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Abstract. The main aim of this article is to study the existence and uniqueness of fixed
point for isotone mappings of any number of arguments under contraction mapping
principle on a complete metric space endowed with a partial order. As an application
of our result, we have studied the existence and uniqueness of the solution to an integral
equation. The results we have obtaied will generalize, extend and unify several classical
and very recent related results in the literature in metric spaces.
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1. Introduction

The Banach contraction principle is one of the most popular tools in solving the
existence in many problems of mathematical analysis. Due to its simplicity and
usefulness, there are a lot of generalizations of this principle in the literature. Ran
and Reurings [14] extended the Banach contraction principle in partially ordered
sets with some applications to linear and nonlinear matrix equations. While Nieto
and Rodriguez-Lopez [12] extended the result of Ran and Reurings [14] and applied
their main results to obtain a unique solution for a first-order ordinary differential
equation with periodic boundary conditions.

The concept of multidimensional fixed point was introduced by Roldan et al. in
[16], which is an extension of Berzig and Samet’s notion given in [2], which extended
and generalized the mentioned fixed point results to higher dimensions. However,
they used permutations of variables and distinguished between the first and the last
variables. For more details one can consult ([3] [4], [5], [6], [7], [8], [9], [10], [11],[13],
[16], [17], [18], [19], [20], [21], [22]).
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In this article, we have studied the existence and uniqueness of fixed point for
isotone mappings of any number of arguments under contraction mapping principle
on a complete metric space endowed with a partial order. As an application of our
result we study the existence and uniqueness of the solution to an integral equation.
We improve and generalize the results of Alsulami [1], Razani and Parvaneh [15],
Su [20] and many other famous results in the literature.

2. Preliminaries

In order to establish our main results, we will use the following notions. If X is
a non-empty set, then we denote X X X x ... x X (n times) by X", where n € N
with n > 2. If elements z, y of a partially ordered set (X, <) are comparable (that
is ¢ < y or y < z holds), then we will write < y. Let {A, B} be a partition of
the set A,, = {1, 2, ..., n}, that is;, A and B are non-empty subsets of A,, such that
AUB=A,, and AN B = @. We will denote

Qa,p = {o:A, = A,:0(A) CA, o(B) C B},
and Q/A, g = {o:A,—= A, :0(4) CB, o(B) C A}.
Henceforth, let o1, o9, ..., 0, be n mappings from A, into itself and let T be the

n—tuple (o1, 02, ..., 0,). Let F: X™ — X and g : X — X be two mappings. For
brevity, g(x) will be denoted by gx.

A partial order < on X can be extended to a partial order C on X™ in the
following way. If (X, <) be a partially ordered space, x, y € X and i € A,,, we will
use the following notations:

xRy, ifi €A,

<.
(21) x_zyé{xty,ifiEB.

Consider on the product space X™ the following partial order: for ¥ = (y1, ya, ...,
Yis vy Yn)y V= (U1, V2, oy Uy ooy Up) € X7,

We say that two points Y and V are comparable, if Y C V or V C Y. Obviously,
(X™, C) is a partially ordered set.

Definition 2.1. ([10], [16], [18]). A point (x1, Z2, ..., ) € X™ is called a T—fixed
point of the mapping F: X" — X if

F(:Eai(l)a Toi(2)s = :cai(n)) =ux;, for alli € A,,.

This definition extends the notions of coupled, tripled, and quadruple fixed points.
In fact, if we represent a mapping o : A,, — A,, throughout its ordered image, that
is, 0 = (0(1), o (2), ..., o (n)), then
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(7) Gnana-Bhaskar and Lakshmikantham’s coupled fixed points occur when n =
2, o1 = (1, 2) and 09 = (2, 1),

(7i) Berinde and Borcut’s tripled fixed points are associated with n = 3, o1 = (1,
2,3), 05 = (2, 1,2) and o3 = (3, 2, 1),

(#4¢) Karapinar’s quadruple fixed points are considered when n =4, o1 = (1, 2,
3,4), 05 =(2,3,4,1), 05 = (3,4, 1,2) and o4 = (4, 1, 2, 3).

These cases consider A as the odd numbers in {1, 2, ..., n} and B as its even
numbers. However, Berzig and Samet [2] use A = {1, 2, ..., m}, B={m+1, ..., n}
and arbitrary mappings.”

Definition 2.2. [16]. Let (X, <) be a partially ordered space. We say that F has
the mixed monotone property if F' is monotone non-decreasing in arguments of A
and monotone non-increasing in arguments of B, that is, for all x1, x2, ..., Tn, ¥,
z€ X and all ¢

y=z=F(x1, .y, Ti—1, Y, Tit1, -, Tn) i F(21, o0y Tic1, 2, Tig1, -y Tn)-
Definition 2.3. ([18], [21]). Let (X, d) be a metric space and define A, p, :
X" x X" = [0, +0), for Y = (y1, y2, -, Yn), V = (v1, V2, ..., vp) € X", by

An(yu V) = %Zd(ylv Ui) and pn(yu V) = max d(yiu Ui)'

‘ 1<i<n
i=1

Then A,, and p, are metric on X™ and (X, d) is complete if and only if (X", A,,)
and (X™, p,) are complete. It is easy to see that
A (YR Y) = 0 dyf, yi) =0 (as k — 00)
and p,(Y*, V) — 0<dlF, i) =0 (as k — o0), i € Ay,

where Y* = (y¥, v5, ..., y¥) and Y = (y1, o, ..., yn) € X™

Lemma 2.1. ([18], [21], [22]). Let (X, d, <) be an ordered metric space and let
F:X"— X and g : X — X be two mappings. Let Y = (o1, o2, ..., o) be an
n—tuple of mappings from A,, into itself verifying o; € Qa,p ifi € A and o; € Q;LB
ifi € B. Define Fy, G: X" — X", for all y1, y2, ..., Yyn € X, by

F(Yo,1)s Yor(2)s -5 Yor(n))

(23) FT(ylv Y2, - yn): F(y02(1)7 y02(2)5 ) yag(n))v )
iy FWon(1)s Yon(2)s > Yon(n))

(2.4) G(y1, Y2, - Yn) = (9Y1, 9Y2, - GYn)-

(1) If F has the mized (g, <)—monotone property, then Fy is monotone (G,
C)—non-decreasing.
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(2) If F is d—continuous, then Fy is also A, — continuous and p,—continuous.

(3) If g is d—continuous, then G is A, — continuous and p,— continuous.

(4) A point (y1, Y2, -y Yn) € X™ is a T—fized point of F if and only if (y1, ya,
vy Yn) 8 a fized point of Fy.

(5) A point (y1, Y2, ..., Yn) € X" is a Y—coincidence point of F' and g if and
only if (y1, Y2, -, Yn) 18 a coincidence point of Fy and G.

(6) If (X, d, =) is regular, then (X™, Ay, C) and (X™, pn, C) are also regular.

Lemma 2.2. [8]. Let (X, d, ) be a partially ordered metric space and let F :
X" — X be a mapping. Then

(a) If there exists y§, Y2, ..., yi € X verifying yj =i F(ygi(l), ygi(z), s ygi(")),
for i € Ay, then there exists Yo € X™ such that Yy C Fy(Yp).

(b) If F is a mized monotone mapping, then Fy is an isotone mapping.

(c) If for each i € A,, and y;, v; € X there exists z; € X which is <; —comparable
to y; and v;, then there exists Z € X™ which is T —comparable to' Y and V.

Definition 2.4. [20]. A generalized altering distance function is a function % : [0,
+00) = [0, +00) which satisfied the following conditions:

(i) 1 is non-decreasing,
(i) ¥ (t) = 0 if and only if t = 0.

3. Main results

Theorem 3.1. Let (X, =) be a partially ordered set and suppose that there is
a metric d on X such that (X, d) is a complete metric space. Let T : X — X
be a non-decreasing mapping for which there exist a generalized altering distance
function ¢ and a right upper semi-continuous function ¢ : [0, +00) — [0, +00)
such that

(3.1) Y(d(Tz, Ty)) < e(d(z, y)),
for all z, y € X with x <y, where ¥(t) > @(t) for allt > 0 and p(0) = 0. Suppose
either

(a) T is continuous or

(b) (X, d, =X) is regular.

If there exists xg € X such that xqg < Txg, then T has a fixed point. Moreover,

if for each x, y € X there exists z € X which is = —comparable to x and y, then
the fized point is unique.

We omit the proof of the previous result since its proof is similar to the main
theorem in [20].

Put ¢(t) = t and (t) = kt with £ < 1 in Theorem 3.1, we get the following
result:
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Corollary 3.1. Let (X, <) be a partially ordered set and suppose that there is a
metric d on X such that (X, d) is a complete metric space. Let T : X — X be a
non-decreasing mapping such that

d(Tz, Ty) < kd(z, y),

for all x, y € X with x <y, where k < 1. Suppose either
(a) T is continuous or
(b) (X, d, =X) is regular.

If there exists xg € X such that xo < Txqg, then T has a fized point. Moreover,
if for each x, y € X there exists z € X which is = —comparable to x and y, then
the fized point is unique.

Next we give an n—dimensional fixed point theorem for mixed monotone map-
pings. For brevity, (y1, y2, ..., Yn), (v1, V2, ..., v,) and (y3, Y2, ..., y%) will be denoted
by Y, V and Yy respectively.

Theorem 3.2. Let (X, <) be a partially ordered set and suppose that there is a
metric d on X such that (X, d) is a complete metric space. Let T = (o1, 02, ...,
on) be an n—tuple of mappings from A, into itself verifying o; € Q4 p ifi € A and
o; € Q;LB ifie B. Let F': X™ — X be a mized monotone mapping for which there
exist a generalized altering distance function v and a right upper semi-continuous
function ¢ : [0, +00) = [0, +00) satisfying

(32)  BAF@ yor s ya)s F(o1, vas s 00))) <0 (max (s, >) |

1<i<n

for which y;, v; € X such that y; <; v; for alli € A, where (t) > p(t) for allt >0
and ¢(0) = 0. Also, suppose that either F is continuous or (X, d, <) is regular. If
there exists y§, y2, ..., y& € X such that

i o (1 oi (2 gi(n .
Yo =i F(yO ( )a Yo ( )a - Yo ( )); fOTZEAn-
Then F' has a Y—fized point. Moreover, if for each i € A, and y;, v; € X there

exists z; € X which is <; —comparable to y; and v;. Then F has a unique Y —fixed
point.

Proof. For fixed i € A, we have y,,(+) =t Vo, (+) for t € A,,. By using (3.2), we have
w(d(F(yai(l)v Yo:(2)s - yai(n))a F(vai(l)a Vg (2)s «+ vai(n))))

(3.3) < ¢ ( max d(y;, vi)> ,

1<i<n
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for all i € A. Similarly, for fixed i € B, we have y,, (1) =t vy, (1) for t € Ay, It follows
from (3.2) that

V(A(F (Yo, (1)s Yoi(2)s > Yos(n))s F(Vos(1)s Vor(2)s - Voi(n))))
1/}(d(F(’UO"L(1)7 Vg (2)s +» ’Uoi(n))a F(yai(1)7 Yo,(2)s -+ yaz(n))))

B4) < ¢ ( max d(y;, vz)> ;

1<i<n

IN

for all i € B. Now by using (2.2), (2.3), (3.3), (3.4) and by the monotonicity of v,
we have

Plpn(Fr(Y), Fx(V))) < @(pn(Y, V),

forall Y, V € X™ with Y C V. It is only required to apply Theorem 3.1 with the
help of Lemma 2.1 and Lemma 2.2 for the mapping T' = Fx in the ordered metric
Space (Xn7 pn7 E) I

Theorem 3.3. Let (X, <) be a partially ordered set and suppose that there is a
metric d on X such that (X, d) is a complete metric space. Let T = (o1, o2, ...,
on) be an n—tuple of mappings from A,, into itself verifying o; € Qs p if i € A and
o; € Q:LX,B ifi € B. Let F': X™ — X be a mized monotone mapping for which there
exist a generalized altering distance function 1 and a right upper semi-continuous
function ¢ : [0, +00) = [0, +00) such that

< Zd yal(l Yo;(2)5 o yai(n))v F(va'i(l)v Vo (2)s =+ v(n(ﬂ))))

(3.5)< <p< Zdyz, vl>,

for all y1, Y2, -y Yn, V1, V2, ..., Uy € X with y; 2; v;, for i € Ay, where ¥(t) > (t)
for all t > 0 and ¢(0) = 0. Also, suppose that either F is continuous or (X, d, <)
is regular. If there exists y§, y2, ..., yi € X werifying yb =i F(ygl(l), ygi(z), e
ygl(" ), for i € A, then F has a T —fized point. Moreover, if for each i € A, and
Yi, v; € X there exists z; € X which is <X; —comparable to y; and v;. Then F has a

unique Y —fized point.
Proof. Note that the contractive condition (3.5) means that
P(An(Fr(Y), Fr(V))) < e(An(Y, V),

for all Y, V € X™ with Y C V. Therefore, it is only necessary to use Theorem 3.1
with the help of Lemma 2.1 and Lemma 2.2 for the mapping 7' = Fy in the ordered
metric space (X", A,, C). 1

In a similar way, we may state the results analogue to Corollary 3.1, for Theorem
3.2 and Theorem 3.3.
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4. Applications

In this section we give an application to our results. Consider the integral equation

T
(4.1) u(t) = /K(t, s, u(s))ds + g(t), t € [0, T],
0

where T' > 0. Consider the space:
C[0, T] ={u: [0, T] = R : u is continuous on [0, T},
equipped with the metric

d(z, y)= sup |z(t) —y(t)|, for each z, y € C[0, T].
tel0, T

It is obvious that (C[0, T, d) is a complete metric space. Furthermore, C[0, T'] can
be equipped with the following partial order =<

xRy <= x(t) <y(t), for each z, y € C[0, T) and t € [0, T.
It is clear that (C[0, T, d, <) is regular.
Theorem 4.1. Suppose that the following hypotheses hold:
(1)) K:[0, T} x[0,T] xR =R and g : R = R are continuous.
(i1) For all s, t, z, y € C[0, T| with y < x, we have
K(t, s, y(s)) < K(t, s, x(s)).
(7i1) There exists a continuous function G : [0, T] x [0, T] — [0, +00) such that

z =yl

|K(t7 S, I)_K(tv S, y)| SG(tv S) )

for all s, t € C[0, T) and z, y € R with y < x,
T

(iv) supeo, 1) /G(t, s)%ds < .
0
Then the integral (4.1) has a solution z* € C[0, T].

Proof. We, first, define F': C[0, T] — C|0, T] by

T
Fx(t) = /K(t, s, x(s))ds + g(t), for all t € [0, T] and x € C[0, T.
0
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Suppose y < x, then from (ii), for all s, ¢t € [0, T, we have K(t, s, y(s)) < K(t, s,
x(s)). Thus, we get

Fy(t)= [ K(t, s, y(s))ds+g(t) < | K(t, s, z(s))ds + g(t) = Tz(t).

o\ﬂ
o\'ﬂ

Now, for all u, v € C[0, T|] with y < x, due to (¢i¢) and by using Cauchy-Schwarz
inequality, we get

[Fa(t) — Fy(t)]

T
< /|K(t, s, x(s)) — K(¢t, s, y(s))|ds
; |z(s) — y(s)]
< G(t, s)- 1AS) — YWS)1 4
/ ;
T 3T 5 B
. ( [t opar) ([ (50,
0 0

Thus
1
2

(4.2) |Fa(t) — Fy(t)] < 7G(t s)2ds 7(M)2ds
- ’ 2
0 0

Taking (iv) into account, we estimate the first integral in (4.2) as follows:

T B |
2
(4.3) ({G(f, s) ds) < VT
For the second integral in (4.2) we proceed in the following way:
T ) 3
) [ (Er) ) <ot
0

Combining (4.2), (4.3) and (4.4), we conclude that
1
Fa(t) — Fylt)| < s, ).
Taking supremum for each ¢ € [0, T], we get

d(Fz, Fy) < %d(% Y),
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for all z, y € C[0, T] with y < . Thus, the contractive condition of Corollary 3.1 is
satisfied with & = 1/2 < 1. Hence, all the hypotheses of Corollary 3.1 are satisfied.
Thus, F has a fixed point z* € C[0, T| which is a solution of (4.1). 1
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