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Abstract. Very recently Masjed-Jamei and Koepf [Azioms 2018, 7 (2), 38] established
interesting and useful generalizations of various classical summation theorems for the
o, 3Py, 4 F3, 5 Fy and ¢ F5 generalized hypergeometric series. The main aim of this pa-
per is to establish eleven Eulerian’s type integrals involving generalized hypergeometric
functions by employing these theorems. Several special cases (known and unknown)

have also been given.
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1. Introduction

We define the well known Pochhammer symbol, for any complex number a as

(1.1) (a)n =

Fla+n) |1 (n=0, a e C\{0}),
L(a)  la(a+1)---(a+n—-1) (neN, aeC),

where I'(z) is the well known gamma function defined by
I(z) = / e r* ldx
0

for Re(z) > 0.
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Based on Pochhammer symbol (1.1), the generalized hypergeometric function
with p numerator and ¢ denominator parameters is defined [1, 2, 8, 9] as

ai, .., Qp. . - (al)n"'(ap)n.£
(1.2) pkG {bh ) bq,z} - Z n!’

ey

It can be easily verified by the ratio test (cf. [1]) that the series (1.2) is convergent
for all p < ¢. Also it converges in |z| < 1 for p = ¢ + 1 and converges everywhere
for p < ¢+ 1 and converges nowhere (z # 0) for p > g + 1.

Further, if p = ¢ + 1, it converges absolutely for |z| = 1 provided

q
5 =Re bj— bi| >0
1

J= Jj=1

holds and is conditionally convergent for |z| = 1 and z # 1 if —1 < § < 0 and
diverges for |z] =1 and z # 1 if § < —1 (for more details, we refer [8]).

The two very important cases of the series (1.2), viz.

n=0

converges for |z| < 1 and

Aot

converges everywhere, popularly known in the literature on the Gauss’s hypergeo-
metric function and Kummer’s function or confluent hypergeometric function arising
in many physical problems [5, 6].
It is evident that whenever a generalized hypergeometric functions reduce to
gamma function, the result are very important from the application point of view.
Moreover, here we mention the following classical summation theorems recorded
in [1, 2J:

— Gauss Theorem

a, b ] T(l(c—a—b)
(1.3) 21 { ¢ 71} " T(c—a)l(c—b)

provided Re(c —a — b) > 0;

— Kummer’s Theorem

a,

l+a—b'

S T(1-b+iaT(1+a)

(1.4) QFl{ b ] I(l+a—bI(1+3a)
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— Second Gauss Theorem

a, b 1}_ VTT(3(a+b+1))
r

(1.5) 21 [%<a+b+1> 2] T T DI+ 1)

— Bailey’s Theorem

a, l1—a 1] _ P30T (3(0+1)) ,
(1.6) 2F1 { b ’2] - r(%(afb))ré(b—aﬂ))’

— Dixon’s Theorem

a, b, c 1
l1+a—-b, 14a-—c’
1+ 3a)l(l+a-bI(1+a—cl(1—b—c+ 3a)

S T(l4+aT(l-b+3a)I(1—c+ia)(1+a—b—c)

(1.7) 3Fy {

provided Re(a — 2b — 2¢) > —2;

— Watson’s Theorem

a, b, c
sla+b+1), 2¢’
AT+ 5T (F(a+b+1))(c— 3(a+b—1))

C T((a+ D)0 +1)(e - 3(a— 1))l (e—3(b—1)

—_

(1.8) 5 Fy

provided Re(2¢ —a — b) > —1;

— Whipple’s Theorem

a, 1—a, b

c, 2b—c+1 1

(1.9) 3K

721720 (e)(2b — ¢+ 1) '
FAla+ )L+ 3(a—c+1)FEA—a+e)T(b+1—3(a+c))

— Pfaff-Saalschiitz Theorem

a b —-n 1 (c— a)n(c_b)n,

(1.10) 2o atb—con Y T Onemasby
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— Second Whipple’s Theorem

(1.11) I a7 144 50, b, ¢ _ _I‘(a—b—i—l)l"(a—c—i—l).
' 73 La, b—|—1 a—c+1’ T Tla+1)T(a—b—c+1)

— Dougall’s Theorem

a, 1+%a, c, d, e q
%a, a—c+1, a—d+1, a—e+1"’
Tla—c+ )l a—d+ 1)l (a—e+ 1) (a—c—d—e+1)
S Ta+1Dl(a—d—e+ 1) (la—c—e+ 1Dl (a—c—d+1)

(1.12)  5F4 [

— Second Dougall’s Theorem

a, 1+%a, b, ¢, d, 14+2a—b—c—d+n, -n

(1.13) 7Kg [%a,a—b—l—l,a—c—i—l,a—d—l—l,b—i—c—i—d—a—n,a—l—l—i—n i1

_(a+pla=b—cH+1)(a—b—d+1)p(a—c—d+1),
C(a+1-bpla+l—cpla+l—dnpla+1l—b—c—d),

For finite sums of hypergeometric series, we will use the following symbol

(m) Tq a (@) (ap)n 2"
F 1y eeey p. — n P =
P q{bl, bq’z} ;(bl)n---(bq)n nl’
where for instance
(=1) (0) €)) ai---a
pFq(2) pFa(z) =1, pFa(z) =1+ by .bpz'
q

By using the following relation [7],

1y -y Qp—1, 1
qu blu 7bp 1, iz
1y +-+5 Og—1, M

L(by) - T(bg—1) T(ar —m+1)---T(ap—1 —m+1) (m—1)!
L(a1)---T(ap-1) T(br —m+1)---T'(bg—1 —m+1) 2zm1

—-—m+1, .,ap,l—m—l—ll
X{P qu 1|: m+1 bqfl—m—l-l’z

7”1;2) ar—m+1,...,ap_1 —m+1
Tp-1fg-l bl—m—l—l,...,bq,l—m—l—l’z ’

very recently Masjed—Jamei and Koepf [4] have established generalizations of the
classical summation formulas (1.3)—(1.13) in the following forms:
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(1.14)
a, b, 1 |  TmT'(a—m+1I'(b—-m+1)
sk [ c, m ’1} B I(a)L'(b)I(c—m+1)
Fe—m+1Dl(c—a—-b+m—1) DT g—m+1,b—m+1 P
X{ T(c—a)l(c—b) e c—m+1 71”‘““

a, b 1 _ mo1L(m)C(a—b+m)T(a—m+1I(b—m+1)
35{a—b+mmm_q‘*_” (@)L (a — b+ 1)

Pla=b+)I(1+5(@a=m+1) D[ gomtl, b-m+1 ]\ _ .
X{F(2+a—m)F(m—b+%(a—m—&—l))_2Fl ’ 1” 2

a—b+1

(1.16)

3F2{ a, b, 1 1 :27,L,1F(m)r(%(a+b+1))r(a—m+1)r(b—m+1)
sla+b+1),m 2 T(@)T (BT (—m+ 1+ 2(a+b+1))
X{ VIT(-m+1+i(a+b+1))  (m=2)
r

_ a-m+1,b-—m+1 1 — O
(+sa-—m)L(A+30b-m) ' [ -m+l+gla+bry) 2)f "7

(1.17)

Pl 2m—a—1,1 1 _gme1 L(m)I'B)(a—m+ DI'(m —a)
o b, m 2| T T(a)T(2m—a— DI(b—m+ 1)

L(3(b—m+1)I(3(b—m+2)) S meyla-—m+l,m—a 1| _
X{r(—m+1+%(a+b))r(l(b—a+1)) 2F1[ b—m+1 ’2”_947

2

(1.18)

a, b, c, 1
4F3 ;1

a—b+m, a—c+m, m

_Im)T(a—b+m)l'(a—c+m)I'(a+1-—m)L'(b+1—m)['(c+1—m)
N L(a)I'®)C () (a—b+1)T'(a—c+1)

y I'(3(a+3-=m))l'(a—b+1)I'(a—c+1I(=b—c+ i(a+3m—1))
Tla+2-m)D(=b+ L(a+m+1)I(—c+ L(a+m+1)T(a—b—c+m)

}:Q5’

(m=2) a—m+1, b—m+1, c—m+1
F: ;1

oo a—b+1, a—c+1
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(1.19)
a, b, c, 1
1F;3 i1
fa+b+1), 2c+1—m, m :|
CTm)(3(a+b+1)F2c+1—m)l(a+1—m)D(b+1—m)I(c+1—m)
B D(a)T'(B)L ()T (—m + (a+ b+ 3))T'(2c — 2m + 2)
VIT(c—m+ 3)I(—=m+ 3(a+b+3))I'(c— s(a+b—1))
F(14+4(@a-—m)(A+2(b-—m)l(c+1—i(a+m))I(c+1—1(b+m))
_(7:};22) a—m+1,b—m+1, c—m+1 1 }296;
—m+1+3(a+b+1), 2c—2m+2
(1.20)

a, 2m—1—a, b, 1
4F3 i1
c, 2b—c+1, m

_m)I(e)L'(2b—c+ 1)I'(m —a)l(a+1—-m)I'(b+1—m)
F@)'®rem—-1-al(c+1-—m)'(2b—c—m+2)

y 7222 e —m+1)
P(—m+1+3(a+e)I(-m+1+b+ 3(a—c+1)I(E(1—a+c))

I'2b—c—m+2) m=2) | a—m+1, b—m+1, m—a
T — 3l i1 o = Qr;
F'b+1-35(a+c) c—m+1,2b—c—m-+2
(1.21)
I a, b, —-n+m-1,1 | = (m—-—1)!'1-¢)m-1 (c—a—b+n)m-1
s e, 14a+b—c—n,m’ | (I—=a)m-a(1=bm-1 @0+2—m)m

(c—a)n(c—b)n B (m—2) a—m+1, b—m+1, —n - O
(c+1—m)p(c—a—b+m—1), a2 c—m+1, 24a+b—c—m—n’ o
(1.22)
P a, %(a—l—m—i—l)7 b, ¢ 1 .
%(a+m—1),a—b—|—m,a—c+m,m '

L(m)L(3(a+m—1))T'(a—b+m)l(a—c+m)

= R RN Gla+ m + DT —m+ 1)

I( (a—m+3)(a—m+ Db+ 1—m)(c+1—m)
TFla=b+1I'(a—c+1)

{ IF(l14+a—bI(1+4a—c) _(mﬁz) a—m+1, b—m+1, :(a—m+3), c—m+1 4_1]}

X

F2—m+a)l(m+ta—b—c) = ° fla—m+1), a—b+1,a—c+1
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(1.23)
P a, %(a—l—m—&—l)7 c, d, e, o
ore %(a—km—l), a—c+m,a—d+m,a—e+m, m
B L(m)I'(3(a+m—1))I'(a—c+m)l(a—d+m)
N Ia—c+)l(a—d+ 1D (a—e+1)
" I'(a—e+m)L(a—m+ v1)[(3(a—m+3))I(c+ 1— m)[(d+1—m)['(e4+1—m)
L(a)L(c)D(d)T(e)L(3(a+m+ 1)) (3(a —m+ 1))
y FNa—c+1)'(a—d+1)'(a—e+ 1) (a—c—d—e+2m—1)
re2—-m+al(a—c—e+m)l'la—d—c+m)l'(a—c—d+m)
(m=2) lg—m-+1,c—m+1, %(a—m+3),d—m+1,e—m—|—1 1
o %(a—m—&—l)7 a—c+1, a—d+1, a—c+1 '
= Qyo;
(1.24)

sFr

a, %(a—&—m—&—l)7 b, ¢, d, 2a—b—c—d+2m—14n, m-n—-1 1
%(a—km—l), a—b+m, a—c+m, a—d+ m, b+c+d—a+1—m—n, a+n+1, m '

_(_ mflm_ (%(S_G/_m))mfl(l_a+b—m)m,1
) By

(I-at+c—m)m-1(l—at+d—m)m-1(m+nta—b-—c—dm-1(-a—n)mn-1
1=0)m-1(1=)m-1(l =d)m-1(b+c+d—2a+2-2m —n)m-1(n+2—m)m-1

o (a=m+2)n(a—b—c+m)n(a—b—d+m)n(a —c—d+m),
(a=b+1n(a—c+Dpla—d+1)n(a—b—c—d+2m—1),

(mF2)|:a—m—|—1, %(a—m+3), b—m+1, c—=m+1, d—m+1, 2a—b—c—d+m+n, —n
- 7Fs | ;

s(a—m+1), a—b+1, a—c+1, a—d+1, b+ct+d—a+2-2m—n, a—m+n+2 k

]

The aim of this paper is to establish eleven Eulerian’s type integrals involving general-
ized hypergeomertic function by employing the summation formulas (1.14)—(1.24). Some
known and several new and interesting special cases have also been given.

=O1.

2. Eulerian’s type Integrals

The eleven new class of Eulerian’s type integrals involving generalized hypergeometric
functions to be established in the paper are given in the following theorems.
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Theorem 2.1. For m > 1 and Re(c —a — b+ m) > 1, the following result

2.1) /01(1_ B E, {acb }dx: o

m—1

holds, where Q1 is the same as given in (1.14).

Proof. For proving Theorem 2.1, denoting the left-hand side of (2.1) by I, expressing 2 F1
as a series, change the order of integration and summation, evaluating the beta-integral,
we have

= (@)n(b)n  T(1+n)(m—1)
E:: (c) nn' I'(m+n) '

Using (1.1) and after some simplification, we obtain

_Dm=1) <~ (@n(0)n (D) 1
=TT 2 (@n(m)n nl”

Summing up the series, we finally get

I=— R {“’ b, 1;1}.
m—1 c, m

Now, we observe that the 3 F» appearing can be evaluated with the help of the result
(1.3) and we easily arrive at the right side of (2.1).

This completes the proof of Theorem 2.1. [

Corollary 2.1. In Theorem 2.1, if we take m = 2,3, we respectively get the following

integrals.
1
a, b _ (c—1) Flc—=1)T'(c—a—b+1)
R e e vl vy et
provided a,b # 1 and Re(c —a —b) > —1, and

/olu —a)>Fy { " } = %

FN(c—2)T'(c—a—b+2) ab+c—2a—2b+2
X{ T'(c—a)T(c—1) B c—2 }7

provided Re(c —a — b) > —

Remark 2.1. These two results are recorded in the standard text of Exton [3, A.1.1.24
& A.1.1.23, p. 155].

The following theorems and the corresponding corollaries 2.2 to 2.11 can be obtained
by employing the results (1.4) to (1.13). Hence, they are given here without proof.
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Theorem 2.2. For m > 1, the following result

1
m—2 a, b Qs
/0(1—1) 2 Fy {a—b—i—m’ :c]dxfm_l

holds, where Q2 is the same as given in (1.15).

Corollary 2.2. In Theorem 2.2, if we take m = 2,3, we respectively get the following
integrals,

/F{— : "x}d”’”:(cfa—_f(;—l)l) {1_“;(:)?(‘%2){(51;%)}

and

/01(1_3;)2}71 {a?b—ii’) ;—:c] dz
(a—b+1), P(za)l(1+a—b)  3a+b—ab—3
{F(a—l)F( lo—b+2)  l+a—b }

Theorem 2.3. For m > 1, the following result

1
m—2 a, b 1 _ QS
/O(l—x) 2F1{%(a+b+1)’24dxim—1

holds, where Q3 is the same as given in (1.16).

Corollary 2.3. If we take m = 2,3 in Theorem 2.3, we get the following integrals:

[om [ty o] an = Letod {ﬁ”i(“f‘l”_l}

a+b+1) 2 a—1)(b—1) T($a)T(10b)
and
/01(1—:0)25{%(“%“ %}
_(a+b-1)(a+b— ){ \1/_ (%(a+?—3)) _ab—a—b+1}7
(a—2)2 (b—2)2 I(3(a—1))rE0®-1)) a+b—3
respectively.

Theorem 2.4. For m > 1, the following result

1
/(1—£C)M722F1[a72m_a_1‘l$ dx = £
0

b 2 m—1

holds, where Q4 is the same as given in (1.17).
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Corollary 2.4. If we take m = 2,3 in Theorem 2.4, we respectively get the following
integrals:

R R e {r(%(ai(b%)(f I;)()%F((b%f)w 5

1
/ (1—2x)2F [m Sb—a 7%4 dzx
0

_4(6—2)2{ P(z(0—1)T(5(0—2)) _5a—a2+2b—1()}
C (a—4)1 \T(3(a+b) —2T(3(b—a+1)) 2(b—2)

and

Theorem 2.5. For m > 1, the following result

1
m—2 a, b7 C . o 1
(2.2) /(;(1—23) 3F2|:a_b+m7a_c+m,£c:|d$— Q5

holds, where Qs is the same as given in (1.18).

Corollary 2.5. If we take m = 2,3 in Theorem 2.5, we respectively get the following

integrals:
1 a, b, ¢ ) (4a-b(1+a—c)
/0 3F2[G—b+2, a—c+2 7fc]dx— (a—1)(b-1)(c—1)
{F(%(a"‘l))r(l+a—b)F(1+a—c)F(%a_b_c+%) _1}
T(a)T(Za—b+ )T (Za—c+ )T 2+a—b—c)

and
! a, b, ¢ ) _(a=b+1)2(a—c+1)
Lo, st s e = ey
P(za)l(1+a—bIl(1+a—c)(3a—b—c+4)
Fla—1DI'(3a—b+2)[(3a—c+2)T(B3+a—b—c)

(@a=2)(b-2)(c—2) _1}
(a—b+1)(a—c+1) '

Theorem 2.6. Form > 1 and Re(2¢c — a — b) > —1, the following result
1
m—2 a, b7 c . _ QG
/0(1_:0) 3F2[%(a+b+1),2c+1—m’x]dx_m_1
holds, where Qg is the same as given in (1.19).

Corollary 2.6. If we take m = 2,3 in Theorem 2.6, we respectively obtain the following
integrals:

1
a, b, ¢ )
/0 sl [%(a+b+1), 2 —1 “’} de

_ (a+b-—1) {ﬁr(c— DrG(a+b—1)(c—%(a+b-1)) _1}

(a—=1)(-1)
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and

! a, b, ¢ ) _ (2¢=3)(a+b—1)(a+b—3)
[a=oem |y 510, 5 e e 4= TGS

X{ VAl(e=3)T(z(a+b-3)l(c—3(a+b—1)) _(a—2)(b—2)_1}
I(3a—1)FGOG-1)T(c—3(a+1)T(c—30b+1)  a+b-3 '

Theorem 2.7. For m > 1, the following result

1
m—2 a, 2m—1—a, b )
A(l_x) 3F2|: c, %—c+1 ,ZL’:|dZL’— 5

holds, where Q7 is the same as given in (1.20).

Corollary 2.7. If we take m = 2,3 in Theorem 2.7, we respectively get the following
integrals:

R P I

y { 72372 (¢ — 1)I(2b — ¢) 3 1}
F(3(a+c) =)+ 3(a—c—1)TE(L-a+)l(b+1—1(a+c))

and
1
a, 3—a, b
/0(1_:”)31?2{@ 2 —c+1 ’x}dx

{ T2 P(e— 2)0(2b — ¢ + 1)
L(3(a+c)=2)T(b+ s(a—c—3)T(E(1—a+c)l'(b+1—L(a+c)

(a-2B-a)(b-2) 1}_

2(c—2)(2b—c—1) 2

Theorem 2.8. For m > 1, the following result

1
m—2 a, b, -n+m-—-1 Y
/(;(1_27) 3F2[c,1+a—|—b—c—n’4dxi ’

holds. where Qg is the same as given in (1.21).

Corollary 2.8. In Theorem 2.8, if we take m = 2,3, we respectively get the following
integrals.

[om ot = ey e S e

and

3

[lamasn], it e gt

(c—a)n(c—0)n n(a —2)(b — 2) _
g {<c— e ) 1}'

2n(c—a—-b+2), (c—2)(a+b—c—n—-1
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Theorem 2.9. For m > 1 the following result

1 1
_ym—2 a, b, 5(a+m+1) L
/0(1 z) aFs f(a+m—1), a—b+m, a—c+m’ @) de

holds, where Qg is the same as given in (1.22).

Corollary 2.9. If we take m = 2,3 in Theorem 2.9, we respectively get the following
integrals:

! 1
a, 5(&4‘3)7 b7b o
A4FB[%(G+1)7a_b+27a_c+2a z| dx

__40+a-b(d+a—0 {I_F(1+a—b)F(1+a—C)}
(a2—=1)(a—1)(b—1)(c—-1) F'@)Ir'24+a—-b-c)

and

1 1
— a, 5((1—6—4), b: c L
/0(1 x)4F3{%(a+3),a—b—|—3,a—c—|—3’ z|de

_(1+a—b)2(1—|—a—c)2{F(1+a—b)F(1—|—a—c) b-1(c—-1)—a }
T (a+2)(b—2)2(c—2)2 F'(a)I'3+a—b—2c) (a—b+1)(a—c+1) )"

Theorem 2.10. For m > 1, the following result

1 1
_\m—2 a, §(a+m+1)7 ¢, d, e ;
/0(1 =) °F4[%(a+m—1)7a—c+m7a—d+m7a—e+m’x e
Q1o

m—1’

holds, where Q10 is the same as given in (1.23).

Corollary 2.10. If we take m = 2,3 in Theorem 2.10, we respectively obtain the follow-
ing integrals:

! a, %(a+3), ¢, d, e )
/(; 5F4[%(a—|—1), a—c+2a—d+2, a—e+2 x| de
l+a—cl+a—-d)(1+a—e)
(I4+a)(c—1)(d—-1)(e—1)
><{F(l—|—(1—C)F(1—&—a—d)F(l—i—a—e)F(S—i—a—c—d—e)_1}
Falr2+a—-d—e)l'C+a—-c—e)l’'2+a—c—d)
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and
1 1
_ a, 5(&—1—4)7 ¢ d, e :
/0 “ ‘”)5F4[%(a+z)7 a=c+3 a—d+3 a—e+3 "

_ lI+a—c)(l+a—-d)2(1l+a—e)
(a—1(a+2)(c—2)2(d—2)2(e —2)2

{F(l+a—c)F(1+a—d)F(1+a—e)F(5+a—c—d—e)

dx

IFa—1)I'B+a—-d—e)T3+a—c—e)l'(B3+a—c—d)

 alc=2)(d—-2)(e—2) }
(I+a—c)(l+a—-d)(1+a—e) ("

Theorem 2.11. Let

(a17a27a37a47a57a67a7) = (CL, %(a+m+ 1)7 b7 ¢, d:

2a—b—c—d+2m+n—1,m—n—1),

(b17l727l737b47b57bs):(%(a—i—m—lha—b—i—m7a—c—i—rma—d—&—m7
b—|—c+d—a—m—n+1,a+n+1).

Then, for m > 1 we have the following result

1
2 ai, az, as, a4, as, ae, ar Qu
(1—.’1})m 7F6 ) ’ ’ ’ ) ) x der = —/———
0 b1, b2, bs, ba, bs, bs

where Q11 is the same as given in (1.24).

Corollary 2.11. If we take m = 2,3 in Theorem 2.11, we respectively get the following
integrals:

1
/ 7Fs
0

a, %(a’+3)7 b7 c, d7 2a_b_c_d+n+37 1—TL7

1 ;x| de
s(a+1),24a-b,2+a—-c,24+a—-d, b+c+d—a—-n—-1,a+n+1

b—a—-1)c—a—-1)(d—a—-1)(n+24+a—-b—c—d)(a+n)
n(l+a)(1-01—-c)1—-d)(b+c+d—2a—2—n)

(a)n(a—b—c+2)n(a—b—d+2)n(a—c—d+2),
X{l_ (1—&—a—b)n(l+a—c)n(l+a—d)n(3+a—b—c—d)n}

and

! a, 2(a+4), b, ¢, d, 2a—b—c—d+n+5, 2—n
0 2

szl d
a+2),3+a—-b,3+a—c, 3+a—d, bs, a+n+1 ,x} v

(a=2)b—a—2)2(c—a—2)2(d—a—2)2(—a—n)n(3+n+a—b—c—d)2
2(a+2)(1 —a)2(1 —=b)2(1 —¢)2(l =d)o(n —1)2(b+c+d—2a—4—n)

X{(a—1)n(a—b—c+3)n(a—b—d+3)n(a—c—d+3)n

(a=b+1)n(a—c+nla—d+nla—b—c—d+5),

na(b —2)(c—2)(d—2)(2a —b—c+n+3) 3
(a—b+1)(la—c+1l)la—d+1)(b+c+d—a—-n—4)(n+a—1) ’

where bs =b+c+d—a—n— 2.

+
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Similarly other results can be obtained.

3. Conclusion Remark

In this paper, eleven Eulerian’s type integrals involving generalized hypergeometric func-
tions have been evaluated in terms of gamma function by employing very recently obtained
summation theorems by Masjed-Jamei and Koepf. Several new, interesting and elementary
integrals have also been given as special cases of our main findings.
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