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Abstract. Our aim in this paper is to establish the weak existence theorem and find
under suitable assumptions sufficient conditions on m, p and the initial data for which
the blow up takes place for the following boundary value problem:

t
|ue|Puee — Au — Augy + / g(t — s)Au(s)ds + |u| ™™ 20, = ju|P™ 20,
0

This paper extends some of the results obtained by the authors and it is focused on
new results which are consequence of the presence of variable exponents.
Keywords: Variable exponents; weak solutions; blow up.

1. Introduction

Let © € R"(n > 2) be a bounded Lipschitz domain and 0 < T < co. We
consider the following initial boundary value problem:

¢
|ue|Puge — Au — Augy + / g(t — s)Au(s)ds
0

g |2y = [ufP) "2y, (2,t) € Qr,

U(I7t) = Oa (I,t) € STa

u(z,0) =uo(x), ur(x,0) = uy(x), z€€,

where Qr = Q x (0, 7] and St denote the lateral boundary of the cylinder Qr.
It is assumed throughout the paper that the exponents m(z) and p(z) are continu-
ous in 2 with logarithmic module of continuity:
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(1.2) 1<m™ =ess insf)m(x) <m(z) <m" = esssupm(z) < oo,
z€ €N
(1.3) 1<p =ess ingp(z) < p(z) < pt =esssupp(x) < oo,
z€ €N

(1.4)  Vz,£€Q |z =& <1, |m(z) —m(§)| + [p(z) — p(&)] <w(|z = £)),
where 1
(1.5) lim supw(7)ln—=C < 4o0.

70+ T
Remark 1.1. We use the standard Lebesgue space LP(Q) and the Sobolev space H} ()
with their usual scalar product and norms. We will use the embedding Hg(Q) — L*(Q)
for 2 <s<2n/(n—2)ifn>3o0rs>2if n =1,2. The generic embedding constant,

denoted by C. is given by
(1.6) l[ulls < CullVull2.

And we also assume that
(H1) : p is a constant that satisfies

0<p<

ifn>3 and O0<p if n=1,2.
n—2

(Hs) : g: IRy — IR, is bounded C* function satisfying

g(0) >0, 1 —/ g(s)ds=1>0.
0
(Hg) : There exists £ > 0 such that

g (t) < —€(t)g(t),t > 0.

If m, p are constants, there have been many results about the existence and blow-up
properties of the solutions, we refer the readers to the bibliography given in [5]-[25].
In recent years, a great attention has been focused on the study of mathematical
models of electro-rheological fluids. These models include hyperbolic, parabolic or
elliptic equations which are nonlinear with respect to gradient of the thought solu-
tion and with variable exponents of nonlinearity see ([3]-[12]-[15]-[23]-[24]) and the
references therein. It should be mentioned that questions of existence, uniqueness
and regularity of weak solutions for parabolic and elliptic equations have been stud-
ied by many authors under various conditions on the data and by different methods-
(see [[1],]2]] and the further references therein).

To the best of our knowledge, there are only a few works about viscoelastic hyper-
bolic equations with variable exponents of nonlinearity. In [4] the authors investi-
gated the finite time blow-up of solutions for viscoelastic hyperbolic equations, and
in [5] the authors discussed only the viscoelastic hyperbolic problem with constant
exponents. Motivated by the works of [[5],[4]], we shall study the existence and
energy decay of the solutions to problem (1.1) and state some properties to the
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solutions.

The present paper is organized as follows. In Section 2, we introduce the function
spaces of Orlicz-Sobolev type and a brief description of their main properties, give
the definition of the weak solution to the problem and prove the existence of weak
solutions for problem (1.1) with Galerkin’s method. In the last sections, we finally
prove the desired results.

2. Existence of weak solutions

In this section, the existence of weak solutions is studied. Firstly, we introduce
some Banach spaces

LP®)(Q) = {u(;c) :u is measurable in Q, A, )(u) = / Ju(z)|P® dz < oo} ,
Q

with the following Luxembourg-type norm
Hqu(.) = inf {)\ > O,Ap(.)(u/A) <1 }

We, next, define the variable-exponent Lebesgue Sobolev space W1()(Q) as fol-
lows:

wrt(Q) = {u € LPO(Q) such that Vu exists and |Vu| € L”(')(Q)} .

This space is a Banach space with respect to the norm [[ully100) () = llullp) +
| Vul/p(.y. Furthermore, we set Wol’p(')(Q) to be the closure of C§°(€2) in W1r()(Q).

Here we note that the space Wol’p (')(Q) is usually defined in a different way for
the variable exponent case. However, both definitions are equivalent (see [10]).

The dual of Wol’p(')(Q) is defined as W—1#"0)(Q); in the same way as the classical
Sobolev spaces, where ﬁ + Tb = 1.

Lemma 2.1. ([3]) For u € LP(*)(Q), the following relations hold:
L lullpy < L(=1;> 1) & Ay (u) < 1(=1;> 1);

. )
2. Nullpey < 1= lull?y, < Ay (w) < lull?;

¢ (
lullogy > 1= lullZy = Apey() = ull? )

3. ||’LLHp(.) —-0& Ap(.)(u) — 0 ||u||p(‘) — 0 = Ap(.)(u) —r 00.
Lemma 2.2. ([26]) For u € W(}’p(')(Q), if p satisfies condition (1.2), the p(.)-

Poincaré’s inequality

[ullpz) < ClIVUllp).

holds, where the positive constant C' depends on p and ).
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Remark 2.1. Note that the following inequality

/ lulP™ da < C’/ |Vul"™) da,
Q Q

does not in general hold.

Lemma 2.3. ([10]). Let Q be an open domain (that may be unbounded) in IR"
with cone property. If p(x) : @ = IR s Lipschitz continuous function satisfying
L<p™ <pt <% andr(z): Q— R is measurable and satisfies

np(x)

———— a. Q
n—kp(x) a.ex €l

p(z) <r(z) <p'(z) =
then there is a continuous embedding WH*P®) (Q) — L7®)(Q).

The main theorem in this section is the following:

Theorem 2.1. Let ug,u; € HE(Q) be given. Assume that the exponents m(z) and
p(x) satisfy conditions (1.2)-(1.4). Then the problem (1.1) has at least one weak
solution u : 2 x (0,00) = IR in the class

w e 170, 00 HH(Q)), ! € L=(0, 00, HL(Q)), u” € L=(0, 003 HL(9)).
And one of the following conditions holds:

np~

(A1)2<p<p+<max{n, _}, 2<m” <mt <p;

3p~ —2

(As) max{l, }<p‘<p+<2, l<m <m’ < =

_en
n+2
Proof. Let us take for {w;}32, the orthogonal basis of Hg(Q) such that

—Aw; = Ajw;,z € Q, w; =0, x € O

We denote by Vi, = span {w;, .....,wy } the subspace generated by the first k vectors
of the basis {w}?2,. By normalization, we have [[w;|la = 1. Let us define the
operator:

t
<Lu,¢p> = / [|ut|putt¢ + VuVep + Vuy Vo — / g(t — s)VuVods
Q 0

Hue ™ 2w — aluP)"Puglde, ¢ € Vi
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k
For any given integer k, we consider the approximate solution u; = Zcf (t)w;,
i=1
which satisfies
< Lug,w; >=0 1=1,2,.....k,
(2.1)
uk(0) = uok, ukt (0) = uig,
where
k k
Ugp = Z(uo,wi)wi,ulk = Z(ul,wi)wi and ugr — Ug, Uk — U7 1N Hé(Q).

i=1 i=1
Here we denote by (.,.) the inner product in *(Q).
Problem (1.1) generates the system of k ordinary differential equations

k Pk t
S ()| (O cktw)” = ~Ack0)+ A [ gt = s)ck(s)ds
i=1 i=1 0
k m(z)—2

+ Q@) ws) (k@) wi)

(2.2) i=1 i=1
k p(w)—2 k
—Q (Z Cf(t)’wl) (Z Cf(t)7w1)7
i=1 i=1
cF(0) = (uo,w;), (cF(0)) = (ur,w;), i=1,2,..k.

7

By the standard theory of the ODE system, we infer that the problem (2.2) admits
a unique solution c¥(¢) in [0, ¢x], where ¢, > 0. Then we can obtain an approximate
solution ug(¢) for (1.1) in Vi, over [0, tx]. This solution can be extended to [0, T}, for
any given 7' > 0, by the estimate below. Multiplying (2.1) by (c¥(¢))" and summing
with respect to ¢ we arrive at the relation

2

(2.3) ¢ Q .
— & </O g(t — S)/Q(Vuk(s)Vu;ﬂ(t)dxds)) —al </Qp($)|uk|p(m)dx> :

Multiplying (2.1) by (c¥(¢))’, integrating over Qr, using integration by part and
Green formula, one obtains

= [Catt =9 [ (Vun(s). Va0 = 5 S (g 0 Tun) o)

(2.4) f
L(g o V)t —%%/ s | Vunl3 + 59(0) V3,
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here

(o Vi)(t) :/0 p(t = )| Ve(t) — Vi(s)|3ds.

Combining (2.3)-(2.4) and (Hs) — (Hs), we get
d 1
o || AT IV + 500 Vi) (0
p+
1 1
2.5 - i PP T COP
(25) +21( 2 Vel - /Q gl )
= (g0 Vu®) - Lowlvutz - [ .

Integrating (2.5) over (0,t), and using the assumptions (1.2)-(1.4), it is easy to
verify that

1 1 ¢ 1
salluillyts +5IValE + 5 (1 / g(s)d )nmu 590 Vur)(t)
iy PP < C,

where C is a positive constant depending only on [[uo|| gz, [[u | ;-
According to the Lemma 2.1, we also have

) AT+ 3Tl 45 (1- / g(s)a ) Vel + 5 (970 Tug)()
—max {acL gl 0ps ||uk||,,<w>} <Cr.

In view of (Hy) — (Hz2) — (Hs) and (A1) — (Az), we get

(27) 153 + 173 + (9 Vur)(0) < O,

where C; is positive constant depending only on [[uol| g3, [|u1 || gz, 1, p~, p™. Tt follows
from (2.7) that

(2.8) up is uniformly bounded in  IL°°(0,T; Hy ().

2.9 u,  is uniformly bounded in  IL°°(0,T; HL(Q)).
k 0

Next, multiplying (1.1) by (¢¥(¢))"” and then summing with respect to i, we get the
following

d 1
[ el a + 19013 + 5 (sl ) = - [ v
10 i \m(o)

(2.
/gt—s /Vuk Vugdxds—ka/ g PO 2wl .
)

Note that we have the estimates for € > 0

1
(211) [ ks < ol I3 + 1



Blow-up for a Hyperbolic Problem with Variable Exponents 653

1
(2.12) —/QVukVu;c’d:c SEHVuZH%—i—EHVukH%,
¢
‘/ g(tfs)/ Vg (s)Vuy (t)dzds
0 0 )
<+ </ g(ts)Vuk(s)ds> dz + || Vuy |13
(213) o \Jo T t
§5||Vug||§+ﬁ/ g(s )ds/ (t—s)/ |Vug(s)2dzds
< v + 9= [ v o) s,
and
allfur PO Pupuf || < aellull + P w3
(2.14)

< aclul 2 + ﬁ/g(|uk|p<r>—2uk)2dx.

From Lemma 2.2, we have
(2.15) luill3 < C*[[Vui]3,

and
J P2 de = [ un P uyda
Q Q

(2.16) Smax{/ |uk|2(p7_1)d:c,/ |uk‘2(p+_1)dx}
Q Q
< max { "5 |V | 565, 05 |V | 77

where C, C* are embedding constants. Taking into account (2.10)-(2.16), we obtain

1
C’E/ |Vut|2pda:+£/ lu} [Pdz + (1 — 2e — aeC)||Vu}|l3
Q

(2.17) +%<m%x>|u;€|m<z>>_4E||Vuk|\2 11 tat0} / IV (s) 13ds

JrInaX{C 2 —1) V| >~ = C 2p+ 1HVuk||p+ 1}.

Integrating (2.17) over (0,¢) and using (2.7), Lemma 2.3 we get

C.TCY? / |up|?dz + (1 — 2e — aeC) /||Vu |3ds

(2.18) .
ul, | M@ dr < — - 4
+/Qm()\ e < L (Cy (1 - Dg(0)T) + Ci,

where Cy is a positive constant depending only on |lu1 || 2. Taking a,e small enough
n (2.18), we obtain the estimate

1
2.1 2 m(@) dg <
(219) £ [ eas [ s < o
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Hence according to the Lemma 2.1, we have that

1

1 ¢ . 1 m- mt
(2.20) ZE/O ||u;c/||2d8+m1n{Wuu;c”vﬁ(w)v W”%'m(a:)} < Cs,

where Cj is a positive constant depending only on [luol| gz, [lu1 . 5 9(0), T
From estimate (2.20), we get

(2.21) uj is uniformly bounded in IL?(0,T; H3(Q)).

By (2.7)-(2.9) and (2.25), we infer that there exists a subsequence u; of uj and
function u such that

(2.22) u; —u  weakly star in  L°°(0,T; Hy (),

by (2.7)-(2.9) and (2.25), we infer that there exists a subsequence u; of uj and a
function v such that

(2.23) u; —u  weakly star in  IL°°(0,T; H3(Q)),

(2.24) u; = u  weakly in 1P (0,T; WHP)(Q)),

where Cj is a positive constant depending only on [luol| gz, [[u1 . 5 9(0), T
From estimate (2.20), we get

(2.25) u}l is uniformly bounded in  IL%(0, T; H3 (Q)).

By (2.7)-(2.9) and (2.25), we infer that there exists a subsequence u; of uj and
function w such that
(2.26) u; —u  weakly star in  IL>°(0,T; Hy(Q)),

by (2.7)-(2.9) and (2.25), we infer that there exists a subsequence u; of wuj and
function v such that

(2.27) u; —u weakly star in  IL>°(0,T; Hy (),

(2.28) u; = u  weakly in ILP (0, T; WHP@)(Q)),
(2.29) ui =’ weakly star in  IL™(0,T; H} (Q)),
(2.30) u = v’ weakly in  IL%(0,T; Hi(Q)).

Next, we will deal with the nonlinear term. From the Aubin-Lions theorem, see
([20], pp.57-58], it follows from (2.29) and (2.30) that there exists a subsequence of
u;, still represented by the same notation, such that
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ui — u' strongly in IL2(0,T;IL%()), which implies that u/ — u/ almost every-
where in ©Q x (0,T). Hence, by (2.27) — (2.30), we have

(2.31) Jug|Pul — |u'[Pu” weakly in - Q x (0,7),

(2.32) i |P@ "2y, — u|P® 2y weakly in - Q x (0,T),

(2.33)  Jul|™® 720, — o/ ™®) 72y almost everywhere in - Q x (0,T).

Multiplying (2.2) by ¢(t) € C(0,T)(which C(0,T) is space of C* function with
compact support in (0,7)) and integrating the obtained result over (0,T"), we obtain
that

(2.34) < Lug,wid(t) >=0, i=1,2, o k.

Note that {w;}3°, is basis of Hg(£2). Convergence (2.27)-(2.33) is sufficient to pass
to the limit in (2.34) in order to get

¢

|ut|putthquutt+/ g(t—s)Au(s)ds+|u, ™ 2w, = [u|P@ 2y in L2(0,T; HL(Q)),
0

for arbitrary T > 0. In view of (2.27) — (2.30) and Lemma 3.3.17 in [?], we derive

that
ug (0) — u(0) weakly in H3 (), uf(0) — u'(0) weakly in H} ().

Hence, we get u(0) = ug, u1(0) = u;. Then, we conclude the proof of the Theorem
2.1. O

3. Blow up

In this section, we shall prove our main result concerning the blow-up of solutions
to Theorem 2.1. For this task, we define

1 5 1 1 t
B0) = gl gIVul + 5 (1 [ o) (a3

(3.1) 1

+§(g o Vu)(t) — ];||U||§7
where o P_1
(3.2) (gov)(t) = /0 g(s)ds < m

Lemma 3.1. (/22]) The modified energy functional satisfies the solution of (1.1)

—_

(33)  E(0)< 36 o Vu)(t) ~ So()IVu(dl — lully < 35" 0 Vu(2).

[\

Theorem 3.1. Suppose that

2(n—1)

4 <
(3.4) max{m, p} < E

n >3,
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holds. Assume further that ug,u; € HE(Q) and E(0) < 0. Then the solution of
theorem 2.1 blows up in finite time

T* S L:a)
eyaLT™=(0)

Lemma 3.2. Suppose that (3.4) holds. Then there exists a positive constant C' > 1
depending on Q only such that for any u € H}(Q) and 2 < s < p, we have

(3.5) lully < € (V23 + Ilully) -

Proof. 1. If |Jull, < 1 then [[ullf < [[ul? < C|[Vull3 by Sobolev embedding
theorems.

2. If J|ull, > 1 then [Jull5 < ||u||b. Therefore (3.5) follows.
U

We set

We use, throughout this paper, C' to denote a generic positive constant depending
on  only. As a result of (3.1) and (3.5) we have

Corollary 3.1. Let the assumptions of the lemma 3.2 hold. Then we have the
following for all t € [0,T),

(3.6) Nlully < C (< H(t) ~ Juell53 + 1 Vuil3 — IVul — (g 0 Ve () + [l

Proof. ( Theorem 3.1) By multiplying equation (1.1) by —u; and integrating over
Q we obtain

dt{ p+2/ g P2 — /|Vu| dx—f/ IV [2da + ~ /|u|de}
(3.7)
+/ (t—-s /Vut )-Vu(s )dxds-/ |ug| ™ dx,
0

for any regular solution. This result can be extended to weak solutions by density
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argument. But

t
tfs

Vu(t).Vu(r)dzds

:/ /Vut(t AVu(s) u(t)|d:cds+/0tg(ts)/QVut(t).Vu(t)dmds
% g(t — )dt/ |Vu(s) — Vu(t)|*dzds

(3.8) /t (s) (;/ |Vu(t) |2dx> ds

;{/t t—s/\Vu u(t)] da:ds]

+ ; /|Vut 2dxds}

+= / /|Vu — Vu(t)|*drds — fg /|Vu )|2dads.
We then insert (3.8) in (3.7) to get
t{ p+2/ Jug|PT2da — f/ |Vu|*dz — f/ |V |2de + / |u|pdx}

o o -t
+2dt[/ /lw dxds]

1 2
A [ug|™ da:—f/ (t—s) /\Vu u(t)|*deds + g( )| Vu(t)])”

@\

\

‘ l\.’)\»—ﬂ

N
&

By using the definition of H(t) the estimate (3.9) becomes

(3.10) /Wwwm‘ﬂ/ t—S/WM w(t)Pdads

( )IVu(®)]? > 0.
Consequently, we have
(3.11) O<ﬂ®§H@§%MM
We define
(3.12) L(t) = H™(t) + PES] / [ug|Purude + 6/ Vue. Vudz,

where € small to be chosen later and

p—

O0<a<
O[_m—l
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By taking derivative of (3.12) and using (1.1) we obtain

L'(t)=—=(1-a)H™ (/ t75/|Vu u(t)|*dxds

1—a)H (¢ | dx YVu(t)|]?
gy T <>{/ + 2g)] <>||}

s lull75 = eVl + eVl + o / (t=2) [ Vals)-vue

—e [ |u|™ Pugud + ellullb.

We then exploit Young’s inequality, and use (3.1) to substitute for / |u(z, t)|Pdx
Q

hence (3.13) becomes
€
(1) > (L= ) B Olfuelly + = el

t
e (1 -/ g(s)ds) I9ul3 + | Vel — en(g o V)
0

t
- g(s)dsHVqufe/ g | 2ugudz + €2 (g 0 V)
4n Jo Q 2=,
814 e (pHO+ gt + SIvudd+ 5 (1= [ oteias ) Ivulg )
0

1
> (1 — Hl—at m p+2 H(t
> (- @l + e (S + 2 ) gt + o)

te <(§ - 1) - (g 14 ﬁ) /Otg(s)ds> IVull3

+e (g - 77) (goVu)+e (g + 1) V3,

for some number n with 0 < n < g By recalling (3.2), the estimate (3.14) is
reduced to
1
202 (- Ol + (7 + 225 )l
+epH (t) + ear(g o Vu) + eas||Vul|3 + eas||Vus |3 — e/ |ut| ™ 2ugude,
Q
where
=2 50 —(9 1) Pyt /t()d >0, az=2+1>0

a1_2 n y G2 = 2 2 477 Ogss ) Cl3—2 .

To estimate the last term of (3.15), we use again Young’s inequality

o 51 1 1
XY S —X'4+=Y% XY 20, for all 6>0, —+-=1,
q r q
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with r =m and q = (mmi_l) So we have

m—1__-m
6= [Jue

_ om
[l = S +

which yields, by substitution in (3.15), for all 6 > 0

L'(t) = |(1—a)H™(t) - 07T | Jluell;m + €as||[Vue |3 — e—|lullm
(3.16) ) ) 2m m
p+ 2
+e (p—|—1 + p—|—2> ||u,5||p+2 + epH (t) + ear(g o Vu) + eaq||Vul|s.

The inequality (3.16) remains valid even if ¢ is time dependant since the integral is

taken over the z variable. Therefore by taking  so that §m-1 = kH~°(t), for large
k to be specified later, and substituting in (3.16) we arrive at

m—1

20> |- a) - | m el e () Tl

p 2
(B17)  beanlgo i)+ car Vull + canl Tl + e (25 ) 13

1-m

k
H(t) — —— H*m=D ) |ul|™| .
e orite - Ol
By exploiting (3.11) and inequality [[ull}; < C/|lul|}", we obtain
1 a(m—1)
Hm O < (5) 0 Clulprered,
b

therefore, from (3.17), one obtains

-1

e R R e

1 p
(3.18) € <p+1 + p+2> [us]|545 + ear(g o Vu) + eas||Vul|3 + eas|| Vi3

kl—m 1 a(m—1) ol 1
H(t) — - mtap(m—1)|
e |pH(H) — = (p) Clul;
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At this stage, we use Corollary 3.1 for s = m+ «a(m —1) < p, to deduce from (3.18)

m—1

() > {1—04)
1

k} H=o ()12
2

(p HQ)||ut||zig+ea1<gow>+ea2||w||%+ea3Vutn%

+{th ek H) a2 4 Va2~ Va3

(3.19) (g0 Vu)(t) + ||up}

—(g
2o

ﬁ + — = + Clkl m> ||ut||gi§
+e (a1 + Clkl m) (go Vu) +€(az + C1k' ™) | Vull3
+e€ (a3 — Clklim) ||V’U,t||% + € (p + Clklim) H(t) — GClklimHU”g,

Y

Sk | B (1)

a(m—1)
1

where C7 = <> C/m. By noting that
p

1 1 1 1 1
H(t) > ———|Jue]|?T3 — 2| Vue|3 — = Vull3 — = (g0 Vu) + =|ul?
(t) = p+2||ut|\p+2 5 IVuellz = 5lIVull; = 5(g o u)+pllu||p7

and writing p = 2a4 + (p — 2a4), where ay = min{ay, aq, as}, the estimate (3.19)
yields

m—1

V0> |(1-a)- 4 (8

1
(3.20) +e <p+1 +— +2 + CikT™ — ||ut|\,,+2 +e —C1k'~ ’") [|ull?

4€e(a; + Clkl ™ —qay)(goVu)+e (ag + C k™ — a4) [Vul|3
“+e€(az — Clk‘l_m — Q4 ||Vut||§ +e€ (p + Clkl_m — 2(14) H(t)

2@4

We choose k large enough so that (3.20) becomes

v > [(1 —a)-

1
ek] - o)l
ey [H) + udll 13 + 1Vuel3 + [9ullf + (9.0 Vu)(®) + ul?]

(3.21)

where > 0 is the minimum of the coefficients of H (t), [[u¢||3, [[u||?, and (go Vu)(t)
n (3.21). Once k is fixed (hence ), we pick € small enough so that

ek(m —1)

(1—a) - S

>0,

and
L(0) = Hl_a(o) Py 1 / |ut|Pugugda + 6/ Vui.Vugdr > 0.
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Therefore (3.21) takes the form
(3.22) L'(t) > ey [H(t) + el + Va3 + [1Vull3 + (g 0 Va) () + [lullp] -
Consequently, we have
L(t) > L(0) >0, for all t>0.

We now estimate

’/ |ut|Purude
Q
we have

‘/ |ue|Puruda
Q

Where % + % = 1. Choose 1 = %(> 1), then

+1 +2
< luellprallwllore < Clludigiallullp,

1
T—a p+1

T—a 1% f,ill %
< Ol £5 1l < c(||ut|p+g Tl )

0 p+2
I—a I-a)p+2)-(p+D)

Using Corollary 3.1, we obtain for all t > 0

‘/ |ue|Pusude
Q

Therefore,

1
1—a

< C [~H) + Jwall§33 + 1Vl ~ 19ul} = (g0 Vu)(®) + ull] -

11—«

Lﬁ(t) = (Hl—a(t)+€/ |ut|putudas+6/ Vut.Vudx>
(3.23) pt+l/e Q

2 =T
<C {Ilwllﬁig +H(E) + [ Vuell3 + [Vull, ™ + IIulg] , VE>0.

Noting that

3.24 vur= <o < S0 g

. T-2a o3 < t

( ) H UHQ — — H(O) ( )7

it follows from (3.23) and (3.24) that

(3.25) LT% () < C [ludllf33 + IVudli3 + lulls] . vt > 0.

Combining (3.22) and (3.25), we arrive at

(3.26) L'(t) > %Lﬁ(& Vit > 0.
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A simple integration of (3.26) over (0, t) yields

a 1
(3.27) LT==(t) > —
( L7=a(0) — evta/|C(1 — )]

This shows that L(¢) blows up in finite time.

C(l-a)

(3.28) "< ——a——
eyaLT=(0)

Summarizing, the proof is completed. O

4. Asymptotic Behavior

In this section, we investigate the asymptotic behavior of the problem (1.1). We
define

(4.1) G(t) = ME(t) + e(t) + x(2),

where € and M are positive constants which shall be determined later, and

(4.2) w(t) = ﬁf(t) /Q gl Purudar + £(1) /Q Vu, Vudz,
4y xo=¢o [ (Aut— 'Z'j{) / o(t — ) [u(t) — u(s)) dsdz.

Theorem 4.1. Let (ug,u1) € H}(Q) x HF () be given. Assume that (Hy) — (Hs)
and (3.4) hold. Then for each tg > 0, there exists two positive constants K and k
such that the solution of (1.1) satisfies

(4.4) E(t) < Ke "o &@ds 4> ¢
For our purposes, we need:

Theorem 4.2. ([22]) Suppose that (Hy) — (H3) and (3.4) hold. If ug,u; € Hg(S2)
and

(4.5) CT <(p ip2)lE(O)) 7o

where C, is the best Poincare’s constant. Then the solution of the problem (1.1) is
global in time and satisfies

2p
(4.6) UVu@) [ + [V (t) || < b2 (0).

The proof of the theorem 4.2 is detailed in [22].
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Lemma 4.1. Let u € L>=(0,T; H}(2)) be the solution of (1.1), then we have

an [ ([ ate=s e - o) e <crr e (220
x (g o Vu)(t).

Proof. Here, we point out that

p+1

/ g(t — 8) [u(t) — u(s)] ds = / lg(t — £)]5 [g(t — )] [u(t) — u(s))] ds,
0 0

then by using Holder’s inequality, we get

+2

/Q (/Otg(t —s)(u(t) - u(s))ds)p dr <
< (/OOO g(s)d5>p+1 /Otg(t —5) /Q lu(t) — u(s)|P2dzds

< ot pyen / gt — 9)||Vult) — Vu(s)[5+2ds
0

4pE(0)

p+2 _ 7\p+1
N =

5
) (g o Vu)(t).
This ends the proof. [

Lemma 4.2. For e > 0 small enough while M > 0 is large enough, the relation
a1 G(t) < E(t) < aaG(t),
holds for two positive constants ay and as.

Proof. By using Young’s inequality, the Sobolev embedding theorem, (1.6),(4.6)
and Lemma 4.1, we can derive that

1
we|Purudz < - ——— |
s [ wPuds] <z + (pﬂ)(yzﬂ C
or 2pE(0) \ ¢
< P+2 * \V/ 2

and

p+1 / g / (t — s)[u(t) — u(s)|dsd )
<

otz 1 t —8)[u(t) — u(s)]ds ’ x
< +1|| Wl g [ ([ - ol —uelas)
cot? 4pE(0)

S || t||,’ji§ m(l — Pt ((p—2)l) ' (g o Vu)(t).
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It follows that

610 < MEW) + (1 + = Vel

p+2
cet? 2pE(0)\* | 1 , e+l )
o (2O L vz + el
-, o o1 (4PE(0) \*
T et (o) | deevao
< ME(t) + (;hlq + pj-2> N |53
crt? 2pE0)\ % 1 , e
G GTT (Goan) +a] MIvus
1-1 cot? o1 ((4PE(0)\ 2 1
" [ prnprnt 0 (pan) | Ve vee < LEo,
and
G(t) > ME(t) — (1 + ) ()2
- ) p+1 p+2 pt2
ot 2pE(0)\2 | 1 , e+1 w2
G+ Dp+2) ((p—Q)l) + 2] D Vullz 3 E@O)[Vuel2
Ll o (E0))f ]
-+ oo (@_zﬂ)]fw@ 0

M 1 € M~ e+1
> — N P2 = - N 2
Z |04 (p+l +p+2) ] luellorz + | 5 5 [ Vue3

M, cot? 2EO0)\? 1 M
{5 hp+D@+ﬂ)(@—2ﬂ> #g| Np -

Mo [1-1 cet? i1 ((4PE(0) \ 2 1
+{2"[2 Tt (o) ]N}@°V“&)Zafﬂ”

For € > 0 small enough while M > 0 is large enough. This completes the proof. [J

Lemma 4.3. Under the assumptions (H1) — (Hs) and (4.6), the functional

vlt) = — e

satisfies the solutions of (1.1),

/ |ut|Pusude + £(t / Vus.Vudz,

ﬂéﬂwﬁ
45 46

CZ(P""l) 0
+E (p( | Jeonvus
l

1— 1
+ €O (g0 Vu)(t) + pﬁf(t)llutllﬁﬁ + &) [Jull}-

W(t) < — [; — 602 -

(4.8) %+A+k
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Proof. By using the equation of (1.1), we easily see that

V() = €Ol +60) [ Julurde + €0Vl

() /Q Vu.VuttdquﬁE’(t) /Q gl Pusuda + € (£) /Q Vs Vuds
= O3 + SOVl — € ITul}

+§ A Vu/ (t — 5)Vuls)dsdz — £(t) [ |ue™ 2upuda + £(t)]|ul]?

Q

/ |ug|Pugude + &' (t / Vu.Vudzx.

Now we estimate
1 2
Vu g(t — s)Vu(s)dsdzx < §\|Vu||2
2

+3 /Q ( / ot = )(Vu(s) = Vo) + [Vulo))ds ) d.

We use Young’s inequality and the fact that

[oas < [ aas=1-1

it follows from (4.10) for = 1 > 0 that

(4.10)

2

/Vu / t—s)tVu(s)dsdxg;(1—1—77)/9<4tg(t—s)Vu(t)|ds> do
+2 (1+n)/§2(/0 g(t—s)|Vu(s)—Vu(t)|ds) d:I:—F%HVuH%

< Il + 5+ - DIV + 5 (141 ) (- Dig o T
< %HWt)nz + (1= Dlg o Vu) (1),

and
2(p+1
(4.11) /Q|uf\putud:z: < 45\\ut\|2§g+1§ +6C2||Vull,

for any 6 > 0. In view of (4.6) and the Sobolev embedding
2
H(Q) — Lz(pﬂ)(Q)7 for 0<p< —3 if n>3 and p>0 if n=12
n—

we get
2pF
(4.12) el 2250 <02<P+”(;’ ”) 1wl
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It follows from (4.11) and (4.12) that

1 C20tY 19pE(0)\”
[ vt < S (22D s
(4.13) p+ p+ D

1
+——6C?||Vu)?,
—0C2|Tul}

and
‘/ lug| ™ 2 upude| < 6/ \u|2dm+ 5 \ut\Qm_de
(4.14) < 0C2||Vul3 + 55C2" %[ Vu t||§ﬁ_2/ )
< 0C|Vul3 + £C2m2 (222 7 ||V 3
< 6C2|Vull3 + 4511 Vuel3.
Also .
(4.15) /QVut.Vudx < EHVUtHg + 6| Vul|3.

By combining (4.9),(4.10),(4.13),(4.14) and (4.15), we deduce easily the estimate
(4.8). This completes our proof. [J

Lemma 4.4. Under the assumptions (Hy) — (Hz3), the functional

= [ (Aut - '”ﬁ“) / gt — s)u(t) — uls)dsds,

Q P
satisfies, along solutions of (1.1) and for 6 > 0

X(1) <6 {1+2(1—1) + O Q(ngg?) 2} (1) Vul3
2
et s g | (- e T
(4.16) 2 K
—i%) (1+p%1)s<t><gow><>—s<>(/ g(s)d )nutnzi%
CE(erl) 2pE(
+{(k:+1)§1 1+ Py (p 2) +01A— / } ) Vu3-

Proof. Applying (1.1), the computation yields

O =60 [ S = lulu) [ ole = )0u(t) - u(s)dsds
veo) [ (o - gt — ) [ut) — uls)ldsda
() / ey / (Aut |ut+llbt>utdx

/ Aug / (t — $)[ult) — u(s)|dsdz
=60 [ b / g(t — 5)[u(t) — u(s)]dsda.
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By integrating the parts, it follows that

V() =€) / V(o). | glt - $)[Vu(t) - Vus))dsd

// (t — 8)Vu(s)ds. /Otg(ts)[Vu()Vu( )\dsdz
—g(t)/o §)ds|| V|2 — /QVut /Otg t — )[Vu(t) — Vu(s)|dsdz
—mgo [ b / ¢ (t - 5)[u(t) — u(s)ldsdz

(@17) ——eOlul3 [ alo)is

+§(t)/ﬂ|ut\m Zuy /Otg(t—s)[u(t) — u(s)]dsdx
~¢(0) [ / glt - 9)[ult) — us))dsda
/Vut/ (t — 8)[Vu(t) — u(s)]dsdz

‘m“) [t [ ate = 9utt) ~ u(sasa

In fact, by exploiting Young’s inequality, we get that for any d; > 0

(4.18)/9 vule)- (/ gt = 9IVult) - Vu(s)lds ) de < [Vl

431~ Dlg o Vu)lt),

/Q /0 t g(t—ts)Vu(s)ds. /O t g(tfs)[Vu(t)fVu(s)];isdx
419<511/Q</0 ;q(t—s)|Vu(s)—Vu(t)|+V:(t)lds) dx
(4. )+451/Q</0 g(t—s)|7u(t)—Vu(s)|ds> dz 2
< Ezaljt;;l;/ (/0 g(t—s)Vu(t)—Vu(s)ds) do

A

1
201+ 15 | (L= D(g o Vu)() + 251 (1 = 7 [[Vull3 + 26, (1 = D[ Vul 3,

IN

and

o /wt/ (t = $)[Vult) — Vau(s)|dsdz < 6|V |)2

—I—%Ol)( —g o Vu)(t).
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Also
(421) p+1/ ‘Ut|put/ t—S)[u(t)_u(S)]dsdx
’ 2(P+1
<6 (525 19wl + gy O o v

Similarly, we get

t
/ e[ / ot — $)(u(t) — u(s))dsdz
Q

2
< Sy llul3n3+ /(/ ¢~ 9t - us)ids) do
(4.22) 40, .
<nCzm 2Vl + o [ g(s)ds [ att=9) [ u(t) —u(s) s

. 1
< 81 A|| V|2 + E(l - Z)CQ(g o Vu)(t),

/ |u|P~2 / (t — s)[u(t) — u(s)]dsdx

2

t—s)|u(t) —u(s)lds ) dx
(4.23) < </0 =l ()02((1)}0)
+oulullzp=s < dillullzp s + =5 (g0 Vu)(#)
2 ((20E(0) \' 7 c2(1-1)
o0 (ZE pvulg+ “L=D o v,
and

/ Vut./ g(t — 8)[Vu(t) — Vu(s)dsdr < 61]|Vu|3
Q 0

ta (L= Dlgo V)

(4.24)

We estimate

p+ 1 / ‘ut‘put/ (t = s)[u(t) — u(s)]dsdz

(p+1) 1 ' — s)|u —u(s)|ds X
425) < oniul2e) + g [ ([ o= 90 - uoas)
2P +1) <2pE(O) 1

P
—1
< 2 .

Combining the estimates (4.18)-(4.25) and (4.17), the assertion of the lemma 4.4 is
established. [
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Proof. (Theorem 4.1). Since g is positive, we have that, for any to > 0,

t to
/ g(s)ds > / g(s)ds =gy >0, t>to.
0 0

By using (4.1),(4.8),(4.16) and Lemma 4.1, a series of computations yields, for
t 2 th

(g 0 vue) - - 502 — 5 (1455 ) vl

) p+1
S EM(go Vu)(t) + e +15(1t)\|utllﬁi§+e§(t)||ull,"3

P
1+ oy (ZpE(O) ?
p+1 p—2

-2
+01 [ 1+2(1 - 12+ P 2(2pE<0>) } £(t)[|Vul3

EB)IVul[3

(p—2)1
(p+2)k 1
[451(p+) 20, 251} (1=De®ge Vu)(®)

_%)1) <1+pcfl> £(t) (g’ oVu)(t)—f()(/t (s)d )IUtIIZii

+{(k+1)51 l1+ 2(p+1)( E(O>]+51A / 5) } ) Vue3

p+1

Ak 2Pt 1opE(0)
< _ el
< {90 6<1+45+4(5<1+ PR (p—2)

02(/)""1) 2E(0 P ~
~(k+ 13, l1+ - (2250) +51A] be(o

! ) C?
(L seaa (i )

o [+ 20- 02+ 072 (228)") YeIvulg + oluly

(p—2)1
2

_ % - 94%) (1 + p(j_*l) N] (—g' o Vu)(t) — (90 — e) CE() e
€ (pt+2)k 1 2
i [ 461(p+1) 26, 251] (1-10¢ ()(goVu)()

(4.26

~

At this point, we choose § > 0 so small that

! ) c? l
——6C2— kb (1 & -
5 —0C: /<:5< +p+1>>4

Hence § is fixed, we choose € > 0 small enough so that Lemma 4.2 holds and that

9o

Ak c2e ) opE0)”
1+ =+ —[1+
46 46 p+1 p—2

€<

2
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Once 6 and € are fixed, we choose a positive constant §; satisfying

01 <min{&, &},

where
¢ = _ 9o _
2Pt ropp0)\” - -]
2(k+1) |1 01 A
(+)_+p+1 (p—2)+1_
and
€ = i b T
CE(P"FI) QPE(O) P ~
2 1)1 A
(k+ )_ + P <p_2) + 41 |
and be such that
Ak c2et ropE(0)”
go — € 1+45+4§<1+ o+ 1 (p2>
CXtY ropE(0)\” . -
- 1 1 A
(k+1)5 |1+ PR <p_2) + 01 > 0,

also
l 2 _, [ 2pE(0) \?P?
— —5C?—ké (1 * — & [1+2(1 =1)? 2p—2 )
6{2 Ce ( +p+1>} R AR ((p—2)l> =0

We then pick M sufficiently large so that Lemma 4.2 holds and that
M ¢(0) C? € (p+2)k 1 C?
— =11 Nl — |4+ -——F—"—+201 +— 1-1)>0.
[2 451<+p+1 2 W) o T as T ag, 1-0>
Hence, using (Hs), we get
M 0 C?
{ 90 (1 ;& ) N] (—d' o Vu)(1)

2 451 p—|—1
{e (p+2)k 1 c?

+201 + —— +

IRTAry 55 251}(1z)g(t)(gow)(t)zksf(t)(govu)(t)-

By using Lemma 4.2 and (4.26), we arrive Vt > ¢ at

(4.27) G'(t) < —BiE(HE(t) < a1 prE(H)G (1),

for some positive constant $;. A simple integration of (4.27) leads to
(4.28) G(t) < Gltg)e 1P T €%y > 4

Thus, from Lemma 4.2 and (4.28), we get

(4.29) E(t) < anGlto)e 1P fio €08 _ pee=r i €605 gy > ¢

This completes our proof. [



10.

11.

12.

13.

14.

15.

16.

17.

18.

Blow-up for a Hyperbolic Problem with Variable Exponents 671
REFERENCES

. R. ABOULAICHA, D. MESKINEAand A. SouissiA: New diffusion models in image
processing. Comput. Math. Appl. 56 (2008), 874-882.

F. ANDREU-VAILLO, V. CASELLES and JM. MAZN: Parabolic Quasilinear Equa-
tions Minimizing Linear Growth Functions. Progress in Mathematics, Birkhuser,
Basel, 2004.

SN. ANTONTSEV and V. ZHIKOV: Higher integrability for parabolic equations of
p(zx,t)-Laplacian type. Adv. Differ. Equ. 10 (2005), 1053-1080.

SN. ANTONTSEV: Wave equation with p(z,t)-Laplacian and damping term: blow-
up of solutions. Ezistence and blow-up. Differ. Equ. Appl. 3(4) (2011), 503-525.

M M. CAVALCANTI, VN. D. CAVALCANTI and J. FERREIRA: Ezistence and uni-

form decay for nonlinear viscoelastic equation with strong damping. Math. Meth-
ods Appl. Sci. 24 (2001), 1043-1053.

M M. CAVALCANTI, VN. D. CAVALCANTI and JA. SORIANO: Ezponential decay

for the solution of semilinear viscoelastic wave equations with localized damping.
Electron. J. Differ. Equ. 44 (2002), 1-14.

M M. CAvALCANTI and HP. OQUENDO: Frictional versus viscoelastic damping
in a semilinear wave equation. SIAM J. Control Optim. 42(4) (2003), 1310-1324.

Y. CHEN, S. LEVINE and M. RAO: Variable exponent, linear growth functions in
tmage restoration. SIAM J. Appl. Math. 66 (2006), 1383-1406.

D. EpmunDps and J. RAKOSNIK: Sobolev embeddings with variable exponent.
Mathematische Nachrichten. 246(1) (2002), 53-67.

X. FAN, J. SHEN and D. ZHAO:Sobolev embedding theorems for spaces Wk‘p(z>(Q).
J. Math. Anal. Appl. 262 (2001), 749-760.

X. FAN and D. ZHAO: On the spaces L™ and L™P® . J. Math. Anal. Appl.
263 (2001), 424-446.

Y. Gao, B. Guo and W. Gao: Weak solutions for a high-
order pseudo-parabolic equation with variable exponents. Appl. Anal.(2013).
doi:10.1080,/00036811.2013.772138.

V.A. GALAKTIONOV and S.I. POHOZAEV: Blow-up and critical exponents for
nonlinear hyperbolic equations. Nonlinear Analysis: Theory, Methods and Appli-
cations. 53(3) (2003), 453-466.

V. GEORGIEV and G. TODOROVA: FEzistence of solutions of the wave equation
with nonlinear damping and source terms. J. Diff. Eqns. 109 (2) (1994), 295-308.

C. GOODRICH and M.A. RAGUSA: Holder continuity of weak solutions of p-
Laplacian PDEs with VMO coefficients. Nonlinear Analysis. 185 (2019), 336-355.

A. HARAUX and E. ZUAZUA: Decay estimates for some semilinear damped hyper-
bolic problems. Arch. Rational Mech. Anal. 150 (1988), 191-206.

A. M. KBIRr1, S. A. MEssaouDI and H. B. KHENOUS: A blow-up result for non-
linear generalized heat equation. Computers and Mathematics with Applications.
68(12) (2014), 1723-1732.

0. Kovcik and J. RKOSNK: On spaces LP®) and W1P(®) | Czechoslov. Math. J.
41(116) (1991), 592-618.



672

19.

20.

21.

22.

23.

24.

25.

26.

27.

F. Z. Mahdi and A. Hakem

SZ. LiaN, WJ. Gao, CL. Cao and HJ. YUAN: Study of the solutions to a model
porous medium equation with variable exponents of nonlinearity. J. Math. Anal.
Appl. 342 (2008), 27-38.

JL. LioNs: Quelques méthodes De résolution des Problémes aux limites non
linéaires. Dunod, Paris, 1969.

W. Liu: General decay and blow-up of solution for a quasilinear viscoelastic prob-
lem with nonlinear source. Nonlinear Analysis. 73 (2010), 1890-1904.

S. A. MEssaouDpI and N. TATAR: Global existence and uniform stability of so-
lutions for a quasilinear viscoelastic problem. Math. Meth. Appl. Sci. 30 (2007),
665—680.

M.A. Racusa and A. TACHIKAWA: On continuity of minimizers for certain
quadratic growth functionals: Journal of the Mathematical Society of Japan. 57
(3) (2005) , 691-700.

M.A. RAGUSA and A. TACHIKAWA: Regularity for minimizers for functionals of
double phase with variable exponents. Advances in Nonlinear Analysis. 9 (2020),
710-728.

E. VITILLARO: Global nonezxistence theorems for a class of evolution equations
with dissipation. Archive for Rational Mechanics and Analysis. 149(2) (1999),
155-182.

JN. ZHao: Egistence and nonezistence of solutions for us = div(|Vu|P~2Vu) +
F(Vu,u,z,t). J. Math. Anal. Appl.172 (1993), 130-146.

SM. ZHENG: Nonlinear Fvolution Equation. CRC Press, Boca Raton, 2004.

Fatima Zohra Mahdi
Laboratory ACEDP

Djillali Liabes university
22000 Sidi Bel Abbes, Algeria
mahdifatimazohra@yahoo.fr

Ali Hakem

Laboratory ACEDP

Djillali Liabes university

P.O. Box 73

22000 Sidi Bel Abbes, Algeria

hakemali@yahoo.com



