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Abstract. Here, we find some necessary conditions for a projective vector field on a
Randers metric to preserve the non-Riemannian quantities = and H. They are known
in the contexts as the C-projective and H-projective vector fields. We find all projective
vector fields of the Funk type metrics on the Euclidean unit ball B™(1).
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1. Introduction

Beltrami [3] introduced the first examples of projective transformations. The pro-
jective Finsler geometry is much complicated than the projective Riemannian ge-
ometry. This complexity may impresses several projective properties which used to
be proved in projective Riemannian geometry, for example Beltrami’s theorem in
Riemannian geometry states that the projective (i.e., locally projectively flat). Rie-
mannian metrics are exactly those with constant sectional curvature, while this fails
generally within Finsler geometry. This may even affect on the projective algebra
(i.e. the lie algebra of the projective vector fields) proj(M, F) and its subalgebras.
To trace this, we may refer to the subalgebras of proj(M, F) [7, 8]. The special
projective algebra sproj(M, F') consists of the projective vector fields preserving the
Berwald curvature. In [11], it is proved that given any special projective vector field
X on a Randers space (M, F = a+ ) with the navigation data (h, W), either F is
isotropic S-curvature or X is a conformal vector field for the Riemannian metric h.
This result supports a Lichnerowicz-Obata type theorem for the special projective
vector fields, see [4, 11]. It is guessed that some other Lichnerowicz-Obata type
theorems may be established for our two notable projective subalgebras, namely,
the C-projective and the H-projective algebras. We would like to examine another
subalgebras of proj(M, F) namely, the C-projective algebra and the H-invariant
projective algebra cproj(M, F) and hproj(M, F), respectively. The former is shown
here to be characterized by preserving the Z-curvature and the latter is defined by
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preserving the H-curvature. In [9], C-projective vector fields are studied. We prove
the following infinitesimally stated results:

Theorem 1.1. Let us suppose that (M, F = a+f) is a Randers space of dimension
n > 2 and X is a C-projective vector field of (M, F). Then, at least one of the
statements of (1.1) and (1.2) is held:

1. F is of isotropic S—curvature.
(1.1) or
2. Pa?(Lyg(0? = B%) = (BLga® — a®Li %) = n(a® = §2),

where 1 is a polynomial of degree two on T M.

3. EX-OZZ = a2
(1.2) or
4. (8egoBso — 4edy + epo03) = na?,

where A € C°(M) and n(y) is a polynomials of degree two.

In the following, we investigate a bigger class of C-projective vector fields,
namely, the vector fields which preserve H-curvature.

Theorem 1.2. Let us suppose that (M,F = «a + ) be a compact Randers space
of dimension n > 2 and X is a H-projective vector field of (M, F). Then, at least
one of the statements of (1.3) and (1.4) is held:

1. F is of isotropic S—curvature.

or

2. (a?b* + B2 Ly (a? — B2) 4+ 2b* (oL B2 — B Ly a?)
=1n(z,y)(a® = 5?),

(1.3)

where 1 is a polynomial of degree two on T M and

3. Lga? =)o
(1.4) or
4. —192eqpBs0 + 966(2)0 — 19600;0ﬂ = )\0&2,

where A € C*°(M) and n(y) is a polynomials of degree two.

Here, we study a bigger class of projective transformation, namely, C-projective
transformation of Randers space. C-projective algebra, i. e, the algebra of
C-projective vector fields on an n-dimensional Finsler space is a sub-algebra of
projective algebra, and its dimension is n(n 4 2) at most. Let F' = o + ( be a
Randers space. We find the conditions for a vector field to be a C-projective vector
field.
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2. Preliminaries

Let M be a smooth and connected manifold of dimension n > 2. T, M denotes
the tangent space of M at x. The tangent bundle of M is the union of tangent
spaces TM := J, .y ToM. We will denote the elements of TM by (x,y) where
y € T,M. Let TMy = TM \ {0}. The natural projection 7 : TMy — M is given
by m(x,y) := x. A Finsler metric on M is a function F' : TM — [0,00) with
the following properties: (i) F'is C* on T My, (ii) F is positively 1-homogeneous
on the fibers of tangent bundle TM, and (iii) the Hessian of F? with elements
9ij(x,y) == 3[F2(x,y)]iys is positive-definite matrix on TMy. The pair (M, F) is
then called a Finsler space. Throughout this paper, we denote a Riemannian metric
by a = \/ai;(z)y'y? and a 1-form by B = b;(x)y". A globally defined spray G is
induced by F on TMy, which in a standard coordinate (z%,y?) for T My is given
by G =y 621' —2G(x, y)a%iv where G%(z,y) are local functions on T My satisfying
G'(z, \y) = N2G%(x,y) ,\ > 0 and given by

) 1 .
(21) G'= Zng{tha?hyk - ij}

Assume the following conventions:

L_oGh L, 0G
G o T

The local functions G; are coefficients of a connection in the pullback bundle
7w T'M — M which is called the Berwald connection denoted by D. Recall that for
instance, the derivatives of a vector field X and a 2-covariant tensor 7' = T}; dx*@dx?
are given by:

5X; i
0T;; . -
(2.2) Tijie = 695’3 = 1,;Giy, — Tir Gy,

where é%k = %k - G}; 821-, . Given a Finsler metric F' on an n-dimensional manifold

M, the Busemann-Hausdorff volume form dVp = op(z)dz! ---dx™ is defined by

~ Vol (B (1))
 Vol{(y) e R | Flyighels) <1}

op(x):

Define g = det(gsj(x,y)) and 7(2,y) := In Uﬁ). Given a vector y € T, M, let

~(t),—€ < t < €, denote the geodesic with v(0) = x and ¥(0) = y. The function
S(x,y) := %[T(’}/(t),"}/(t))]‘ho is called the S-curvature with respect to Busemann-
Hausdorff volume form. A Finsler space is said to be of isotropic S-curvature if
there is a function ¢ = ¢(x) defined on M such that S = (n + 1)c(x)F. Tt is
called a Finsler space of constant S-curvature when c is constant. Let (M, «) be a
Riemannian space and 8 = b;(z)y’ be a 1-form defined on M such that ||8], :=
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sup,er, i B(y)/a(y) < 1. The Finsler metric F' = a + f is called a Randers metric
on the manifold M. Denote the geodesic spray coefficients of « and F by G?, and
G?, respectively. The Levi-Civita covariant derivative of « is denoted by V. Define
Vb by (V;b;)07 := db; — b;0,”, where 0° := dz' and 0,” := f‘fkdxk denote the
Levi-Civita connection forms and V denotes its associated covariant derivation of
a. Let us put

1 1
rij = E(iji + Vibj), Sij 1= i(iji — Vibj),
st = alsyy, 85 i= bisij, eij = Tij +bisj + bjs;.
Then G* are given by

. . €00 . .
(2.3) G'=G. + (ﬁ - so)yl + as’y,
where ey := eijyiyj, 50 1= syt 8% = sijyj and G, denote the geodesic coefficients
of a.
Given any Randers space (M, F' = a+ (), the S-curvature takes the following form:

€00
2.4 S = D{=—= —5s0—
(2.4) (n+ ){QF S0 — po}
where p = In(y/1 — [|8]|2) and po = p,iy’. Akbar-Zadeh in [2] studied another non-
Riemannian quantity H-curvature, which is invariant by special projective and C-
projective algebras [15]. At every point x € M, E, = Z;(y)dz"* and H = H;;dz'®dx’
are defined as follows:

(2.5) Ei = y"Sim— S
1 1, —
(2.6) H;; = is.i.jhnym = Z(:i.j +E,.4)
where “.” and “|” denote the vertical and horizontal covariant derivatives, respec-

tively, with respect to the Berwald connection. The quantity = has been introduced
by Zhongmin Shen using the S-curvature, cf. [14, 16]. The above quantities do not
depend on the choice of connection for performing horizontal derivatives and can
be derived for the Finsler metric itself.

The notion of Riemann curvature for Riemann metrics is extended to Finsler
metrics. For a vector y € T, My, the Riemann curvature R, : T, M — T, M is
defined by

; 0
Ry (u) = Rk(y)ukﬁa
where . ) ) ) )
oG 092Gt . - 92GE 0G"* 0GY

o oY j v o4 0
Oxk 33:j8yky + dyidyk Oyl OyF’

The family R := {R,}ycrnm, is called the Riemann curvature. We define the Ricci
curvature as the trace of R, i.e., Ric(z,y) := trace(R,) = (n — 1)RI"(y).

Ri(y) =2
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Every vector field X on a manifold M induces naturally an infinitesimal
coordinate transformations on TM given by (2*,y*) — (Z*,7"), given by

L OV"?

oxk
Using this coordinates transformation, we may consider the notion of the complete
lift X of V to a vector field on T'My given by

., 0 L0X' 9

K3

- Ot Ty Ozk Oyt
It is a notable remark on the Lie derivative computations that, £ Xyi = 0 and the
differential operators L, %, exterior differential operator d and 82,3 commute.
The vector field X is called a projective vector field, if there is a function P (called
the projective factor) on T'Mj such that EXGi = Py’ cf. [1]. In this case, given any
appropriate t, the local flow {¢:} associated with X is a projective transformation.
A projective vector field is said to be affine if P = 0. It is well-known that every
Killing vector field is affine. Recall that, given any projective vector field X on a
Riemannian space, the projective factor P = P(z,y) is linear with respect to y and
also it is the natural lift of a closed 1-form on M to a function on 7'My, while in the
Finslerian setting these issues are non-Riemannian features. Consider the following
conventional definitions of a projective vector field X; X is said to be (cf. [10])

T =2+ Vidt, T=y'+y dt.

1. special if £ E =0, or equivalently, P(z,y) = P;(z)y".
2. C-projective if Py; = Pj;.
3. H-invariant if £ ¢ H = 0, equivalently, Pji; = Pjj -

The projective factor P for a projective vector field X on a Riemannian manifold
is simultaneously a special and a C-projective vector field. The following theorem
provides the equivalence conditions of C-projective vector fields [13]:

Theorem 2.1. [18] Let (M, F = a+ () be a Randers space and V' is a projective
vector field V € x(M). The following statements are equivalent:

1. V is C-projective,

2. LyE =0,
3. LyY=0.
where ¥ = ¥;;dx’ @ da? is defined as follows:
Yij = %_H(S.i\j —5j1i)
Let V be a projective vector field. We have the following identities for arbitrary
tensors T); and Tjj); [1]:
(2.7) LgTy; = (LgTh); — (LxGOTrj — (L5 Gi)T

LiTijn = (LxTij)k — (LxGp)Tijr — (L3 G))Trj — (L5 GY)Tir
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3. Projective vector field v.s. Z-curvature

Let F = a +  be a Randers metric. Due to (2.4), E-curvature is directly
obtained as follows:
€00  €oojoUi  €o0|i

(3:-1) F 2F? 2F ©

where ©; is ©; := s;0 — S);-

Using spray coefficients of Randers metric (2.3) and the general formula of hor-
izontal derivatives (2.2) one can obtain the following:

4e3
(3.2) eoojo =  €00;0 — % + 8egoso — 4a(qoo + Bto + s3)
5e00€; 2e3qu;
€ooli = €00y — % + 2eipS0 + % + 4egosi
—2a(qio + Bti + sosi) — 2ai(qoo + Bto + 57)
Teipe e2ou;
€iolo = €i0;0 — ;OFOO + 3ei080 + 0}22 + 2eg0si
—ai(goo + Bto + s5) — g0 + Bt + s0s:)
€00 €jo €00l
eijlo = €0~ 26i5(55 = %) — el — S — 8)
€0 €ooUi
~eiol ~ g — %)

—ai(gjo + bjto + s085) — aj(qio + bito + sosi)
—a(gij + qji + bitj + bty + 2s;55)

@,

where “;” is the covariant derivatives with respect to a.
By substituting (3.2) in (3.1), we obtain:

— 1
S = 5 [(—eo0;i + 2€i0;0 — 4e;080)F? — ui(—4(Bto + sg + goo) e + 8soeno + €oo;0) F

+ 46(2)011,1' + 261‘0600F + 4F2a(bit0 + s;80 + QOi) — 2A¢0F3}

where u; = %.

Proof of Theorem 1.1 Let us suppose X be a C-projective vector field. Then by
Theorem 2.1, we have £ ¢Z; = 0. Suppose EXaQ = tgo. It is easy to see that every
C-projective vector field is a projective vector field and every projective vector field
of F = a+ 3, is a projective vector field of « (see [12]), then there is a projective
factor n = n(xz,y) which is linear with respect to y. By using the Lie identity of
(2.7) we obtain:

Lieino = (Lgein)0 —2e00m — 3eqon
Lieooi = (Lgeoo)o— 4eoon — 2eion
(33) [/Xeoo;o = (L‘Xeoo);o - 860077
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Then by substituting (3.3) and using the Maple program, we obtain the following:

_ 35,L 4 F

LgE = AT -
1

- 9 F3 (_8ui600£j(600 — 4F280,CX€7;0 — 4F26i0£f(80 + 2F61‘0,CX€00

2F600£X6i0 + 6F2,CXFAZ-0 +

+

t
+ (—4FaLl gu; —4u;al ¢ F — 4Fui%)(5to + 82 + qoo0)
+

4F2a(£5(bito + L¢bito + L¢s08 + s0L g8 + Ly io) + 2€i0e00L ¢ F
— 8FL;Fsoeq + soL g Fuseqo + 8F speqo L g u; +
+ 8Fu7;600£}280 + SFUZ‘S()E)"(BOO
—  AFuo(L gy fto 4+ 250L g s0 + Lgtof + L ¢ qo0) +
+ 2F3L Ao+ 2FL ¢ Fegoy
— 4FL¢Feipo + Fui((L£Lgeo)0) — 8neoo + eoo0F' L gui + egooui L ¢ F
+ (AQFLyFa+ FQ%O))(MO + s08i + qio) +
+ F2(£}”(600);i — 2m;€00 — 3ne4q0)
2F2(£;§v€i0);0 — 4n;eq0 — 2neqo) — 46%0£5{ui)
= —2F*(Rat; + alrrat;)

where Rat; = Ag+ Asa? + Ayja* + Aga® and Irrat, = A708 + Asa* + Asa? + Ay

and the terms Ag, - - -, Ag are respectively given in Appendix 1.
Ay = 8epotooBsoyi — dedotooyiB + eoo.otooS>Yi
Ay = —2too(8enoBsoyi — 4edyyi + €00:08Yi)

The equation (3.4) is equivalent to Rat; = 0 and Irrat; = 0, (i = 1,...,n).
The system of equations Rat; = 0 and Irrat; = 0 is itself equivalent to the system
of equations Rat; — BIrrat; = 0 and Irrat; = 0. By using Maple, we obtain the
followings:

Rat; — Blrrat; =

= (o — B°){[ — 32L 4 Bbito — 40L ¢ Bsos; — 24L ¢ biBto + 8L ¢ b;sg
—16L ¢ 508s; + 16L ¢ s0b;sg — 16L ¢ 5850 + 8L ¢ toSb; — 24a,0L 43
+8ei0L ¢ 50 — 8ejon — 12L a0 + 8L ¢ ej080 — 24L ¢ Bqoi — 16L ¢ Bgio
+8L ¢ bigoo + 8L ¢ qoobi — 16L ¢ qio 8 — 2L g oo, + 4L g €40,0|

+[ - 24(11‘0(5;35)52 — 64eqo L Bbisg — 16e00L ¢ biffso — 16ego L ¢ 503b;
+16€e008b;n + 40e:0(L 5 B)Bs0 + 8ei L 5 508> — 8eio3°n — AL g a0 3°
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—16L g eoBbiso + 8L g eioB%s0 + 40(L ¢ B) Btoy: + 32L 5 Bsgyi
+16L ¢ s0B50yi + 8L 5 to %y + 8L ¢ yiB*to + 8L 5 yiBsg — 8tooBbito
— 28to0Bs08; + 20taob;sy — 24aiotooS + 8ego L 5 bi — 16egoein L ¢ 3
+16e00L ¢e00b; — 4epoL €08 — 16eg0 L ¢ s0y; — 16e00L 5 yiS0
+16€e00myi — 8eo0,0L 5 Bbi — 2e00,0L £ biB — 10e0;i (L ¢ B)B — 4ein L oo
+20e;0t0050 + 20ei0,0(L )8 — 16L g eoosoys — 2L eoo,08b; — 255(600;1‘52
+4L ei0,08% + 32L 5 Bg00Yi + 8L 5900 B8Y: + 8L yiBaoo — 12to0Bqoi
—16t00Bqi0 + 20toobigoo — 2e00;0L ¢ Yi — Seoositoo + 10ei0,0t00 — 2L ¢ €oos0yi |
— 2450 L ¢ (B)Bb; + 24ed L By; + 12edtoob; — 24eqotonsoyi — 3eoo,otooyi |
+  12e50{[(—28bi + 2y:) L ¢ B + bitoo)a” — yitoo S}

By the above equation, for any point 2 € M, the irreducible polynomial a? — 32
divides eqgg or [(—28b; +2y;) L ¢ 8+ bitoo]a® — yitooS. In the first case, for a function
c € C®(M), egp = 2¢(x)(a® — %) which means that F is of isotropic S-curvature.
In the second case, we have

(3.4) [(—28b; + 2;) L ¢ B+ bitoo]a” — yitooS = ni(x, y)(a® — %)

where 7; are polynomials of degree two. By contracting above equation with b¢, we
obtain

P (Lg(a® = B%) = (B°Lga® — oL %) = n(x,y)(a® — B)
where 1 = n;(z, y)b is a polynomial of degree two on T'M.
By Irrat; = 0, we have £ga? = o(z)a® which means that X is a conformal

vector field of o, or a? divides (8egoBsoyi — 4€35y: + €00.08y:). By contracting it
with b%, we obtain

(8eqoBso — 4edy + €o0,08) = Az, y)a?

where A(z,y) is a polynomial of degree two. [

Example 3.1. Let M = R? and F(x,y,u,v) = Vu? + v2 + au + bv, where a,b € R
and a®> +b*> < 1. Since F is Berwaldian, S = 0 and = = 0, i.e., every projective
vector field is a C-projective vector field. Let V = ﬂca% + ya%, Then by a dircet

calculation, we have EX,oz2 = 2a? and LB = B. If we substitute them in (3.4) we
obtain:

(3.5) [(=2b:8 + 2y;) B + 2b;0”]0” — 2y;0° B = mi(z, y) (o — B7)

By contracting (4.4) with y* we have n(x,y) = 2Ba?. In this case all of the condi-
tions Theorem 1.1 is held.

Here we make an example which satiesfies condition 1 and 3 of Theorem 1.1.

Example 3.2. Let M = B?(1) open ball on R? and let F' be Funk metric as:

0— VIR = 2PlyP+ < a9y >2 | <a,y>

3.6
(3.6) pPE T JoP
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By [6] one can see that Funk metric is of constant S-curvature S = %0. It is easy
to see that the vector field V = (2* < a,x > —a'):% is a Killing vector field of

ozt
\/lyl2 |22y |2+ <w,y>2
1—[z|?

. By direct calculation we have

(3.7) Ly(B)=—-<ay>

<a:7y>

where B = So conditions 1 and 3 of Theorem 1.1 hold. Here, we examine

condition 2 and 4. Since s; = 0 and F is of constant S-curvature, we have rog =
a? — 2. By taking the covariant derivative with respect to o, we have

(3.8) 000 = —2B(a® — 7).
If we substitute (3.8) in condition 4, we have

Iyl

BE {2yPA = 2+ <2y > } = (IyP(A = 2)+ < 2,y >*) (2, p)

but A(z,y) should be a polynomz'al of degree 2, which is a contradiction. Now we
consider condition 2. Since Ly a? =0, condition 2 reduces to

a?(1=b*)Ly 52 = n(z,y)(a® - 57)
Then by substituting b* = |z|* and L, 5* we have

<zy >2
(39) —2<ay><zy> {|y|2 | |2 } |y|2nV(m7y)

where ny is a polynomial of degree two. If we write the extended form of (3.9) we
have

23yt + 235 + 2x132Y1 Y2 )
1 —|zf?

= (yi +v3)(a11(2)y7 + 2a12(x)y1y2 + ay3)

(a1y1 + azy2) (z1y1 + 22y2){yi + v3 +

By comparing left and right side of above equation we have ayx1x3+axx3xe =0, i.c.

a = 0 which is contradition. Therefore, there is not any n(x,y) to applies condition
2.

Here we make an example which satisfies condition 2 and 3 of Theorem 1.1.
Example 3.3. Let a be the Bergman metric on D = {x € R?*" : |z| < 1} and

f = 3in(1 — |z|?) be the potential of c, and J be the complex structure. B. Chen
and L. Zhao [5] proved Randers metric

y) =Valy,y) +df(ey—Jy),  €#0
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is of scalar flag curvature and neither projectively flat nor of isotropic S-curvature.
That is the condition 1 of Theorem 1.1 is not held. Let V' be a Killing vector field
of F, i. e. condition 2 and 3 are established automatically. By [5] we have

be = —Jifir sk=—fr, ax; = —5(fsdiJi+ Fir), 700+ 2508 =0
;0

(3.10) eoo(€) = 2¢B(B +€fo), enon(e) = deBfo(B + efo + fo)
By substituting (3.10) in condition 4 Theorem 1.1, we find out that the term
(3.11) 4e8*(=3fo (B + efo) + f§ — 4e(B + €fo)?)

should be a multiple of o2, which is impossible. Thus condition 4 is not true.

4. Projective vector fields vs. H-projective

Let F' = o+ 8 be a Randers metric. Due to (2.6), H-curvature can be directly
obtained as follows:
2ei50  2e00u;  2€jo0%i  €gojoli; N 2€00]0UiU;

(4.1) Mij=—p ~~p ~ g 3

By substituting (3.2) in (4.1) we obtain:

Proof of Theorem 1.2 Let us suppose X be a H-invariant vector field, i. e.
L ¢ H;; = 0 Suppose EonQ = too, then by using Maple program and using equations
(4.1), (3.2) and (3.3) we obtain the following:

(4.2) H;j = —2F*(Rat;; + alrrat;;)

where Ratij = Ao —+ A2052 + - 4 Al()OélO and ITTGJtij = AgO&S + -4 A1 and the
terms Ag,---, Ajg are respectively given in Appendix 2.

(4.3) Ay = 3tooByiy; (—40egoBso + 16e5y — 5egos /)

The equation (4.2) is equivalent to Rat;; = 0 and Irrat;; = 0. The system of
equations Rat;; = 0 and Irrat;; = 0 is itself equivalent to the system of equations
Rat;; — Blrrat;; = 0 and Irrat;; = 0. By using Maple we obtain the followings:

Rat;; — Blrrat;; =

= (0 = B){[ = 2(Lgbit; + Libjt; + 2L g si8; + 2L 558 + L ¢ tib;
+Lgtibi + Lgqi; + Lgqsi)]0® + [12L ¢ BBbit; + 12L ¢ BBb;t; + 40L ¢ BBs;s;
—T2L ¢ Bb;bjtg — 44L  Bbisgs; — 44L ¢ Bbjsgs; — 10e0L ¢ Bs; — 20e4;L ¢ Bso
—10e;0L  Bsi + 20L  BBqi; + 20L  BBqj; — 24L - Bbigo; — 12L  Bbigjo
—28L ¢ Bbiqoi — 12L 4 Bb;qio + Stoobit; + Stoobjti + 10tagsis; — 12L ¢ s:5%s;
—12L 4 5;8%s; — 6L 4t 3%b; — 2L ¢ 3°b; + AL 4 t;3°b;
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+4ai; L ¢ Bto + 8ai; L 5050

+dai; L ¢tof — deooL ¢ bisj — degoL ¢ bjs;

—dego L g 5ib; — dego L ¢ 55b; + degobin;

+4egobjn; — 6e,0L ¢bjso — 6ei0 L sobj + 6ei0L 58 + 2L ¢t By; + 2L ¢ t; By,
+2L i Bty — 2L qyibjto + 4L yss085 + 4L gy t0

—6e408n; + 6ejobin + 12¢,,L ¢ 508

—12¢;; 81 — 6¢e;0L 3biso — 6¢e;0L ¢50b; + 6¢e;0L 558

—6e;08m; + 6ejobin + 4L a5 510

—4L geqobis; — 4L gepobjs; + 6L e85 + 4L ga;ifto + 12e45L ¢ 503

—6L geiobjso + 12L g e 850 + 6L ¢ej085;

—6L ¢ejobiso + 2L ¢ Bty — 2£Xbi62tj

—8L ;bib;sg — 2L 5b; 7t — 8L ¢ bbisg + 2L ¢ Bty + 8L ¢ biBqoj + 4L +biBgjo
—8L ¢ bibjqoo — 2L ¢ bitoy; + 8L b;Bqoi

+4L ¢b;Bgio — 8L 3 bjbigoo — 2L 3 bjtoy;

—8L ¢ qoobibj + 8L ¢ q0iBbj + 8L 50 Bbi + 4L £ qio b + AL 3qjoBb; + AL ¢ siS0Y;
+AL ¢ sitoy; + 4L ¢ 5550y + 4L ¢ sitoys — 2L ¢tobiyy — 2L ¢ tobjyi + 4L ¢tosiy;
+4L ¢ tosjys + 2L ¢y Bti — 2L ¢ y;bito + 4L y;508: + 4L g yjsito — 2(L g ejo);0bi
+4L % q0iy; + 4L 5 q059i + 4L 2 Yiq0; + 4L 5 Y590

+4L ga;;8% — 6L 51582 — 10e50L B

+5t00qi; + Stoodji — 6L ¢ q;i 8% + 4ai; L ¢ qoo

—2eg0L g eij — 2e40,0L ¢ bj — 2e4;L g eqo

—2e;0,0L g b; + 4L ¢ ai5q00 — 2L g €40,005

+6L g €508 + 4L ¢ 508bjs; — 16L ¢-50b;bj50

+12L ¢ 5;8bjs0 + 8L ¢ 8;8b;to + 12L ¢ 5;8b;s0

+8L ¢ Bbisjto + 8L fbjsito — 8L b Bbjtg

+12L ¢ b;Bs0s; + 8L ¢ bi sty — 8L ¢ bjBbito

+12L 3 b;Bs0s; + 8L ¢ b;Bsitg + 4L ¢ 508b;s;5

+8L 5 bito — 8L toSbibj + 8L ¢ tobss;

+8L ¢ toBbjs; — 4L geinejo — 4/35(6]‘062‘0] ab

+[12€40,0 L 5 BBb; — 26€;5t00Bs0 + 36€;0L 5 Bsoy;

—13ej0tooBsi + 21ejotoobiso — 20a;; L ¢ BBt

—24a;; L ¢ BBss — 10ei0L ¢ B3%s; — 20e;; L 5 BB s0

—10ej0L ¢ BB%s; — 10L ¢ BB tiy;

—10L 4 BB%tjyi + 44L ; Bb;s3y; + 44L 5 Bb; 3y

+12ej0,0L 5 BBbi — 28L ¢ BBqoiy; — 24L 5 BBqo;v:

+8L 5 BBqioy; + 8L g BBy + 44L 5 Bbiqooy;
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+44L  Bbjqooy; — 12tooBbiqo; — 6tooBbig o
—18t00Bb;q0i — 6tooBbjqio — TtooBtiy; — Ttoo Sty
+28t0obsbjqoo — 13toobitoy; — 13toobjtoy;

—22t00505:Y; — 22t00508;Yi — too3 bit; — too2bjt;
+10t00525i5j + 28t00bibjsg +48a;;e00L ¢ 850
—24a;; L ¢+ BBqoo — 14a;jtooSto — S6epoein L ¢ Bb;
+12eq0ei; L ¢ BB — 56eqoejo L ¢ Bbi + 24eqo L ¢ B35y
+24e00L ¢ By + 14egotoobis; + 1degotoob;s;
—14ego,0 L 4 Bbibj + 24ei0ejoL ¢ BB + 36e0L ¢ B0y,
—13e;0t008s; + 21esotoobjso + 28L ¢ BBbitoy;
+28L ¢ BBbjtoy; + 12€j0,0L  BYs + Tejo,0toob;
—18t00q0:yj — 14to0qo;ys — 14asjtoosg + 4ai; L ¢ to
—10e;5,0L ¢ BB* + 5too8°qij + 5tooS>qji

+4aijeqn,0L ¢ B — 14aitooqoo + Teooesjtoo

+14ejoejotoo + 12€40,0L ¢ BY; + Teio,otoob; — 13e45,0t003
+2L 5t 8%y; + 2L 5t B2y, + AL g a;; 830 + AL g a;; 8% s
+4ai; L ¢ qooB* — 12e50L ¢ bib; — 1250 L ¢ bib;
—QeOOEXei]ﬂZ — 4ei0L'Xej062 — Qeio;oL'ij,@’2
+8enoejoL xyi + 8eoo L g eioy; + 8eoo L x€j0Yi
—2e00,0L 3 ai; B + 2e00,0L ¢ biy; + 2e00,0L 3 b;yi
+2e00,0L ¢ yib;j + 2€00:0L 5 y;bi + 8ein L geooy;
—2eij£X60062 — 46;‘055(62‘032 — 2ej0;0£Xbi52

+4L ga;;82qo0 — 2L g €i0,08°bj — 2L 5-€0.087b;
+4L ¢ q0iB%y; + AL £ q0; 87y — AL 3 qi0 B>y — AL 1 4508 ys
+2L ¢ yiB°t; + 2L ¢y Bt — deiooL 358
—4ejo,0L 3 yiB + 8ejoL ¢ eooyi + 2L ¢ eoo,0biy;

+2(L ge00):0bjyi — 4L g eio.0By; — 4L ¢ €j0:08Yi
—8L ¢ qooyiy; — 8L 3 yidooy; — 8L xyjqo0yi + 4L ¢ i3 q0;
—4L ¢y qjo — 8L g yisgy; + AL 5y B2 qoi
—4L ¢y B2qio — 8L 5 Y550y + 8aije0nl 5 €00
—2ai; L g 00,00 + 8egoeinL ¢ yj + 16e0o L ¢ bifbjso
+16ego L b Bbiso + 16ego L ¢ 508bib; — 16e008b;b;n
+12tgoBbs s5t0 + 12t00Bb;jsit0 + 16.L g eqoBbibjs0
+8L ; BBsitoy; + 8L ¢ BBs toys — 8L ¢508bis0y;
—8L ¢ 508bjs0y; + 36e;0L ¢ BBb;sg + 36e;0L ¢ BBbisg
—24L ¢ BBs0s:y; — 24L ¢ BBs0s;yi — 20teeBbibito — 30tooBbisos;
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—30tgob;505; + 24eqo L ¢ S5b;s;

+24e00L ¢ B8b;s; — 112e00L 5 Bbibjso + 4ejoL ¢ aij
+8aij£5(5062so - 4600£Xbi625j — 4600£ij628i
—degoL ¢ 5i%b; — dego L ¢ 5;8%bi + degoS2bin;
+4egoB2bin; — 10L ¢ b; B%toy; — 4L 5b; Bsgy:
—4L’Xso,82siyj — 4£X80625jyi — 661‘0£ij6250
—6ei0L 5 5087b;j + 6e,08%b;m — 6ej0L 5bi 3% s0
—6¢;0L 5 508%b; + 6€;08°bin — 4L 00 87b;s;
—4L g eqo8%b;s; — 6L yei07bjso — 6L cejoB%biso
+4L ¢ 8:8%t0y; + AL 58787ty — 10L 5 t0 3°biy;
—10£Xt062bjyi + 4£Xt0625iyj + 4£Xt0525jyi
—10L 4 yiB%bjto + AL ¢ yiB%sto — 4L ¢y Bb; 8¢
—10L ¢y;8%bito + AL gy 8% sito — 10L b B2 toy;
—4L ¢ b;Bsgy; + Bego L ¢ €i08b; + 8eno L ¢ €03b;
+16e00L ¢ bisoy; + 16e00L ¢ bjsoy; + 16eqo L ¢ 50biy;
+16e00L ¢ 50Dy — 8eoo L 5 5iBYy; — 8eooL x558Y;
—8e0oL ¢ yifBsj + 16e00 L ¢ yibjso — 8eao L ¢ Y5884
+16e00L ¢ yibiso + 8eooSniy; + 8eooBn;yi — 16e00biny;
—16egob;ny; + 2€00;,0L ¢ bifb; — 4£ijﬁbis%
—8a;jeq0L 3508 + 16a;5e008n — 16a;;.L ¢eooBso
+8epoeio L ;8 + 2(L ¢ e0o);00bib;

—12L g ei0Bs0y; — 12L gejoBsoy: — 8L ¢ Btoyiy;
—4L ¢ biBgooy; — 4L ¢ b Bgooy:

—4L 5 q008biy; — 4L % qoo by — 16L ¢ S050YiY;
—8L ¢ toByiy; + 2€00,0L ¢ b Bb;

+8ei0L ¢ e0oBb; — 12e;0L ¢508y; — 12e,0L 5 y; 850
+12e408ny; + 8ejoL g 00 8b;

—12e50L ¢ s08yi — 12e50L 3 yiBso + 12e508ny;
+8epoejoL 3 biB + 16L ¢ enobjsoys

—16ego L g a;;850 — 24eq0L eoobib; — 4L ¢ 1:8b5G00
—8L 2 yiBtoy; — 4L 5y;8biqoo

+6t00sitoy; + 6toos; toys — 8L geooBsiy;

—8L wepofs;y; + 16L g eqobisoy;

—2ej053m + 2£Xeioﬁ3sj + 4[,)36”-5380
+2£Xej0535i + 26¢0£ijﬂ3 — Qeioﬁgnj
+de;; Ly 508° — deij 870 + 2ej0L ¢ 5:6° + 2L g €i5,058° | ot
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+[- eiotoo3°s; — 2eiit00°s0 — 9eno.otood;vi
+10e;0;0t008y; + 10€ej0,0t008Ys — t0053tiyj
—tooBtyi — 2a;t00B*qoo + 96€3 L < Bbiy;
+96e30 L 5 Bbjyi + 5degotoobib; + eoveijtoo S
+2ei0ej0t0058> + €i0.0to087b; + €jo.0to0Sb;
—ejotooB°si — 2a;jto0B3to — 2a;too % sk
—QGBegoﬁXﬂbibj —ei; Ly ﬁXOtooﬂg

—18aijegot00 — IGegoﬁXyiyj — 16680£ijyi
+36t00Btoyiy; — 6tooBbjdooyi + tooB>bitoy;
+to0B%bjtoys — 6tooBbisgy; — 6tooBb;sgyi
+40a;;e00to0 B0 — 4eooeiotooBb; — 4enoejotooSbi + 2e00too32bis;
+2eq0too3°b; i

+3ei0to08%b;80 + 3ejotonB2biso — 160e0o L 5 Bsoyiy;
+20eq0tooBsiy; + 20eqotoo sy

—T2eqotoobisoy; — 72e00toobjsoys — eoo;otooSbib;
+30ei0tooBs0y; + 30ej0tooBsoyi

—6t00Bbiqooy; + 4tooBs0s:y; + 4tooB 08y
+32e00L 3y B850y — 32e008MY:iY;

+2to0 8% sitoy; + 2too s toys + 32L g €00Bs0Yiy;
+24e00L 5 508Yiy; — 18€00:0L 5 BYiY;
+32e00L 5 YiBsoy; — 4to0B2q0iv; — 2too B2 qo;Yi
+10t008*qioy; + 10t0032gj0yi + 3aije00.0too3
—36eqoeiotooy; — 36€egoejotooyi

—9e00;0t00b5; — 32€00L x€00YiY; + 4eo0,0L 5 YiBY;
+deoo,0L ¢ Y5 By + 4L g e00,08Yiy;

+36t00q00Yiy; + 36toosqyiy; — 8eootooSbibjso ]
—96€goﬁf(ﬁﬂ3bibj + (48(b;b;too

+2L ¢ B(biy; + bjyi)))ego B + (((—48biy; — 48bjyi)too — 96y L5 B)ego
—80e0otonsoyiy; — 8eonsotooyiy;)B + 88€dotooyiy; }
+48¢e30{ [(—28bib; + 2b;y; + 2b;y:) L ¢ B + bibjtoo] o — 2yy; BL ¢ B
- [(biyj +bjy:) B — yiyj]too}a2

By above equation, for any point € M, the irreducible polynomial (a? — 32)
divides egg, or irreducible polynomial (a? — 4?) divides last equation. In the first
case, for a function ¢ € C*(M), egp = 2¢(x)(a® — ?) which means that F is of
isotropic S-curvature. In the second case, the irreducible polynomial (a? — (32)
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divides:
[(—Qﬁbzbj + 2biyj + 2bjyl)£f(ﬁ + bibjtoo]oﬂ
=2y, BL ¢ B — [(biy; + bjvi) B — yiy;ltoo
By contracting previous equation with b’67 we obtain
(a?b? + B2 L4 (o — B°) +20*(o* Ly 7 — B2 Ly a?) = n(z,y)(a® — 57)
where n(z,y) is a quadratic form.
By Irrat = 0, then o? divides A1, where

1
A = 5ﬁtooyiyj(—192@00ﬂso + 96€5, — 19€00;,03)

In this case, £;a? = o(x)a? which means that X is a Killing vector field of o, or
o? divides —192egp3s0 + 96€3, — 19ego,03. We have

—192e00 850 + 96€2y — 19€00.08 = Az, y)a?

where A(z,y) is a quadratic form.
O

Example 4.1. Let M = R? and F(x,y,u,v) = Vu2 +v2 + au + bv, as it defined
in Example 4.1. Then by the same argument, one can see the condition 1, 2 and 3
of Theorem 1.2 are held. If we substitute EXaz = 2a? and LB =B in 4 we have:

(4.4) (02" + 8%)(20° — B%) = (2, y) (0 - B7)

which means that n(x,y) = 2(a?b*+ 2). In this case, all of the conditions Theorem
2.1 hold.

Here we give an example which satisfies condition 1 and 3 of Theorem 2.1.

Example 4.2. Let (0, M) be the Funk metric as Example 3.2, i. e. condition 1
and 3 of Theorem 1.2 are held. If we substitute (3.8) in condition 4, we have

ly[?
1—|z[?

{48[y[P (1 = [l*) + 19 <2,y >* } = (jyP (A — [2)+ < 2,5 >*)A(z,y)

but A(z,y) should be a polynomial of degree 2, which is a contradiction. Now we
consider condition 2. Since EVaQ =0, condition 2 is reduced to
(2b%a® — b*a® — beta®) Ly 8% = n(z,y)(a® — B?)

Then by substituting b* = |z|* and L 5* we have

{(|x\2|y|2 M)(z,m?),w}
1—|zf? (1= [[?)? (1= [a[?)?
(4.5) X(=2 <,y >< a,y >) = [y|*n(z,y)
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where 1 is a polynomial of degree two. If we compute the extended form of (4.5) we
have

arz1(z] — 373 4 agxoe (23 — 323) =0

which means that a = 0, which is a contradiction. Therefore, there is not any n(x,y)
to applies condition 2.

Here we make an example which satisfies condition 2 and 3 of Theorem 1.2.

Example 4.3. We consider Theorem 1.2 for Bergman metric. As we see in Exam-
ple 3.3, conditions 2 and 3 are established automatically for a Killing vector field of
F and the condition 1 of Theorem 1.1 do not hold. Then by substituting (3.10) in
condition 4, we find out that the term

(4.6) eB*(77fo(B + efo) — 19fo + 96¢(B + €f0)?)

a should be a multiple of o2, which is impossible. Thus condition 4, does not exist.

5. C-projective vector fields of Funk type Finsler metrics

Let M be a bounded convex in R™ and 6 be the Funk type Finsler metric on
M, i.e.,

(5.1) O = 00,1

The spray of a Funk type Finsler metric is given by G = v 627; - 2G"¢ 8(,?;"' where
Gt = %Gyi. Thus, every Funk type Finsler metric is locally projectively flat. It is
easy to see that every Funk type Finsler metric is also of constant flag curvature

= —i. We are going to characterize all projective vector fields of Funk type

Finsler metrics.

Theorem 5.1. Let V = V? a?m‘ be a vector field on M. Then the complete lift
of V, i.e., Vs a projective vector field of (M,0) if and only if there is a 1-form

n = ng(x)yt on M which satiesties

o2V

(5.2) o M

()8, +ns(2)d",

Proof. Suppose that V = V? 321- + ykgTV;:azi is a projective vector field of (M, ).
Then by [1], Vis a projective vector field if and only if there exsits a function
P(z,y) satisfying

(5.3) [V,G] = Py'.

By a direct calculation, we have

(5.4) V.G = (Qy - Ai)a%,
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where Q = (V70 + yk%)ej and A’ = yjyk%. Comparing (5.3) with (5.4), we
get 4 . ,
(5.5) Qyt — A' =Py’
By differentiating (5.5) with respect to y* we have
o2V
2" =
Y oakozs
Again by differentiating (5.6) with respect to y* we have
o2V
Oxtox®
By differentiating (5.7) with respect to y” we have
(58) (Prst - Qrst)yi + (Pst - Qst)(sir + (Psr - er)(sit + (Ptr - Qtr)(sis =0
Let ¢ = r in (5.8), then we have (n + 1)(Ps; — Qst) = 0, which means that

(5.6)

(Ps - Qs)yZ + (P - Q)ézs

(5.7) 2 = (Pot — Qu)y' + (Ps — Q)6 + (P — Qu)0,

(5.9) P=Q+n;(x)y,
for some 1-form n on M. If we put (5.9) into (5.5), we have
) o2Vt o
Jak — . J st
(5.10) VY 5 kg = M@y
By differentiating (5.10) with respect to y* we have
o2Vt ) o
k _ 7 7
(5.11) Vg = @)y @)y
Again by differentiating (5.11) with respect to y* we have
(5.12) o ns(x)8"y +me(2)8"

Thus if V is a projective vector field of the Funk type metric 6, then there is a
1-form n;(z) which satisfies (5.12).

The converse is trivial. [

Theorem 5.2. Let 6 be a Funk type metric on a bounded conver domain M in
R™. ThenV =V? 8& is a projective vector field of 0 if and only if V*’s are given
by

(5.13) Vi=zl<a,xz> +Q§xj +c,
where a,c = (c',---,c") € R™ are two fized vectors, (Q;) is a fized n X n real matriz
and < . > is the Euclidean inner product on R™. 1
[V,G] = PY
where
P =-2<a,y>—0u(z" <a,x>+Qhx! 4 )

O (yF < a,x> +aF < a,y > +Qy).
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Proof. By [12] the maximum degree of projective vector fields is n(n + 2), thus the
projective vector field of Funk type metrics are exactly as (5.13) O

Ag
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Appendix 1

BeootooB”soyi — degotooyiB + €oootooBYs
—2too(8eooBsoys — 4edoyi + €00s08Yi)

— A4t s0si + 4tooB°bisg — 12A0t00 8
—64e00(L 5 8)Bs0y; — 16e00L 55057y
—16€e00.L ¢ yi3%s0 — 32e00to0Bbiso + 16eg0 87Ny
+20e;0to0 850 — 16L g e008>s0y;

—A4too B> gio + 4too Bbigoo + 16t00 B>ty
+16t00B50%y; + 24e3 L ¢ Byi + 8edo L 5 yi3
+12e3ytoob; — 8eqoeiotoo + 16€00 L 500 BYi
—24eqotooSoyi — 8€00:0(L 5 8)BYi — 2€00,0L 5 i3>
—deqosotooBbi — Seqositoo B + 10€0,0t003°
—2L ¢ e00:08%y; + 16too Bg00Y: — 3€o0;0t00Y:

8L ¢ yiBPto + 8L 4 yi B2 st + 8L ¢ yiBdoo
+16t00sgyi + 16t00q00yi — 2€00;0L 5 bi 3
—8enoeiotoo + 20€40,0L ¢ BB — 24 A0 L ¢ B
—36Ai0too 3% — 10e00,: £ 5 BB8° — 8eon:0L 5 By
+20e;0,0t008 — 10ego;st0o B — 4L - €00;0¥: 8
—2e03°n + 24e50 L 5 Bb; — 12t005%qo;
—denootoobi + 16eg0L ¢ €noyi — 2L 5 €00;,05°b;
—20t008*qio + 8eio L 5503° + 8L g ei08°s0
—deo L g eiof* — deo L g €00 + 8L ¢ toByi
+8L ¢ qoo B2y — deqoo L yiB + 8edo L bif3
—12e008%n; — AL ¢ Ajo 8* — 2L g €00, 8°
—&-4/3)361-0;0&9’ + SeSOLXyi — 64eqo L ¢ Bbiso S
—&—16[:5(806280@/2» — 64ego Lz Bs0y; — 32eqotoobiso + 4Oei0£5{66230
+40e;0t00Bs0 — 8tooBbito

+24t008b; 53 + 24t00 Bbiqoo + 16te0Btoy; + 32L 4 Bsiy:B
+32L ¢ Bgooyi 3 + 16e003°bin

+32e008ny; — 16eqoein L ¢ BB — 8ego,0 L 5 Bbi 3
+16e00L ¢e00biB — 32t00/3%s0si
—16600EXbi[3250 — 32e00L g yiBs0 — 16600£X50B2bi
—32e00 L ¢ 508Yi50 — 16eq0L 5y
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—8e00L g €i03 — 8einL g €003 + 32L ¢ BsZy:

+8L ¢ bi B2 qo0 + 16L ¢ i 2o + 20toobis?
+32L ¢ Bqooy: + 20ta0biqoo — 16eqoein L5
—T24A,0L 5 BB% — 8eoo,0L 5 Bbi

+(40e;0,0L ¢ )8 — 36 Aj0to03 — 20eg0;i(L )3
—4L yeqo0bi B — 28tooqio B — 8L 55053 s
—36e003°n; — 8L ¢ bi3%to — 6e

+8L bi3%s5 — 24(L ¢ B) B> qoi — 24t008q0i
+16€00 L ¢ eoob; + 16e0ony; — (16L ¢ 8) B2 qio
—16e00L ¢ yiso + 24ei0£Xso,82

+24£)”(€i03250 — 16e9oL ¢ s0y; — 16L g e0050Y;
+8L ¢ t082b; + 8L qo037b; + 16L ¢ to%y;
+20e;0t0050 + 16,6)2%335 + 16L 3 yiqoo3
—4ego,0L ¢ biB + 16L ¢ qooyi B — 8L 5 515°s0

—8L ¢qioB> — 16L ¢ Ajo8° — 2e00,0L 5 yi + 8egoL 5 bi
—5egositoo — 2L g €00,0%i — 6L €08
+12£Xei0;062 + 10e;0,0t00 + 32L ¢ 50850Ys
—64ego L ¢ Bbiso + 80eio (L ) Bso — 32teoBbito
+32e008bin + 32L 5 Bb;sg B + 32L 5 Bbiqoo
—40(L ¢ B)B%s0si — 52tooBs08: — 32e00L ¢ biBso
—32e00L ¢ 508b; — 32L ¢egoBbiso
+16£Xsoﬁ2biso + 48(L ¢ B)Btoyi

—36e00m:i 3 — 6eonB + 8L ¢ yiBto —
T2A:0(L ¢ B)B — 32L ¢ Bqio + 24ei0L ¢ 503
+24L gei0508 + 1655(1%536 — 24£Xsi/8230
—24£Xs0ﬁ28i + 32£Xﬁbisg — 16e0oL % 50b;
+32L ¢ Bbiqoo — 48(L ¢ B) Bqoi + 16e00bin
—24tg0bito — 24t00s08; — 16e0oL ¢ biso
—16L g enob;so + 16L ¢ to3%b; + 8L ¢ Btoy;
+16(L ¢ 50)s0Yi + 8L ¢ toSyi + 40ei0 L ¢ Bso
—32L ¢ b;3%to + 16L ¢ bigoo B + 16L 5qoobi 3
—12tg0q0; — 4e0oL gei0 — 4einL g eqo
—24L 5 qi0 8% + 8L Y85 + 8L £ Yidoo — 2€00,0L b
+8L ¢ qooys — 10eqo;i £ ¢ 8

—2L g eqo,0bi — 12t00qi0 — 6L eo0::8 + 12L 540,03
—24L ¢ AjoB* + 20€i0,0L 5 B — 12 A0t 00
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—80L ¢ 8)Bs0si — 32L 5 Bbitof + 32L ¢ 508biso
— 320 Bbito — 40L ¢ Bsos; — 40L¢ bifto
+8£Xbisg — 24L ¢ 508s; + 16L ¢ 50b; 50
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