harmonic and non III-harmonic conformal surfaces
of revolution satisfying the conditions ∆IIIx = 0 and ∆IIIx = Ax, where A∈Mat

(3,R), respectively.
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