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Abstract. The main objective of this article is to introduce the concepts of f—lacunary
statistical convergence of order a and strong f—lacunary summability of order a of dou-
ble sequences and give some inclusion relations between these concepts.
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1. Introduction

In 1951, Steinhaus [41] and Fast [19] introduced the concept of statistical conver-
gence while later in 1959, Schoenberg [40] reintroduced it independently. Bhardwaj
and Dhawan [4], Caserta et al. [5], Connor [6], Cakalli [11], Cinar et al. [12], Colak
[13], Et et al. ([15],[17]), Fridy [21], Isik [27], Salat [39], Di Maio and Kocinac
[14], Mursaleen et al. ([31],[30],[32]), Belen and Mohiuddine [3] and many authors
investigated the arguments related to this notion.

A modulus f is a function from [0, 00) to [0, 00) such that

i) f(x) =0 if and only if z = 0,

i) f(z+y) < fz)+ fy) for z,y >0,

iil) f is increasing,

iv) f is continuous from the right at 0.

It follows that f must be continuous everywhere on [0,00). A modulus may be
unbounded or bounded.

Aizpuru et al. [1] defined f—density of a subset E C N for any unbounded
modulus f by

N (LA 2 5])
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,if the limit exists
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and defined f—statistical convergence for any unbounded modulus f by
d'({keN:|z,—€>e})=0
ie.

lim. ﬁf(l{k <oy — 0 > }f) =0,

and we write it as S —limxy, = £ or 2, — ¢ (S’f) . Every f—statistically convergent
sequence is statistically convergent, but a statistically convergent sequence does not,
need to be f—statistically convergent for every unbounded modulus f.

By a lacunary sequence we mean an increasing integer sequence 6 = (k) of
non-negative integers such that ko = 0 and h, = (k, — ky—1) = 00 as r — oo. The

intervals determined by 6 will be denoted by I,. = (k,—_1, k-] and the ratio k’:il will

be abbreviated by ¢,, and g; = k; for convenience.

In [22], Fridy and Orhan introduced the concept of lacunary statistically conver-
gence in the sense that a sequence (z) of real numbers is called lacunary statistically
convergent to a real number ¢, if

. 1
Tli}rgoh—ereIT deg — € > e} =0
for every positive real number ¢.
Lacunary sequence spaces were studied in ([7],[8],[9],[10],[18],[20],[22],[23],[25],[26],[28],[36],[43]).
A double sequence x = (z;,x)55—, has Pringsheim limit ¢ provided that given
for every € > 0 there exists N € N such that |z;, — ¢| < € whenever j,k > N. In
this case, we write P — limx = ¢ (see Pringsheim [38]).

Let K € Nx N and K (m,n) = {(j,k): 7 <m,k <n}. The double natural
density of K is defined by

1
02 (K) =P — lim — |K (m,n)|,if the limit exists.

m,n Mmn

A double sequence = = (xjk)j ren 18 sald to be statistically convergent to a
number £ if for every € > 0 the set {(4,k) : j <m,k <n:|z;r — ¢ > e} has double
natural density zero (see Mursaleen and Edely [31]).

In [35], Patterson and Savag introduced the concept of double lacunary sequence
in the sense that double sequence 6" = {(k,,[;)} is called double lacunary sequence,
if there exists two increasing sequences of integers such that

ko=0,h. =k, —k,_1 > 00 asr — oo
and

lo=0,hsg =13 —lg_1 — 00 as s — 0.
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where k. s = kyls, hys = h,hs and the following intervals are determined by 6", I, =

(k) thpy <k <k} Ty ={(1) i lomy <1< I}, Irg ={(k;0) 1 kpoy <k < ky and l_y <1< 1},

_ _k - _ 1 =
O =55 0= 1.5 and ¢rs = ¢,

The double number sequence z is S, —convergent to ¢ provided that for every
e >0,

1
P —lim-— [{(k,0) € L : [wxs — €| > €}]) = 0.

In this case, we write Syv —limxy; = £ or z; — £ (Sy) (see [35]).

The notion of a modulus was given by Nakano [33]. Maddox [29] used a modulus
function to construct some sequence spaces. Afterwards, different sequence spaces
defined by modulus have been studied by Altin and Et [2], Et et al. [16], Isik [27],
Gaur and Mursaleen [24], Nuray and Savag [34], Pehlivan and Fisher [37], Sengiil
[42] and many others.

2. Main Results

In this section, we will introduce the concepts of f—lacunary statistical conver-
gence of order a and strong f—lacunary summability of order « of double sequences,
where f is an unbounded modulus and also give some results related to these con-
cepts.

Definition 2.1. Let f be an unbounded modulus, 8" = {(k.,ls)} be a double
lacunary sequence and « be a real number such that 0 < a < 1. We say that the
double sequence x = (z1,;) is f—lacunary statistically convergent of order « if there
is a real number ¢ such that

1
lim ————5

r.5=00 [f (hys)]® ({(k, D) € I s : |z — £] > €}]) = 0.

This space will be denoted by Sg,’,a. In this case, we write S’ef;,o‘ —limz,; = ¢ or

T — 4 (Sef,’,o‘) . In the special case 6" = {(2",2°)}, we shall write S”/*® instead of
fra

Syt

Definition 2.2. Let f be a modulus function, 8” = {(k,,ls)} be a double lacunary
sequence, p = (pg) be a sequence of strictly positive real numbers and a be a
positive real number. We say that the double sequence © = (xj,;) is strongly

w [9”, f,p} —summable to ¢ (a real number), if there is a real number ¢ such that

li 1
1m
7,5—00 [hr S]a

S [ (awg — D =0

(k,)EIr s
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In this case we write w® [9”, 7 p} —lim xy, ; = £. The set of all strongly w® [9”, 7 p} —
summable sequences will be denoted by w® [9”, 7 p} .If we take pp, = 1forall K € N,
we write w® [9//, f] instead of w® [9//, 1 p] .

Definition 2.3. Let f be an unbounded modulus, §” = {(k,,ls)} be a double
lacunary sequence, p = (px) be a sequence of strictly positive real numbers and «

be a positive real number. We say that the double sequence = = (xy,) is strongly

fro

we”

(p) —summable to ¢ (a real number), if there is a real number ¢ such that

1
i oy [f (kg — €D = 0.
r,8—00 [f (hr,s)] (k,l)zeh,s

In the present case, we write wg,’,o‘ (p)—lim xy ; = £. The set of all strongly wg},a (p) —
summable sequences will be denoted by wg,’,o‘ (p) . In case of pp, = p for all k € N we

write wg},a [p] instead of wg}/a (p).

Definition 2.4. Let f be an unbounded modulus, 8" = {(k.,ls)} be a double
lacunary sequence, p = (px) be a sequence of strictly positive real numbers and «
be a positive real number. We say that the double sequence x = () is strongly
W (p) —summable to ¢ (a real number), if there is a real number ¢ such that

m Y o= =o.

(k) Elr s

(67
0//)](‘
W f (p) —summable sequences will be denoted by w

In the present case, we write w (p) — limxg,; = £. The set of all strongly

(e}

o (p). In case of pp, = p

for all k € N we write wgi, [p] instead of Wi (p) .

The proof of each of the following results is fairly straightforward, so we choose to
state these results without proof, where we shall assume that the sequence p = (py)
is bounded and 0 < h = infy, p, < pr < sup, pr = H < 00.

Theorem 2.1. The space wg;,o‘ (p) is paranormed by

> 1f (awa)]™

(k,0)EL

1
9(2) =0\ T,

where, M = max (1, H) .

Proposition 2.1. ([87) Let f be a modulus and 0 < 6 < 1. Then for each
[ull = 6, we have f ([lu]) < 2f (1) 57" Ju].
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Theorem 2.2. Let f be an unbounded modulus, o be a real number such that

0<a<landp>1. Iflim, o inf @ > 0, then wg},a [p] = wg‘,, f [p] .

Proof. Let p > 1 be a positive real number and x € wg},o‘ [p] . If limy,— o0 inf @ >0
then there exists a number ¢ > 0 such that f (u) > cu for u > 0. Clearly

1

e Y e = > Y, lelma =L
T 2o Fa” 2
P
= g ve Z |z — 27,
[f (he)I™ 50
e e}
and therefore wy;” [p] C wg , [p].
Now let = € w, [p] . Then we have
1
—_— |zky — )" — 0 as r,s — oo.
[f (hrs)] 2

(k1)ET s

Let 0 < § < 1. We can write

1 1
T D T e D S O
[f (h"';s)] (k,l)elr,s [f (h’r‘,s)] (k,l)Glr,s
|zg,1—£|>d
1 f (k0 —€|)r
> > [7_1
T 2 [2rs
|z, —£|>6
1 oP

> (e — )P

kel s

5 el 207

by Proposition 2.1. Therefore x € wg,’,a [p] -

If limy—y o0 inf @ = 0, the equality wg,’,o‘ [p] = w§. ; [p] cannot be hold as shown
in the following example:

Let f (z) = 2y/z and define a double sequence z = (x1 ;) by

0, otherwise

3 y J— —
Ik,l—{ Vs if k= ky and =1, rs=12 ...

Forsz,a:%andng,wehave

F Y U ()Y (20l 0 a7
— )P = — = 5 as r,s — 00
Lf ()] (k€T (2v/hrs)* 2 hrh_s) ’
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hence:zrew 7 [p], but

1 p_ (/)
- - Z g |P = 2

(k)El s (2 hr,s)%

— 00 as 1,8 — 00
and so x & wg, . [p]. O

Maddox [29] showed that the existence of an unbounded modulus f for which
there is a positive constant ¢ such that f (xy) > cf (x) f (y), for all z > 0, y > 0.

Theorem 2.3. Let f be an unbounded modulus and « be a positive real number.
If limy, oo [f(u)] > 0, then w® [9”,]‘} C S’Gf}/a.

Proof. Let x € w™ [0”, f] and lim, f(uu% > 0. For € > 0, we have

S flani—t) 2 ot [ et 2 o d | et
75 (k) eI, ["5] (k) el 5 ["5] (k)T
|z, —L|>e
> [hm]am{(k 1) € L |y — ] > e} €)
> ﬁf(l{(k,l) € Lot |ty — €] > e})) £ (¢)
_ e JUkDEL =t 2e}) b0 o
[hr,s]a [f(hr,s)]a [f( Tﬁs)] f(E)

Therefore, w® [9//, f} — limzy,; = ¢ implies S’ef},a —limx,; =¢ O

Theorem 2.4. Let ay,as be two real numbers such that 0 < ay < as <1, f be an
unbounded modulus function and let 0" = {(k,,ls)} be a double lacunary sequence,

then we have wg}/m (p) C Sefl’/%.

Proof. Let = € wef’o‘1 (p) and € > 0 be given and ), , Y, denote the sums over
(k,1) € Is, |zky— € > € and (k1) € L., |z — €| < € respectively. Since
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[ (hes)®™ < f(hys)™ for each r and s, we may write

IW%F-Z[m%wM”

(k1)eI,

N m&: 1 (e = D1 + D 1f (g — )] }

- [f(hisﬂ [, 1 G = D1 + 37, 1 (e — €D

> o [ e

> e ()
ZHU@WJNZ@M$M%H

> 5 (2T5)1a2f (H(b.) € s s — €12 &) [min(el” (1)
AT (Z”)]azf(l{(k,l) € I fowa — 0] = 2})) f ([min(e)" (1)) ) -

Hence z € S’ef}/a?. O

Theorem 2.5. Let 8" = {(k,,l5)} be a double lacunary sequence and a be a
fixed real number such that 0 < a < 1. If liminf,.q, > 1, liminfyqs > 1 and

limy— oo UEL wl” 0, then S ¢ Sef}, :

Proof. Suppose first that liminf, ¢, > 1 and liminf, g5 > 1; then there exists a,b >
0 such that ¢, > 1+ a and ¢; > 1 + b for sufficiently large r» and s, which implies
that

?r|;~
ST s
|
—
+ |2
IS
N
a-|b
ST s
~
R
Y
I/
—
+ |2
IS
N———
)

and

>

S>L:> Ea> La
s 140 ls “\14+0b/) °

If §"F — lim 2k, = £, then for every € > 0 and for sufficiently large r and s, we

o~
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have
1
Wfﬂ{k <k L < Uy Jang — €] > €})
1
> Wf (H{(k,1) € L : |z — €] > €}))
et 1 e
= [f (k2] [f (hr,s)]af(l{(k’l) €L |ag — Ll >e})
= [f (hr,S)]a kg [hT,s]O‘ f(l{(k,l) € Ir,s : |xk,l _£| 2 E}l)
el [ Gl R T
_ Feo)® kRl Ry f ({1 € L : lmia = 0 2 })
o ]™ TF GRel)]™ il 7 ()"
[f (hr,s)]a (krls)a a e b o f(|{(k’l) €ls: |Ik,l _ €| > E}D
5 e UL <1+a> <1+b> (o) '

This proves the sufficiency. [
Theorem 2.6. Let f be an unbounded modulus, 0 = (k,) and 0" = (I5) be two
lacunary sequences, 0" = {(k,,l5)} be a double lacunary sequence and 0 < o < 1.

If Sj‘i‘)@ —limz, = ¢ and S?,e/ —limax; = £, then S?,e” —limazy; = 2.

Proof. Suppose S%y—limzy = £ and 5%y —limz; = £. Then for € > 0 we can write

1
lim ———x {k el |z, — ¢ >} =0

[f (hr)]
and
: 1
llgnml{l €1, : o —t] > e} =0.
So we have
m {(k, ) €1, s: |xpy — L] > e}
< o T N € det b=t

< L —
= [f ()] [ ()]

mukegqu—ng}@ l

w [{(k,1) € L5 < oy — £] > e}

< {l el o — L >e}||.

L
[/ (Rs)]

Hence S}/ —limay, = 6. O
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Theorem 2.7. Let f be an unbounded modulus. If limpy > 0, then wg},a (p) —
lim xy,; = £ uniquely.

Proof. Let limpy = s > 0. Assume that wg}/o‘ (p) — limzg; = ¢; and wg}/a (p) —
limxy,; = ¢2. Then

1
llm ————— —DIPE =0,
71“’%1 [f (hr,s)]a (k,l)zelr,s [f Oxk,l 1|)]
and
1
lim ————— — NP = 0.
71“’%1 [f (hr,s)]a (k,l)zelr,s [f Oxk,l 2|)]
By definition of f, we have
1
T by — by|)]Px
[ (o)) (k,z)ze:u,s [f (|1 = £2])]
= ﬁ o Wloea—aD™+ >0 [f (lone = 6]
8 (k1) E I 5 (k)els
D D
TIE wrp = O™ + e Tr — La)PE
] (gj F (s = 60" + Mz f (s = tal)]

where supy, pr = H and D = max (1,277!) . Hence

1
lim e 3 (£ (- ) =0,
T8 [f (hr,s)] (;“[)Zejhs 1 2

Since limy_, o pr = s we have £1 — ¢5 = 0. Thus the limit is unique. [

Theorem 2.8. Let 6] = {(k,,ls)} and 0 = {(sy,ts)} be two double lacunary
sequences such that I, s C J, s for all r,s € N and a1, 0 two real numbers such
that 0 < ag < ag < 1. If
[ ()]
(2.1) lim inf — >0
msroo [f (6r,0)]™

then w!i* (p) C wli (p), where Iy = {(k,1) - kp—y <k < ky and Ly <1 <1},
2 1

ks = krls, hys = hyhs and Irs ={(8,t) 1 sp21 <8< 8 and ts_1 <1 <ts}, Sps =
Srtsa gr,s = £r£s~
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Proof. Let = € w!;™ (p). We can write

0y
o ()Z] (s = 00" = (s ()]Z [F (jd — P
BT W)Z [f (s — D
> m ()Z 1 (e — D)
S iowiariow P LR
Thus if = € wgéf” (p), then z € wgi,al (p). O

From Theorem 2.8. we have the following results.

Corollary 2.1. Let 07 = {(kr,1s)} and 05 = {(sr,ts)} be two double lacunary
sequences such that I, ¢ C Jr s for all ;s € N and aq, s two real numbers such
that 0 < aq < ag < 1. If (2.1) holds then

fro

(Z) wg’)’a (p) C w‘g” (p)7 Zf ap = Qg = qQ,
2 1

(id) wy, (p) Cwp™ (), if 02 =1,
2 1

(iii) w!, (p) Cwl, (p), if on = 0z = 1.
2 1
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