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1. Introduction

In 1938, A. Ostowski established the following fascinating integral inequality
[11].
Theorem 1.1. [11] Let f: [a,b] — R be a differentiable function on (a,b) whose
‘fl(t)H = sup fl(t)‘ < 00, for all t € (a,b).
Then we have the following integral inequalgfoy.'

deriative is bounded on (a,b), i.e.,

R 2 g e =) N 1
. x) — x)dx —+—-=2"(b—a
b—a/, — 14 (b—a)? oo’
for all @ € [a,b]. The Yis the best possible.
The inequality (1.1) can be rewritten in equivalent form as:
1 b (x—a)?+b-2)2]

. — <

1) |-t [ e < [EEg |
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Since 1938 when A. Ostrowski proved his famous inequality, (see, [11]), many
mathematicians have been working about and around it, in many different directions
and with a lot of applications in Numerical Analysis and Probability, etc.

Several generalizations of the Ostrowski integral inequality for mappings of
bounded variation, Lipschitzian, monotonic, absolutely continuous, convex map-
pings and n-times differentiable mappings with error estimates for some special
means and for some numerical quadrature rules have been considered by many au-
thors. For recent results and generalizations concerning Ostrowski’s inequality see
[1]-[4], [6]-[15] and the references therein.

Let us consider now a bidimensional interval A := [a, b] X [¢,d] in R? with a < b
and ¢ < d, a mapping f : A — R? is said to be convex on A if the following
inequality holds:

(1.3)
fltz+(1=t)z, ty+(1-t)w) < tf(z,y)+(1-t)f(z,w), ¥V (z,y), (z,w) € A and t € [0, 1].

The mapping f is said to be concave on co-ordinates A if (1.3) holds in reversed
direction.

A formal definition of co-ordinated convex (concave) functions may be expressed
as:

Definition 1.1. [17]A function f: A — R is called co-ordinated convex on A, for
all (z,u), (y,v) € A and t,s € [0, 1], if it satisfies the following inequality:

(1.4) fz+ (1 —1t) y,su+(1—3s)v)

< ts flew) + 41— ) f(2,0) + s(L— 0 F(gw) + (L - 0)(1— ) f(y,v).

The mapping f is a co-ordinated concave on A if the inequality (1.4) holds in
reversed direction for all ¢, s € [0,1] and (z, u), (y,v) € A.

In [5], Dragomir proved the following inequalities which is Hermite-Hadamard
type inequalities for co-ordinated convex functions on the rectangle from the plane
R2.

Theorem 1.2. Suppose that f : A — R is co-ordinated convez, then we have the
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following inequalities:

(15) f(cH—b’c—i-d)
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m/b/df(%y) dydzx
/fxcd:v—i——/fxd

d d
1 1
m/f(a,y)dy+m/f(b,y)dy

fla,¢) + fla,d) + f(b,¢) + f(b,d)
< 1 :

1
< Z
- 4

The above inequalities are sharp. The inequalities in (1.5) holds in reversed direction
if the mapping f is a co-ordinated concave.

In [10], Latif et al. established following Ostrowski type inequalities for co-
ordinated convex functions:

Theorem 1.3. Let f: A :=a,b] X [¢,d] = R be twice partial differentiable map-

ping on A° with a < b, ¢ < d, a,c > 0 such that gsaft e L(A). If %

1S CONVET on

co-ordinates on A and % < M, (x,y) € A, then the following inequality holds:
(1.6) ‘f(:c,y) o d / / f(u,v)dvdu — A,

(b
¢ e o)

I I
=g [ et = [y

Theorem 1.4. Let f: A :=[a,b] X [¢,d] = R be twice partial diﬁerentiable map-

ping on A° with a < b, ¢ < d, ac>05uchthatgaft€L ]f’aa]5 is convex

where




902 M. A. Ali, H. Budak and Z. Zhang

l—land’mxy)’<M (z,y) € A, then

on co-ordinates on A, p,q > 1, .

'UI)—‘

the following inequality holds:

) et Gt [ it

et e [ )

where Ay is defined in Theorem 1.3.

Theorem 1.5. Let f: A :=[a,b] X [¢,d] = R be twice partial diﬁerentiable map-

ping on A° with a < b, ¢ <d, a,c >0 such that oF e L(A ]f‘aat is conver

9s0t

on co-ordinates on A, ¢ > 1 and

asaft (z, y)‘ < M, (x,y) € A, then the following
inequality holds:

(1.8) ‘f(:v,y)—i— / / f(u,v)dvdu — Aq
—a)(d—c)
. M (I—a)2+(b—$) (y =)’ +(d—y)*
- 4 2(b—a) 2(d—c¢) ’
where Ay is defined in Theorem 1.3.
Theorem 1.6. Let f: A :=[a,b] X [¢,d] = R be twice partial differentiable map-
ping on A° with a < b, ¢ <d, a,c> 0 such that aasaft € L(A). If %‘q is concave

on co-ordinates on A\, p,q > 1, 1 >t 5 =1, then the following inequality holds:
1 b rd

1.9 — dvdu — A

19 |fen)+ Gy [ S edude—a,

02 f r4+a y+c
st 2 72

1
< 5 x —a)? —c)?
- (+p)r(b—a)(d—-c) [( ) {(y )

0? x+a y+d
N2
Hd-y) asatf< 2 2 >‘}

02 r+b y+ec
_ 2 _ 2
so-ap {- 2|t (50 15°)
02 x+b y+d
2
Hd=y) 858tf< 2 2 )‘H

where Ay is defined in Theorem 1.3.

In [9], Latif and Hussain established following Ostrowski type inequalities for
co-ordinated convex function by using fractional integral:
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Theorem 1.7. Let f: A :=a,b] X [¢,d] — R be twice partial differentiable map-

ping on A° with a < b, ¢ < d, ac>05uchthat6f € L(A). If o

I,
5s01 Fs07 | 1S convex on

co-ordinates on A and

s at’ < M, (z,y) € A, then the following inequality holds
for fractional integrals, with o, 8 > 0:

[(z —a)*+ (b—2)"] [(y — )’ + (d — )]
(b—a)(d—c)
(aB+20+28+4)[(z —a)* + (b—2)*] [(y — &)’ + (d — y)”]

= (b—a)(d—c)a+1)(a+2)(B+1)(B+2)
where

a4+ DI +a)
(b—a)(d—c)

(1.10) flz,y) + As

M,

A 28, flaye) + T8 flayd) + T2, f(b)

T+,y—
J;-i-ﬂy-f-f(ba d)} _ [(z — a)o(tb‘f'_(z)—(dxiai)l—‘(ﬁ +1) [Jf_f(:v, ¢) + Jg.;,.f(% d)}

[(y =) +(d-y)P°]T(a+1)
- J Jo f(b .
(b—a)(d—c) [ sz(aay)_'— erf( 7y>]
Theorem 1.8. Let f: A :=[a,b] X [¢,d] = R be twice partial diﬁerentiable map-
ping on A° with a < b, ¢ < d, a,c >0 such that DF ¢ L(A If‘(9 57| is conver

dsot
on co-ordinates on A, p,q > 1, = —|— -~ =1 and lasat(x y)’ <M, (z,y) € A, then
the following inequality holds for fmctzonal integrals, with o, B > 0:

(@—a 0= [y-0" +@d=9)’]
(1.11) e flz,y) + Az
1 (@ = a)* + (b~ )] [(y — ) +(d — 9)°]
= (ap+ DG+ 1} (b—a)(d—c) M

where As is defined in Theorem 1.7.

Theorem 1.9. Let f: A :=a,b] X [¢,d] — R be twice partial differentiable map-

. 14
ping on A° with a < b, ¢ < d, a,c >0 such that % € L(A). If %‘ s conver

on co-ordinates on A, ¢ > 1 and }8 aft (z, y)} < M, (x,y) € A, then the following
inequality holds for fractional integrals, with o, > 0:

[(z—a)*+ (b—2)*][(y — )’ + (d —y)°]
(112) (b—a)(d—c) f(ZC,y)+A2
1 [(z—a)*+ (b —2)*[(y — )’ + (d — y)”]
= et )Pt a0 M,

where As is defined in Theorem 1.7.
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Theorem 1.10. Let f : A := [a,b] X [e,d] — R be twice partial differentiable
. 14

mapping on A° with a < b, ¢ < d, a,c > 0 such that g:gt € L(A). If g;gt

concave on co-ordinates on A, p,q > 1, % + % =1, then the following inequality

holds for fractional integrals with o, > 0:

18

(1.13) f(z,y) + A2

[(z —a)*+ (b—2)] [(y — ) + (d — y)”]
(b—a)(d—c)
1

(14 ap)¥ (1 + Bp)¥ (b —a)(d —c)

62
% |:(:C_a)oz+1 {(y_C)B-H 353tf (:c—;—a7 y—;c)’

IN

0? r+a y+d
_ o \B+1
Hd=y) 858tf( 2 2 )’
02 r+b y+c
_ a+1 _ \B+1
so=a { -0 o (S )

+Hd—y)"

0? s x+b y+d
dsot 2 72 ’
where As is defined in Theorem 1.7.

In [16], Sarikaya and Ertugral defined a new left-sided and right-sided generalized
fractional integrals as follows:

x

(1.14) atIof (@) = 5 (1a) / ‘pif”__tt) fOydt, =>a
1 / t
(1.15) v Tef @) = 13 / ¢£__xx)f(t)dt, z<b

x

respectively, where ¢ : [0,00) — [0,00) a function which satisfies fol @dt < 0.

In [17], Yildirim et al. defined generalized fractional integrals for two variable
functions as follows:

Definition 1.2. [17] Let f € Li([a, ] X [¢,d]). The generalized fractional integrals
aJﬁchLp’w, aJﬁd,LNp, biﬁchLpﬂp and b,7d71@7¢ are defined by

z Y
(116)  qscilppfla,y) = / / 9”;“’__;) d’;y__;) f(t,s)dsdt, ©>a, y>c,
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z d
_t —
(1.17)  ava-Ipw flz,y) //cp(ac " y)f(t,s)dsdt, x>a, y<d,
T = -y
by
(t— —
(1.18)  p—er oy flz,y) //wt ’ 1/) )f(t,s)dsdt, x<b, y>ec
-z -
and
d
(t— _
(1.19) s g-Ipuf(z,y) //(pt_; yy)f(t,s)dsdt, x<b y<d.

Similar the above definitions, we can give the following integrals:

(1.20) atlof(z,c) = / %f(t,c)dt, x> a
(1.21) i f(z,d) :/%f(t,d)dt, x> a,
(1.22) eIy fla,y) = / %ﬂa, s)ds, y>c,
and
d
(1.23) a—Ly f(b,y) :/1/} f(b s)ds, y<d.
y

The main objective of this paper is to establish new Ostrowski type inequalities
for co-ordinated convex functions similar to [9, 10] by using generalized fractional
integrals.

2. Main Results

Throughout this section, for clarity, we have defined

Ai(g) = /ngdt, Ag(g)=/09Mdt

Wi(h) = /Oh Mds, Uy (h) = /Oh Yd = y)s) S_ y)s)ds
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Lemma 2.1. Let f: A :=[a,b] X [c,d] — R be a twice differentiable mapping on
A° with a < b, c < d. If g:aft € L(A), a,c > 0, then following identity holds for all
(z,y) € A:

= )Ed_c) fl@y)+ A
- ii_gfﬁig 01 OlAl() 1(8)5 ;tf(tfl?+(1—t)a,sy+(1—s)c)dsdt
‘%/()1/()1A1<t)‘1’2(8)3(z;f(tw+(1 —t)a, sy + (1 — s)d)dsdt
g ;) o g+ 0= 0
+%/{)1 /01 A2 (1) W2(s );;f(mﬂ 1 —t)b, sy + (1 — s)d)dsdt,
where
A = fomy-Toufla0) + oo yrlppfla,d) + avy—Towf(b,0) + avyilonf(b,d)]

=¥, (1) [I,I@f(a, Y) tat I«pf(bv y)] = Wa(1) [zflapf(avw +aqt Igaf(ba y)]
—A(D) [y—Ty f(@, 0) +yt Ly fx, d)] = Ao (1) [y— Ly f (@, ) +y4 Ly f (2, d)] .

Proof. Applying integration by parts and change of variables u = tx + (1 — t)a and
v=sy+ (1—s)c, we get

11 52
(2.2) /0 ; A (1)Tq(s) Bsatf(m + (1 —t)a,sy+ (1 — s)c)dsdt

1 2

_ /OlAl(t){ O \Ill(s)a(zatf(tx—i-(1—t)a,sy+(1—s)c)ds} dt
{

T, (1) 9
L S+ (1= tay)

L [t (ly—c)s) 8
_y—c i - &f(tx—l—(l—t)a,sy—l—(l—s)c)dsdt}

= ‘1/1(1)/ Al(t)gtf(t:z:—l—(l—t)a y)dt

—c/ oy — s {/ MO)=ftz+ (1 —-t)a,sy+(1—29) )dt}ds

— ‘1’1( {I_am( )f(x,y) — x—a/o @((:v—a)t)f(t:wr(l—t)a,y)dt}

t

—c/ o { LMD f (@ sy + (1 - s)e)

Tr—a
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1 [t o((@—a)t)
_ /0 fx+ (1 —=t)a,sy+ (1 — S)C)dt} ds

r—a t
L nMOM ) fellean
TR c><w—a>f( e (—a)(y—C)/O Tt (1= a.y)dr
@—a) _C/w flz,sy+(1—s)c)
(z—a) _c// e _alt ))f(tﬂH-(1—t)a,sy+(1—s)c)dsdt
 mam e w
 (y-— c)(x—a)f( ) = (z—a)y—c) " a—1pfla,y)
A L .
o= It gy =g el )
Similarly, applying the integration by parts, we also get
11 2
(2.3) /0/(;A1(t)\112(5)%f(tx+(1—t)a,sy—l—(l—s)d)dsdt
B T R 71 N,
i 7 s FASS X s 0w R ACR Y

M) S S .
+($ _ a)(d — y) y+L/Jf( 7d) (x — a)(d — y) m—,y-g-l%wf( ,d),

1 1 2
(2.4) /O/OAg(t)lfl(s)%f(t:v—i-(l—t)b,sy—i—(l—s)c)dsdt

L 110 Ry . O
B b—2x)(y— c)f( ’y) + (b—2)(y —c) z+Isaf(buy)
AQi(t) z,c) — ; c
+(b—$)(y _C) y*]d;f( ) ) (b—w)(y—c) T+, y— %’-,%Df(by ),

(2.5) /0 /0 Az(t)\lfz(s)%f(t:v + (1 —t)b, sy + (1 — s)d)dsdt
AaOVals) iy Wals)
= (b—x)(d_y)f( ,Z/) (b_flz')(d—y) erLpf(b,y)

_% vty f(z,d) — Wl(y—c) et y+lowf(b,d).

From (2.2)-(2.5) and dividing the resultant one by (b — a)(d — ¢), we get our
desired equality (2.1). O
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Theorem 2.1. Let f: A :=a,b] X [¢,d] = R be twice partial differentiable map-

ping on A° witha < b, ¢ <d, a,c > 0 such that aasaft e L(A). If | ZL| is convex on

’f
Jsot

co-ordinates on A and 6 i

for generalized fractional integrals:

’ < M, (z,y) € A, then the following inequality holds

" [EUETVO TATET O P
M
G—a)d—0 (= a)(y— )1 + (z —a)(d —y)I2
+(b—2)(y — )3+ (b—x)(d—y)Lu],
where

1 1 1 1
Il = / / Al (t)\Ill(s)dsdt, / / A1 det
0 0
1 1
Ig = / / A2 \111 det I4 / / AQ dsdt
0 0

and A is defined in Lemma 2.1.

Proof. From Lemma 2.1, we get the following inequality that holds for all (z,y) €

(2.7) ‘[ b—a)d—0) f(:z:,y)—l—A‘
< ((i:z))((dy:z)) /01 OlAl(ﬂ 1(5) |52 ; Flte + (1= a, sy + (1 — s)¢)| dsdt
om0 [ [ b 0wato) |y 1+ 1= sy + (1)) dsa
+EZ:Z§EZ:3 /Ol/olAz(t)\h(s> ag;tf(tﬁ(l—t)b, sy+ (1 —s)c)| dsdt
O [ st [y e+ (0 sy + 1 30 s

By the convexity of ’6 27| on co-ordinates on A and ’6 Bt’ <M, (z,y) € A, we
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have following inequalities:
2

e [ [ momo|2s
< M/ / tSAl \111 det+M/ / 1—5 A1 \111( )det

+M/0 /0 (l—t)sAl(t)\Ill(s)dt—i-M/O /0 (1= t)(1 — 8)A1 (£) T (s)dsdt

= M/O1 /01 A1 (t)Tq(s)dsdt.

Similarly, we have following inequalities

(2.9) fo fo Ay (t

f(te 4+ (1 —t)a, sy + (1 — s)c)| dsdt

dsdt

686tf(t:17 + (1 =t)a,sy+ (1 —s)d)
S MfO fO Al(t)\Ilg(s)dsdt,

(2.10) /0 /0 Ag(t)qll(s)'% (tz+ (1= )b, sy + (1 — s)c)| dsdt

- flx+ (1 —=t)b,sy+ (1 — s)d)’

(2.11) /0/0A2(f)‘1’2(5) %

1 1
< M /O /O Ao(t) W (s)dst.

Now using (2.8)-(2.11) in (2.7), then we have our required inequality (2.6). O

Remark 2.1. In Theorem 2.1, if we suppose ¢(t) =t and 9 (s) = s, then the inequality
(2.6) becomes inequality (1.6).

Remark 2.2. In Theorem 2.1, if we take p(t) = % and ¥(s) = FS(Z), then the inequal-
ity (2.6) is reduced to the inequality (1.10).

Theorem 2.2. Let f: A :=a,b] X [¢,d] = R be twice partial differentiable map-
q

ping on A° with a < b, ¢ < d, a,c >0 such that gsaft e L(A). If %‘ s conver

on co-ordinates on A, p,q > 1, = —|— = =1 and |5 at(x y)| < M, (x,y) € A, then

the following inequality holds for genemhzed fractional integrals:

[A2(1) + A (1] [Wo(1) + Wy (1)) fla
(b—a)(d—c) ’

(2.12) y) + A

o (@ =a)(y—c)Ji + (z —a)(d ~y) 2

+(b—2z)(y —c)Js+ (b—z)(d —y)Ja],
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where

= </01/01(A1(t)‘1/15pddt>;, Jy = (// (A1 (t)Ty(s ddt>,
- (/Ol/ol(Ag(t)\Ifl dsdt) , (// (Ao (t)Ta(s dsdt) :

and A is defined as in Lemma 2.1.

Proof. From Lemma 2.1 and the Holder inequality, we have the following inequality
that holds for all (x,y) € A:

[A2(1) + A (D)] [Wa(1) + W4 (1)]

(2.13) b—a)d-o)

o)+ 4

< g:zg_c//m \Ill()aazatf(tx—i—(l Ba, sy + (1 — 5)c)| dsdt
+((xb_2§g_y))/ /0 AL (1) T (s) 8‘Zatf(m+(1 t)a, sy + (1 — 5)d)| dsdt
+Ez z;gz C;/ /OlAg(t)\Ifl(s) %f(tw—i—(l—t)b,sy—i—(l—s)c) dsdt
+(£ gij y))/ /1A2 £)Wa(s) 882tf(t:c+(1—t)b,sy—i—(l—s)d) dsdt
e ([ [ womora)

1

1
q
dsdt)
1
dsdt)
1
q
dsdt)
1
dsdt) .

x(/ol , | st
e </ / (ha(e)Pate d““)
x(/ol/ol ﬁftw—i-l t)a, sy + (1 — s)d)
o (/ [} stomcop i)
x( 1 s)e
A ([ [ oy )
([

S—

fltx+ (1 —=t)a,sy+ (1 —s)c)

flx+ (1 —=t)b,sy+ (1 —

68t )

0 JO

mftw—i—l t)b, sy + (1 — s)d)
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q
As we know that ‘Bsajt (z, y)‘ is co-ordinated convex and asaft (z, y)‘ < M, for

all (z,y) € A, then we have the following inequality:

(2.14) </1/1 (Al(t)\lll(s))pdsdt);
(/ / 8581& 1
< M(/o /O (Al(t)\lll(s))pdsdt>;

Analogously, we also have following inequalities

(2.15) (// (A (£) W (s dsdt)

x ( 0 358t

0
< M </01/01 (A1 (t)Ty(s))? dsdt)g,
(2.16) (/01 /01 (A2 (1)W1 (s))” dsdt)%

fx+ (1 —=t)a,sy+ (1 —s)c) ' dsdt) ’

Q=

f(tac + (1 —t)a,sy+ (1 —s)cd)

q
dsdt)

x (/1/1 mﬂt“(l—ﬂb,swu—s)e)qudt)a
: M(/ / (A2(t) 1 (s dsdt> ,
(2.17) </01 /01 (Aa(£)Ta(s))? dsdt)%
) (/1/1 @f(t“ﬂ—t)b,swu—s)d)qudt);

< M(// (Aa(t)Ta(s dsdt)

By using (2.14)-(2.17) in (2.13), then we have our desired inequality (2.12). O

Remark 2.3. In Theorem 2.2, if we suppose p(t) =t and 9(s) = s, then the inequality
(2.12) becomes inequality (1.7).
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Remark 2.4. In Theorem 2.2, if we take p(t) = % and ¥(s) = FS(Z), then the inequal-
ity (2.12) is reduced to the inequality (1.11).

Theorem 2.3. Let f: A :=a,b] X [¢,d] = R be twice partial differentiable map-
q
ping on A° with a < b, ¢ < d, a,c >0 such that aasajt e L(A). If gjajt s conver

on co-ordinates on A, ¢ > 1 and }8 47 (x, y)} < M, (z,y) € A, then the following

inequality holds for generalized fractional integrals:

‘ [A2(1) + A (D] [Wa(1) + W4 (1)]
(b—a)(d—rc)

[(z —a)(y =)l + (& — a)(d = y) L2

(2.18) flzy)+ A‘

M
(b—a)(d—c)

+(—2)(y — )3+ (b—x)(d —y)la],

where Iy, Is, Is and Iy are same as defined in Theorem 2.1 and A is defined as
mn Lemma 2.1.

Proof. From Lemma 2.1 and the power mean inequality, we get the following in-
equality that holds for all (x,y) € A :

[A2(1) + A1 (1)] [T2(1) + Ty (1)]
(b—a)(d—rc)

(z—a)(y ot
< Goaig | [ meme

(2.19)' flz,y) +A'

2

5501 dsdt

—ftz+ (1 —t)a,sy + (1 —s)c)

(z—a)d-y) [ 0>
+m/o / M (8)Ws(s) | 5= f(tz + (L= t)a, sy + (1 = s)d)| dsdt
b-2)y-0o) a2 s ol
o ad- )/0 /O As(D)Wi(s) |5 f(tw + (1 = )b, sy + (1 = 5)c) | dsdt
b-x)d-y) [ [ 2
a0 /0 /0 As(t)Ws(s) |5 f(tz + (1 = )b, sy + (1 = 5)d)| dsd.

IN

7?2‘2553 = </§ /J G >dsdt>

Q=

+W (/ / As (D) Ta(s )dsdt)l_;
X (/01 /01 A1 (t)P2(s) 8(2—(2{%]‘(&5 + (1= )a, sy + (1 — 5)d) qudt)}z




([ [ matomio) | s+ (- omsy (- 90 dsdtf
+((l; o =y) (//A2 s (s dsdt> q
(//A2 J¥2(s) aatf““( >basy+(1—s)d)qudt);.

As we know that
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f

all (z,y) € A, then we have the following inequality:

(2.20)

2

[ [ mome |2

< Mo / 1 / AMOw ()

Similarly, we have following inequalities:

(2.21)

(2.22)

By using (2.20)-(2.23) in

Remark 2.5.

[ [ mowe| 2

SM‘I/Ol/OlAl(t)\IIQ(S)
/ 1 / () |2

0s0t

< [ [ hatoms),

—f(tz + (1

flz+ (1 —t)a,sy+ (1 —s)c)

2
fixz+(1

f(te + (1

a

dsdt
q

—t)a,sy + (1 —s)d)| dsdt
q

—t)b, sy + (1 —s)c)| dsdt
a

—t)b, sy + (1 —s)d)| dsdt

(2.19), we have our desired inequality (2.18).

O

913

q
5507 (T y)‘ is co-ordinated convex and ‘8 a7 (T y)‘ < M, for

In Theorem 2.3, if we suppose ¢(t) =t and 1(s) = s, then the inequality
(2.18) becomes inequality (1.8).



914 M. A. Ali, H. Budak and Z. Zhang

8
(B’

Remark 2.6. In Theorem 2.3, if we take ¢(t) = <— and 9(s) = then the inequal-

I'(a)
ity (2.18) reduces to the inequality (1.12).

Theorem 2.4. Let f: A :=a,b] X [¢,d] = R be twice partial differentiable map-

q
ping on A° with a < b, ¢ <d, a,c >0 such that f ¢ L(A). ]f} O°F 1" s concave

0s0t 0s0t
on co-ordinates on A, p,q > 1, % + % = 1, then the following inequality hold for
generalized fractional integrals:

221 L) SR+ 0 )+ 4
g (=99 (4|4
Ho— a9 | ! (52| 2
Ho— ) — 0| 2t (S )|
+o— (- )|t (S ) ]

where Jy, Jo, J3 and Jy are same as defined in Theorem 2.2.

Proof. From Lemma 2.1 and the Holder inequality, we have the following inequality
that holds for all (z,y) € A :

(2.25)' [Aa(1) + (Ablgi])grz_ 1c)+ L0 PR A'

: %/01 olAl(”‘I’l@ %fﬁﬂ(l—ﬂa,syﬂl—s)@ dsdt
+% /o1 /01 A (6)F2(s) a;atf(t“ (1—t)a,sy+ (1 — s)d)| dsdt
+% /o1 /01 A2(6)¥1(s) a;atf(m + (1= 1)b, sy + (1 — s)c)| dsdt
+% /01 /01 A (6)F2(s) %f@x + (1 = t)b, sy + (1 — 5)d)| dsdt

N it <A1<t>w1<s>>wsdt);

x (/01/01 %f(m-l-(l—t)a,sy—i-(l—s)c) qudt);
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B ([ [ et ou)
><</0/0 @f(taH—(

1
q q
1 —t)a,sy + (1 —s)d) dsdt)

Q=

x(/l/l 85({%f(tac—i—(l—t)b,sy—i—(l—s)c)qudt)
J(‘Id v) (// (Aa(t)Wsa(s dsdt)
><</0/0 asatf(ta:+(1—t)b,sy+(1—s)d)qudt)%.

2
Since ‘%‘ is concave on co-ordinates on A, so an application of (1.5) with

inequalities in reversed direction, we have following inequalities:

11 q
(2.26) /0 /0 Bsatf(m + (1 —t)a,sy+ (1 —s)c)| dsdt
2 a
S 8 .f Tt a7 Ll re )
0sot 2 2
a
(2.27) / / 85815 f(te + (1 —t)a, sy + (1 — s)d)| dsdt
f r4+a y+d
85815 2 72 ’
q
(2.28) / / Bsat flx+ (1 —=t)b,sy+ (1 —s)c)| dsdt
f r+b y+c
Bsat 2 72 ’
q
(2.29) / / s b+ (1= )b, sy -+ (1= 5)d)| dds

f x+b y+d
85815 2 7 2

By using (2.26)-(2.29) in (2.25), then we have our desired inequality (2.24). O
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Remark 2.7. In Theorem 2.4, if we suppose p(t) =t and ¢(s) = s, then the inequality
(2.24) becomes inequality (1.9).

8
(B’

Remark 2.8. In Theorem 2.4, if we take p(t) = =— and (s) =

) then the inequal-
ity (2.24) is reduced to the inequality (1.13).
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