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NEW EXISTENCE AND UNIQUENESS RESULTS FOR HIGH
DIMENSIONAL FRACTIONAL DIFFERENTIAL SYSTEMS *

Zoubir Dahmani and Amele Taeb

Abstract. In this paper, using the Caputo fractional derivative approach, we present new
results on the existence and uniqueness of solutions to n—dimensional nonlinear coupled
systems for differential equations. We also discuss some examples to illustrate the main
results.

1. Introduction and Preliminaries

The physical laws of dynamics are not always described by ordinary order dif-
ferential equations. In some cases, their behavior is governed by fractional or-
der differential equations. For more details, we refer the reader to the books
of Hilfer in [14] and Podlubny in [28]. Other research works can be found in
[2,4,7,9,20,24,25,26,27,29, 31, 32]. Further, many authors have established the ex-
istence and uniqueness of solutions for some fractional systems. The reader may re-
fer to the following research papers|[1, 3,5, 6, 8, 10,11, 12, 15, 16, 17, 18, 19, 21, 33, 34].
These papers treat problems with only one nonlinear term depending on two un-
known functions. Other cases, where we have more than one nonlinearity de-
pending on some unknown functions, are more complicated and have not been
discussed in the above cited works.

In this paper, we are concerned with the following nonlinear system:

(1.1)

m
D () = ¥ f2 (6 X1 (1), %2 (1), ., Xn (8), DFixa (1), DFxa (1), ., DPrxa (1), €
i=1

m
DaZXZ (t) = Z fiZ (t/ X1 (t) X2 (t) s Xn (t) s Dﬁlxl (t) ’ Dﬁzxz (t) AR Dﬁnxn (t)) ’ te ‘]/
i=1

) :
DU (8) = X 7 (1% (8), X2 (1), -, Xa (1), DF2xa (1), DFexa (1), .., DFoxa (1)), t €,
i=1

x(0) =X (0)=..= xX"20) = xX"P (1) =0, k=1,2,..,n,
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wheren-1<a<nn-2<p<n-1k=12,..,nnelN"—-{1},]:=[0,1]. The

derivatives D% and D, k = 1,2, ...,n, are in the sense of Caputo. The functions
k=1,2,..., . g

(fi")i:1 mn I x R — R will be specified later.

We present some basic definitions and properties which are used throughout this
paper [13, 22, 28].

Definition 1.1. The Riemann-Liouville fractional integral operator of order & > 0
for a continuous function f on [0, oo is defined as:

1

t
t[ﬁ—@*”@N&a>Qt2Q
0

(1.2) If(t) = f(t), t>0,
where T (a) := fooo e Xxa~1dx.

Definition 1.2. The Caputo derivative of order « for a function x : [0,0) — R,
which is at least n—times differentiable can be defined as:

1 t
1. DX(t) = ——— =) X (5) ds = I Xy,
13) K0 = oy, €90 @ = 0
forn—-1<a<n,nelN.
We recall the following lemmas [11, 12, 23, 30]:

Lemmal.l. Leta > 0. The solution to the differential equation D*x(t) = 0, is given by
(1.4) X(t) = Co + Cit + Cot? + - - - + Cp_gt"L,

suchthatcje R, j=0,.,n-1,n=[a] +1.

Lemmalz2. Leta > 0. Then

(1.5) JAD¥(t) = X(£) + Co + Cot + Cot? + - - - + Crat"L,

wherecjeR, j=0,1,..,n=1,n=[a] + 1.

Lemmal.3. Letq>p>0,feL'([ab]). Then DPIIf(t) = J9Pf(t),t € [a,b].

Lemma 1.4. Let E be a Banach space. Assume that T : E — E is completely continuous
operator and the set V := {x e E,x = uTx, 0 < u < 1} is bounded. Then T has a fixed
point in E.
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We prove the following auxiliary result:

,,,,,

k=
Lemma 1.5. Suppose that (Qf)i:l1 € C([0,1],R), and consider the problem

m
(1.6) D%x(t) = Z Q“M), ted n-l<ax<n k=12,..,n mneN,
i1

associated with the conditions:
1.7 X (0) = x, (0) =

Then, we have

Xﬁn—z) 0) = Xﬁn—l) (1)=0,k=1,2,..n

ag—1
f (t - S) Qk (S) ds

Xk(t) T (@)

(1.8)

—(n R z fo (1-9s)""Qk(s)ds, k=1,2,.

Proof. We use Lemma 1.1, Lemma 1.2 and (1.6) . So, we can write
(t S)Oék ! k 2 n-1
(1.9) xk(t) = F( ) Qi (s)ds —cg — Cat — Cot® — ... — Cpgt™ 7,
i= 1

wherec,—elR,j:0,1,2,...,n—1andn—1<ozk<n,ke]N*.
Forallk=1,2,..,n,j=0,1,..,n—2,we have

x(0) = jtc;.
Using Lemma 1.3 and the relation (1.7), we obtain:
0, j=0,1,..,n-2,
(1.10) cj= ii fol %Qf (s, i=n-1

Substituting the values of ¢; into (1.9), we obtain (1.8). This ends the proof of the
auxiliary result. O

Now, let us introduce the Banach space:

S = {(x1, X2, ..., Xn) 1 X € C([0, 1], R), Dfix, € C([0,1], R), k = 1,2, ..., n.}equipped
with the norm

(1.12) 1101, X2, -, X)lls = max (Ixall, Ixall, . |

such that,

lIXill = =1,2,..n
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2. Main Results
We begin this section by introducing the following hypotheses:

(H1) : There exist nonnegative constants (Af)l i=1.,mk=12.,n,j=

1,2,...,2n, such that for all t € [0,1] and all (X1,X2, ..., X2n), (Y1, Y2, .., Y2n) € R?",
we have

2n

(2.1) |£5(t, X1, X2, .., Xon) = £5 (4, Y1, Y2, .oy Yan)| < Z <A§<)i X - yil.
=1

(H,) : The functions fik . [0,1] x R — R are continuous for eachi=1,2,..,mk =
1,2,...,n,mneIN".

k=1,2...,
i=

(Hs) : There exist nonnegative constants (L:() ) mn , such that;

for each t € Jand all (X1, Xy, ..., Xon) € R?"
(2.2) |0t X0, X2, oo Xon)| < LK P=1,,m, k=1,2,...,n.

Then, we consider the following quantities:

pam . Yk
O = —* o=-— K .
K T(ax+1) % T(m—pc+1)
m
(2.3) o= ) (M), + (), + -+ (W), ), k=1,2,.0m,
i=1
1 1
AC = TasD oDl (arz_ny K= L2
1 1
2.4 Al = Jk=1,2,..,n.
( ) k F(ak—ﬁk+1)+F(n—[3k)F(ak+2—n) n

Now, we are ready to prove the first main result:
Theorem 2.1. If the hypothesis (H1) and the inequality
(2.5) {2&); (Ok, Ok) <1

are satisfied, then (1.1) has a unique solution on J.

Proof. Let us define the nonlinear operator T : S — S by

T (Xlr X2/ weey Xn) (t) = (Tl (Xl/ X2/ weey Xn) (t) ’ T2 (Xl/ X2, .oy Xﬂ) (t) ATy Tn (Xl/ X2, ey Xﬂ) (t)) 7 te ‘]/
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such that
Ty (X1, X2, ..., Xn) (t) =

t
(=9 ! S
Zof T O R —1)!r<ak—n+1>;fo -9 pkE)ds, k=121,

Pk (9) = £ (5,x1(5), X2 (5) , -, Xn (5), DFx1 (), DF2Xz (), ..., DPxn (5))

We show that the operator T is contractive:
Let (X1,X2,...,Xn), (Y1, Y2, ..., ¥n) € S. Then, foreachk =1,2,...,nand t € J, we have:

| Th (X1, X2, +ves Xn) (©) = Tk (Y1, Y2, .. Yn) (O] <

(2. 7)
i s X1(5), %2 (5) -, Xn (5), DF1xXq (5), DF2x2 (5) , .., DPrxy (5))
F(ak +1) sl A (5y1(9),y2 (S) 1 Yn (), DPy1 (5), DF2y; (5),, ., Dy (5))

By (H1), we can write

i 0t %21 s X) = Tic (Y1, Yo oo )| < ﬁ Z (1), + (A9), + -+ (19, )

(2.8)
X max (Hxl -vi|l,

(X1 -

Yal| s |Xn = Y| (x2 = (0= yn)]))-

Therefore, forallk=1,2,...,n,

[Tk (%1, X2, <o Xn) = T (Y1, Y2, oo V)| <
(2. 9)

|s'

- (ak n 1) || — Y1,%2 = Y2, Xn = Y, DP* (X1 = ¥1), D (X2 = ¥2),, ..., D" (X = yin))

On the other hand,

|DPT (Xe, X2, .oy Xn) (©) = DPTy (Y1, Y2, ooy ) (B)] <

(2.10)
=P

m

fik (s, X1(8),%X2(S), ..., Xn (5), DP1xq (), DP2x5 (5), ..., DPx, (s))

e | ~1K(5, Y19, ¥2(6), s Yn (), DY (), DFY5 (8), s Doy ()

1—‘(Ofk - P+ 1) sel

i=1

wherek=1,2,...,n
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Then, fork =1, 2, ...,n, we have
||Dﬁka (Xl/ X2/ ceey Xﬂ) - Dﬁka (yll y2/ ceey Yn)H S

(2.11)

r(ak _Z‘Zk T 1) ||(X1 =Y, X2 —=Y2,..,Xn — ¥Yn, DFf X1 —v1), D X2 = ¥2), ey DFn (Xn — yn))HS .

Using (2.9) and (2.11), we get
HTk (Xl/ XZ/ ceey Xn) - Tk (er y2/ eeey yn)”S <

(2.12)
max (O, O}) H(Xl = Y1, s Xn = Yn, DP* (X1 = Y1), .., P (X0 — yn))|

1<k<n

,k=1,2,..n.
S

Thus, by (2.5), we deduce that the operator T is contractive. Therefore, by the
Banach fixed point theorem, T has a unique fixed point which is a solution of the
system (1.1). O

We also prove the result:

Theorem 2.2. Assume that fik, i=12,..,mk=1,2,..nsatisfy (H;) and (Hs). Then
the nonlinear fractional system (1.1) has at least one solution on J.

Proof. The proof will be given in two steps:
A : We show that T is completely continuous:

We begin by proving that T maps bounded sets into bounded sets in S : Let us con-
sider the set Bs := {(X1, X2, .-, Xn) € S; [[(X1, X2, .-, Xn)lls < 6, 6 > 0}and (X1, X2, ..., Xn) €
Bs. Then, foreachte Jk=1,2,...,n,and using (H3), we can obtain

”Tk (Xl/ X2/ (394 Xﬂ)”

S sup i |fik (s, X1(S), X2(5), ..., Xn(3), DP1xy (), DP2x, (5),, ..., DPxy, (s))'

Flak+1) o =1

1 m
D@ r2=muP ; £ (5,%1(5), X2(5), - Xa(8), DP1x1 (), DF136 (5), .., DFy 9)

1 1 o
(F(ak+l) " (n—l)!r(ak+2—n));l_i

m

< A Xé‘.mg)

i=1

A
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and
[|[DPTi (x1, X, .o, X0)|
Bk
B1 B2 Bn
"
p1 B2 B
1 1 o
(F(ak -p+1) * IF(n=p)T(ax+2- n)); H
< A Z L{2.14)
i=1
Hence,

IT (1, Xz, Xa)lls < max (A, A Z Lf < co.
This means that T maps bounded sets into bounded sets in S.

Thanks to (H,), the operator T is continuous on S. On the other hand, for any
0<t; <ty <land (X, Xy, ..., Xn) € Bs, we have:

||Tk (Xl/ X2/ cees Xn) (tZ) - Tk (Xl/ X2/ eees Xn) (tl)” <

(2.15)
1 Ok Dék a 1 n— -
(r(ak+1)(2(t2_tl) + (6 —t59)) + (n—l)'r(ak+2—n) L 1)ZL

=1

and
|[DPTy (X1, Xz, .., Xa) (t2) = DFTi (x4, X, ..., Xn) ()| <

(2.16)

(2(t2 - t)" P+ (P -t

—1 1 n—pk n—pk
(o =P+ 1) ! ))+r(n—5k)r(ak+2—n)(t2 ~h ))

where,k=1,2,...,n

The right-hand sides of (2.15) and (2.16) are independent of (xy, Xz, ..., Xn) € Bs and
tend to zeroas t, — t; — 0. Thus T is equi-continuous. Finally, we can see by the
above arguments that T is a completely continuous operator.

B :WeconsiderthesetQ := {(X1, X2, ..., Xn) €S, (X1,X2, ..., Xn) = uT (X1, X2, ..., Xn), 0 < u <1}
and show that is bounded:



288 Z. Dahmani and A. Taeb

Let (X1,X2,...,Xn) € Q, then X (t) = uTk (X1, X2, ..., Xn) (t). Thus, for each t € J and
corresponding to (2.13) and (2.14), we have:

m m
(2.17) bl < pAY L DR <A Y LK k=1,2,.,m,
i=1 i=1

which implies

m m m m m m
(X, X, oo X)lls < pmax| Ay Z LL A, Z L2,..., Ay Z LD, A Z LLA; Z L2, ..., A, Z L.
i=1 i=1 i=1 i=1 i=1 i=1

(2.18) < oo

Therefore, Q is bounded.
Consequently by the steps A, B and using lemma 2.4, we deduce that T has a fixed
point which is a solution to (1.1) . Theorem 2.2 is thus proved. O

3. Examples

We present two examples to illustrate our main results.

Example 3.1. We begin with the system:
(CRY

X1 ()+X2 (t)+><3(t)+D% xl(t)+D% X2 (t)+D% ><3(t)‘

D%Xl t) =

7 3 5
973[ 14+{xq ())+X2 (£)+x3(D)+D 3 X1 (£)+D 2 x5 (£)+D 3 x3(t)

_L_ (Si”(xl(t))“i”(XZ“”*Si"(“(t)) +cos (D%xl (t)) +cos (D%xz (t)) —sin (D%X3 (t))) ,te]0,1],

64m2e et+l

Dix, (t) = —i— (sin (D%xl (t)) +sin (D%XZ (t)) +sin (D%xs (t)) + JaOeO060] )

2473e2t+1 T+ (X2 (D)+x3(0)]

2 sin(xq (t))+cos(xp (t))+cos(><3(t))—cos(D % X1 (t))+sin(D % Xo (t))+sin(D% x3(t)
+ 16m2et2+1

], te]o, 1,

~
~ |

e+sin(xy (t))+cos(xy (t))+cos(><3(t))—cos(D % X1 (t))+sin(D % Xp (t))+sin(D % x3(t)

I

1+

. ) . ‘D§ X1 (H)+D2 xz(t)+DgX3(l)‘
D3xz(t) = 32%1 cos (X1 (t)) + sin (xz (1)) + sin (x5 (1)) + (

4 3 5
D3 x;(t)+D 2 xa(t)+D 3 x3 (t)’)

x09x3(00 x50

. L4 R,
+m (sm X1 (t) +sinD3xy (t) + sinDzx, (t)

,te]o, 1
|

3ne(l+

(34D 3 x0)

x(0)=x (0)=x(1)=0, k=1,23.

For this example, we have:
n:3/m:2/a1 = %/az = %/a3 =8 ,Bl = %/,32 = %/ﬁ3 = g/‘]: [0/1]'

On the other hand,

[X1 + X2 + X3 + X4 + X5 + Xg|

3.2 f1(t, X1, X2, X3, Xa, X5, Xg) =
( ) 1(/ 1, A2, A3, N4, A5, 6) 97'(3(1+|X1+X2+X3+X4+X5+X5|),

(33) ) (t, X, X2, X3, Xa, X5, Xg) =

1 (sin X1 +SiN X, + SiN X3

ire o + COS X4 + COS X5 — Sin xe),
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[X1 + Xo + X3 )

3.4 £2 (t, X1, X2, X3, X4, X5, Xg) =
( ) l(/ 1, A2, A3, A4, A5, 6) 7T+|X]_+X2+X3| 4

P (sm X4 + SiNXs + Sin Xg +

3.5)

2
f2 (t/ X1, X2, X3, X4, Xs, XG) =

t? ( SiN X1 + COS X, + €COS X3 — COS X4 + SIN X5 + SiN Xg )
1672et?+1 \e + Sin Xq 4+ COS X, + COS X3 — COS X4 + SiN X5 + SiNXg /)~

1 [X4 + X5 + Xg|
3.6 £3(t, X1, X2, X3, Xa, X5, Xg) = COS X1 + SiNX, + SiNX3 + —mM889 ™
( ) 1(/ 1, A2, A3, A4, A5y 5) 32 1 2 3 (1+|X4+X5+X6|)
and
(3.7)
1 . . . X2 + X3 + Xl
£3(t, X1, X2, X3, Xa, X5, Xg) = ————— [sin xq + sin x4 + sinxs + .
2(/ 1, A2, A3, N4, A5, 5) 167‘((t+e)2 1 4 5 3ﬂe(l+|x2+X3+X6|)

So, for t € [0, 1] and (X1, X2, X3, X4, X5, Xs) , (Y1, Y2, Y3, Y4, ¥5, Y6) € R, we have:

| f:[1 (t/ X1, X2, X3, X4, Xs, XG) - f]iL (t/ Y1,Y2, Y3, Ya,Ys, y6)| <

(38) 5 |X1 y1|+ =[x - yz|+ =[x - y3|+ 5 [xa = y4|+ > |xs - y5|+ %6 - ve|,

| le (t/ X1, X2, X3/ Xa, X5/ XG) - le (t/ yll YZ/ y3/ y4/ y5/ y6)| <

(3.9)

sz il g e~ Vel o — Yol s~ el g oo vl g b vl
|12 (t, X1, %2, Xa, X, X5, X6) = £ (t, Y1, Y2, Vs, Ya, Y5, ¥6)| <

(.10

24n2 o - yl|+24n2 [xe - y2|+24n2 pxa = yal+ 24n3e| =Yl 24n3e| s = ¥sl+ 24jz3e [xe = el

| fzz (t/ X1, X2, X3, X4, Xs, XG) - f22 (t/ Y1,Y2, Y3, Ya,Ys, y6)| <
(3.11)

1 1 1 1 1 1
162 |X1—Y1|+W|X2—Y2|+W|X3—Y3|+W |X4—Y4|+W |X5—YS|+W |X6_y6 ,

| fl3 (t/ X1, X2, X3, X4, Xs, XG) - f]_3 (t/ Y1,Y2, Y3, Ya,Ys, y6)| <

(3.12)

—|x1—y1|+ile—yz|+i|Xs—y3|+i|x4—y4|+i|x5—ys|+i|x6—ye ,

327 327 327 327 327 327
and

|f23 (t/ X1, X2, X3, X4, Xs, XG) - f23 (t/ yll y2/ y3/ y4/ y5/ y6)| <
(3.13)
1 1

W'Xl y1|+48 2g3 | 2~ YZ|+48 263 | 3T | W|X4 Y4|+16 ) | 5~ | 487 2e3 |X6 y6|'
We can take:

314 (1), = (1), = (1), = (4), = (1), = (13, = 5=
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1 1
(3.15) (13), = (13), = (%), = gz (12), = (R2)s = (1), = 57
1 1
(3.16) (1), = (13), = (A2), = 53,2 (A2), = (A2); = (XD); = 5520/
(3.17) (43), = (13), = (13), = (13), = (13), =(3), = 1617'(2'
(3.18) (43), = (1), = (1), = (13), = (13),=(%3), = ﬁ
and
L 1
(3.19) (1), = (43), = (%), = Tz (%), = ()y = (13), = g

It follows that:

(3.20) Y, =0.023891, X, = 0.044138, X3 = 0.068076.

Since

(3.21) I'(a; + 1) =2.778062, T (ap + 1) = 2.549257, T (a3 + 1) = 4.012356,
(3.22) IF'ar—p1+1) =1 T(az—P+1)=0.919062, T (a3 —-Bz+1)=1,

then it yields that:

(3.23) (o)}
01

0.008599, O, = 0.009372, O3 = 0.005954,
0.023891, O = 0.048025, O; = 0.068076,

max (01, Op, 03,0}, 03,03) < L.

The condition (2.5) is satisfied. So by Theorem 2.1, we deduce that the system (3.1) has a
unique solution on [0, 1].

Example 3.2. To illustrate the second main result, let us consider the system:

n(t+1) sin(D% xl(t)+D% xz(t)+D% X3 (t))

Dixy (t) =

2—c0s(xy (1) +X2 ()+x3(t))
et (t2 +l)

+ ,te]o, 1,

2n+cos(x2 (t)+D % X2 (t)) cos(X3(t)+D % X3(t) +sin? (xl(t)D % xl(t))

D%xz ® = ¢ sisn(xl(mxi (t)+>(3(t))5
27+c0s{ D 2 X1 ()+D 3 xp(t)+D 4 x3 (t))

(3.24)

2
3t coSS(xz(t)+><34(t)) . ; te ]0, l[,
e‘2+1—cos(x1 (©)-D 2 x1(t)+D 3 xp(1)+D 4 x3(t)
D%X3 (t) — Sig(xs(t)) . -
2e+coX| X1 (1) +x2(1)+D 2 x4 (t)+D 3 xo(t)+D 4 )<3(t))
+c0s (X1 (t) + Xz (t) + x3 (1)) sin (D%xl ) + D%xz (t) + D%x3 (t)), te]0,1[,
X (0)=x(0)=x (1)=0, k=1,23.




High Fractional Differential Systems 291

Wehave:n=3m=2m=3p=3im=1,B=%as=2p:=21=[01].

Since
7 (t+1)sin(X + Xs + Xg)
3.25 f1(t, X1, X2, X3, Xa, X5, X :‘ <2m,
(3.25) [£2 (xaxe Xa,0%6,26)| = | =5 s T 40
et(t®+1 e
(3.26) | 1 (t, X1, X2, X3, Xa, X5, X6)| = ( ) — <=,
270 4 €0S (X2 + X5) COS (X3 + Xg) + SiN“ (X1X4)| T
% sin (X, + X2 + X3) e?
3.27 £2 (t, X1, X2, X3, Xa, X5, Xg)| = < ,
(3.27) |1( L 72r 78 R 7S 6)| 2 +CoS(Xs + X5 +Xg)| ~ 2m—1
3t cos (x, + X 3
(328) | %00, X Xe, X6)| = | = Cotx) o3
g+l —cos(X; —Xs + X5 +Xg)|  €—1
|12 (t, X1, X2, X3, Xa, X5, X5)| = sinXs <1
LAY L 22 78 R4 760 76)| = 26 +COX(Xy +Xo +Xg + X5 +Xg)| ~ 26—1

and
|12 (t, X1, X2, X3, Xa, X5, X6)| = 1008 (X1 + Xz + X3) SiN (X4 + X5 + X6)| < 1,

k=123 .
then, we can see that the functions (fik)i—lz are continuous and bounded on [0, 1] x R8. So,

by Theorem 2.2, the system (3.24) has at least one solution on [0, 1].
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