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Abstract. In this paper we show that for any two primes p and ¢ greater than 5, the
elliptic curve E, o : y? = 2> — p?z + ¢* has rank at least 2. We will also provide two
independent points on E, ;. Then we will show that, conjecturally, the family {E(, 4}
contains an infinite subfamily of rank three elliptic curves.
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1. Introduction

Let E be an elliptic curve over Q and E(Q) be its Mordell-Weil group over Q
which is a finitely generated Abelian group. The rank of the free part of E(Q) as
a Z -module is called the rank of E over Q. There has been a lot of research to
compute the rank of the families of elliptic curves. Despite these attempts, there
is no efficient algorithm for finding the rank of elliptic curves. So finding special
forms of elliptic curves whose structure is known is very interesting. Many authors
[7,8,9, 10, 11, 12, 16, 5, 6] have considered different families of elliptic curves and
have computed their rank and integral points.

In this paper, we study elliptic curves of the form E, ;) : y? = 23 — p?x + ¢* over
Q, where p and ¢ are primes greater than 5. We show that the torsion group of
these curves is trivial, and also find at least two independent points on these curves,
which means that E, ,) has rank at least 2.

2. feature of points in E(Q)

In this section, we consider the structure of the group of rational points on the
family of the following elliptic curves

(2..1) E=FEgy,q: y? =23 —p’r + ¢,
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where p and q are primes greater than 5. We will show that E has no torsion points
and has rank at least 2. To show that E(Q) has no nontrivial torsion point we need
the following lemma.

Lemma 2.1. Let E be an elliptic curve with integer coefficients. Suppose that E
has good reduction modulo the prime r, and E, is the reduction modulo r. The map

E(Q)Tor — E’I‘(F’I‘)

is an injective group homomorphism.
Proof. This is a direct corollary of [14]. O

Theorem 2.2. Let p and q be prime numbers greater than 5. The torsion part of
FE is trivial.

Proof. We have Ap = —4p5 + 27¢*. Tt is easy to see that 3 { Ap and 5t Ag,
therefore E has good reductions modulo 3 and 5. Let F3 and E5 be reductions of
E modulo 3 and 5 respectively. By direct computation, we see that |E3(F3)| = 7
and we have

8 p?=1 (mod}5).

|Es(F5)| = {9 p? = (mod 5).

Now using Lemma 2.1, we see that |Etors(Q)| divides 7, and also 8 or 9, which
means that |Eiprs(Q)] = 1. This means that Eiors(Q) = {O}. O

By the Mordell-Weil theorem, F(Q) is a finitely generated abelian group. Hence

EQ) =EQ)ror Z7,
where 7 is the rank of F(Q). In fact, (2..1) shows that in our case
EQ=7Z".
Using this we have
E(Q)/2E(Q) = (2/22)".
Therefore E(Q)/2FE(Q) determines . We record the above as the following propo-

sition:

Proposition 2.3. Let E be an elliptic curve on Q such that E(Q) has no torsion
point. Then

E(Q)/2E(Q) = (Z/22)",
where 1 is the rank of F(Q).

To study our elliptic curve E, ,), we start by the following lemmas about the
features of the points in F(Q).



Family of Elliptic Curves E(, o) : y* = 2° — p°z + ¢° 807
Proposition 2.4. Assume that P = (x,y) € E(Z). Then
(i) y is odd.

(i) x #2,4,6 (mod 8).

Proof. The proof of (i) and (ii) are straightforward. O

/

Lemma 2.5. Let P = (z,y) be a point in E(Q). Then, x = % andy = L where
s

8_3;
s,u,u’ € Z and ged(u, s) = ged(u', s) = 1.

Proof. See [17]. O

Lemma 2.6. For every point P = (x,y) € E(Q), we have

zt + 2p%2% 4 p* — 8¢%x

(2..2) 2(2P) = o

Proof. The proof is straightforward. O

In the following proposition, we see some features of elements of 2F(Q).

~

/
Proposition 2.7. Let P = (52 , 8—3) and Q = (g, 1:)—3) € E(Q), where u,u’, s, w,w' t €

Z and ged(uv', s) = ged(ww',t) = 1. If P = 2Q then:
(i) ts.
(i) If s is odd, then w and t are odd.

(iii) u is odd and u % s> (mod 4).

Proof. Suppose that P = 2Q), since z(2Q) = z(P) = Y

—, using Lemma 2.6 and the
S
fact that @ is on F we have

(2..3) dut?(w® — p*wt* + 1) = s*[(w? + p*t*)? — 8¢*wt®].

Since ged(t,w) = 1, from the above equality we see that t|s. This proves (7).
Considering (2..3) modulo 8, proves part (i7). For part (ii7), it suffices to consider
(2..3) modulo 16. O
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3. group structure of E(Q)

In this section, using previous results, we will find two independent points in E(Q),
which proves that r > 2. Fix two prime numbers p > 5 and ¢ > 5 and let E be
the elliptic curve E : y? = 23 — p?z + ¢% over Q. Consider the points P, = (0, q),
Py, = (—p,q) and P3 = (p,q) in E(Q). We will show that P; and P, are independent.

Lemma 3.1. None of the points Py, P> and Ps belong to 2E(Q).

Proof. By part (iii) in Proposition 2.7, P, and P; ¢ 2E(Q). We prove the lemma
w w

t_27 t_3) € E(Q)a such

that P3 = 2Q. By Proposition 2.7(i), t|1, so t = +1 and by Lemma 2.6, we have

(3..1) dp(w?® — p*w + ¢*) = [(w? + p?)? — 8¢*w].

for Ps, other parts is similar. Suppose that there exist @ = (

Which is equivalent to

(3.2) (w —p)* = 4p*(w — p)? = 8¢*(w — p) — 12pg” + 4p* = 0.
By Proposition 2.4, we know w is odd, let w — p = 2s. We have
(3..3) (25? — p*)? = 4¢*s + 3pq>.

Assume that n = 2s? — p? hence g|n so n is odd. Therefore we have

_ n? — 3q2p
4q¢%2
Hence
2 2\2
2 o (n®—3pq?)
= 2 =,
n-—+p S 841
and therefore
(3..4) nt —6¢%pn? — 8¢*n + p?¢* = 0.
On the other hand
n? — 4q¢%s
= 32
So
09 n* + 16¢*s% — 8n2¢>s
9q4 ’
and therefore
(3..5) Ing* + n* — 8n2¢%s = 25%¢ .

From this we have n|2s%¢*. Since ged(n,2s?) = 1, we have n|¢*. This is impossible
since the product of roots of equation is p?¢*. In fact, we have no integer roots
for the equation (3..4). Therefore, we must reject the assumption that there exist
Q € E(Q), such that P3 = 2Q. Hence P; #2Q. O
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Theorem 3.2. Let P; = P+2E(Q), i = 1,2,3, be elements in E(Q)/2E(Q). The
set H= {0, Py, Py, P3} is a subgroup of E(Q)/2E(Q) of order 4, so 4||E(Q)/2E(Q)|
and hence |E(Q)/2E(Q)| > 4.

Proof. By Lemma 3.1, we know that Py, P», P3 # O. On the other hand, it is
easy to see that —P3 = P; + P> and H is closed. This shows that H is a subgroup
of E(Q)/2E(Q). To prove the theorem, we consider the following cases:

1. Suppose that P, = P, then, P; = 2P, = O, which is a contradiction according
to Lemma 3.1.

2. Suppose that P, = P3 then, P, = O, which is a contradiction according to
Lemma 3.1.

3. Suppose that P, = P3 then, P, = O, which is a contradiction according to
Lemma 3.1.

Therefore, these four classes are distinct classes of F(Q)/2E(Q) ,so |H|=4. O

We have shown that |E(Q)/2E(Q)| > 4, which implies that rank(E) > 2, by
Proposition 2.3. In fact, we have the following theorem.

Theorem 3.3. The point Py and Py are independent rational points in E(Q) and
so rank(E(Q)) > 2.

Proof. Assume on the contrary that two rational points P, and P, are dependent.
Then there exist m,n € Z ,not both zero, such that mP; +nP, = O. Without loss
of generality, let m € N be the smallest among all. We have four cases,

1. Assume that m is even and n is odd then, © = P», which contradicts Theorem
3.2.

2. Assume that m is odd and n is even then, @ = P;, which is a contradiction
according to Theorem 3.2.

3. Assume that m is odd and n is odd then, © = Ps, which contradicts Theorem
3.2.

4. Assume that m = 2t and n = 2¢/, both are even then 2(tP; +¢'P;) = O. Now
Theorem 2.2 implies that (tP; +t'P2) = O. This contradicts the minimality
of m.

This completes the proof. O

Example 3.4. By Theorem 3.3 the points Py = (0,7) and P, = (=7,7) are inde-
pendent points on the elliptic curve E = E7 7) y? = a3 — 7%x 4+ 7. The computer
algebra system Sage [15] suggests that the rank of E = E(7 7y is in fact, 2 and the
points P = (0,7) and Py = (=7,7) generate E = E7 7).
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4. A family of rank 3 elliptic curves

Already, we have identified an infinite family of rank two elliptic curves. In this
section, we find a subfamily of rank three elliptic curves in this family. We will
show that under a famous conjecture this subfamily has infinitely many members.
Suppose that p and ¢ satisfy p? + ¢> — 1 = b2 for an integer, then the point P, =
(—1,b) is a point on E(, 4. We will show that Py, P, and P, are independent. We
need the following:

Lemma 4.1. Let p and q are prime numbers greater than 5. If there exists b € Z
such that p*> + ¢ — 1 = b2, then the point Py = (—1,b) € E(Q), satisfies the
followings:
(1) Py ¢ 2E(Q).
(ii) Py= Py + Py ¢ 2E(Q).
(iii) Ps = Py+ P> ¢ 2E(Q).
(il)) P,=P,+ P3 ¢ 2E(Q)

Proof. First, we will show that Py ¢ 2F(Q). Assume on the contrary that there ex-

wl

ists Q = (t%’ t_?’) € E(Q), such that P, = 2Q. Then, —1 = z(2Q). By Proposition
2.7 we can set t = 1. Now by Lemma 2.6 We have
4w’ = pPw +¢*) + (w? + p*)* = 8¢*w.

From this and Proposition 2.4 1 < w € Z. We rewrite the above formula as a
quadratic equation in p?. Then we have

(4..1) p* +2p?(w? — 2w) + (w* + 4w® — 8wg® + 4¢%) = 0.
The above equation has integer solutions if and only if

Az = 16(=2w* + w? + 2wg® — ¢°)

is the square of an integer. Now from this we have

—2w? + w? 4 2wg® — ¢ =m?

for some integer m. Hence w satisfies the equation

—2w? + w? 4+ 2wg® — > —m? = 0.
The sum of the roots of this equation is % This impossible since 1 < w € Z. This
prove (i).
(ii) Let Ps = 2@Q we have (¢ —b)? +1 =1 (mod 4). This contradicts Proposition
2.7(ii). The proofs of (#i1) and (iv) are similar to that of (i¢). O
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Lemma 4.2. Let P; = P; +2E(Q), 1 <i < 7. The set
H:{67 pla p?a p37 p47 p5a pﬁ; p7}
is a subgroup of E(Q)/2E(Q) of order 8.

Proof. The fact that the 8 elements in H are distinct and H is closed under addition
is easy to prove using Theorem 3.2 and Lemma 4.1. O

The Lemma 4.2 and Proposition 2.3 show that the rank of F(Q) is at least 3.
In fact, we have the following result.

Theorem 4.3. The points Py, P> and Py, are independent rational points on
E(Q) and therefore the rank of E(Q) is at least three.

Proof. Assume on the contrary that two rational points Py, P, and P, are depen-
dent. Then there exist m,n,s € Z ,not both zero, such that mP;, + nPs + sP;, =
O.First we note that since P, P5 are independent by Theorem 3.3 we have s # 0.
Without loss of generality, let s € N be the smallest among all. We have eight cases.
When s is odd we have the following four cases,

1. Assume that m is even and n is odd. Then, O = Ps, which contradicts
Theorem 4.2.

2. Assume that m is odd and n is even. Then, © = Pj, which is a contradiction
according to Theorem 4.2.

3. Assume that m is odd and n is odd. Then, ® = P,, which contradicts
Theorem 4.2.

4. Assume that m is even and n is even. Then, @ = P,, which contradicts
Theorem 4.2.

If s is even we have four cases,

1. Assume that m is even and n is odd. Then, @ = P,, which contradicts
Theorem 4.2.

2. Assume that m is odd and n is even. Then, © = P;, which is a contradiction
according to Theorem 4.2.

3. Assume that m is odd and n is odd. Then, @ = P;, which contradicts
Theorem 4.2.

4. Assume that m = 2t, n = 2¢' and, s = 2" both are even then
2(tP +t'Py +t"Py) = O.

Now Theorem 2.2 implies that (¢P; +t' P, 4+t P,y) = O. This contradicts the
minimality of s.
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This completes the proof. O

Example 4.4. By Theorem 4.2 the points P, = (0,11), P, = (=7,11), Py =
(—1,13) are independent points on the elliptic curves E = E(7 11y : y? =a3 -z +
112. The computer algebra system Sage [15] suggests that the rank of E = E711)
is in fact, 8 and the points Py = (0,11), Py = (=7,11), Py = (—1,13) generate
E=Eqx)-

Here we investigate the number of primes p and ¢, for which p? +¢>—1 is square.
For this, we recall the Schinzel and Sierpinski [13] conjecture.

Conjecture 4.5. Let fi(x), fa(2),..., fm(z) € Z[z] be irreducible polynomials
with positive leading coefficients. Assume that there exists no integer n > 1 di-
viding f1(k), fa(k), ..., fm(k) for all integers k. Then there exist infinitely many
positive integers | such that each of the numbers f1(1), fa(l), ..., fm(l) is prime.

Proposition 4.6. There are infinitely many prime p and q for which p* + ¢*> — 1
1S a square.

Proof. Consider fi(z) = 2x+ 1, fo(zr) = 22 + 2 — 1 and f3(z) = 2> + 2+ 1. We
have

fi@)? + f2(2)* =1 = f3(2)*.
On the other hand if there exist integers k and n such that n|fa(k), f3(k), then
n|fa(k) — f3(k) = 2, thus n{ fi(k).
So Conjecture 4.5 implies that there exist infinitely many k, such that p = f1(k),
q = fa(k) and b = f3(k) are prime, which completes the proof. O

Corollary 4.7. Assuming the above conjecture, there is an infinite family elliptic
curves of the form E = E, o) of rank at least 3.

Proof. This follows from Theorem 4.3. O
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