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Abstract. This paper aims to establish some C using implicit relation in the frame-
work of complete partial metric spaces, and also, to obtain other well-known results
as corollaries to the result. The results presented in this paper extend and generalize
several results from the existing literature to the setting of more general metric spaces
and contraction conditions.
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1. Introduction and Preliminaries

Let (X, d) be a metric space and let S: X — X be a self-mapping.
(i) A point z € X is called a fixed point of S if x = Sz.
(74) S is called contraction if there exists a fixed constant 0 < r < 1 such that

(1.1) d(S(x), S(y)) < rd(z,y)

for all z,y € X. If X is complete, then every contraction has a unique fixed point
and that point can be obtained as a limit of repeated iteration of the mapping at
any point of X (the Banach contraction principle). Obviously, every contraction is
a continuous function. The Banach contraction mappings principle is the opening
and vital result in the direction of fixed point theory. Subsequently, several authors
have devoted their concentration to expanding and improving this theory (see, e.g.,
[6, 7, 15, 16, 22, 23, 24]).

Matthews ([12, 13]) launched the notion of partial metric space and proved
equivalent result of Banach’s theorem in such spaces. Afterwards, a multitude of
results was obtained in these spaces (see, e.g., [2, 3, 9, 10, 15, 18, 20, 21]). Also,
the concept of PMS provides to study denotational semantics of dataflow networks
[12, 13, 17, 19].
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Matthews [12] introduced the notion of partial metric spaces as follows:

Definition 1.1. ([12]) Let X be a nonempty set and let p: X x X — RT be a
function satisfy

(p1) z =y < p(z,2) = p(z,y) = p(y,y),

(p2) p(z,z) < p(z,y),

(3) p(z,y) = p(y, ),

(p4) p(z,y) < p(z,2) +p(2,y) — p(z, 2),

for all z,y,z € X. Then p is called partial metric on X and the pair (X, p) is
called partial metric space.

It is clear that if p(x,y) = 0, then from (pl) and (p2) we obtain x = y. But
if x = y, p(x,y) may not be zero. Various applications of this space has been
extensively investigated by many authors (see [11], [18] for details).

Example 1.1. ([4]) Let X = R*" and p: X x X — R given by p(z,y) = max{z,y} for
all z,y € R*. Then (R",p) is a partial metric space.

Example 1.2. ([4]) Let X = {[a,b] : a,b € R,a < b}. Then p([a, b], [c, d]) = max{b,d} —

min{a, ¢} defines a partial metric p on X.

Remark 1.1. ([8]) Let (X, p) be a partial metric space.

(al) The function das: X x X — R* defined as da(z,y) = 2p(x,y) — p(z, ) — p(y,y)
is a (usual) metric on X and (X, das) is a (usual) metric space.

(a2) The function ds: X x X — R* defined as ds(z, y) = max{p(z,y)—p(z, z), p(z,y)—
p(y,y)} is a (usual) metric on X and (X,ds) is a (usual) metric space.

Note also that each partial metric p on X generates a Ty topology 7, on X,
whose base is a family of open p-balls {B,(x,¢) : € X,e > 0} where By(z,¢) =
{ye X :p(x,y) <p(z,z)+e} for all z € X and € > 0.

On a partial metric space the notions of convergence, the Cauchy sequence,
completeness and continuity are defined as follows [12].

Definition 1.2. ([12]) Let (X, p) be a partial metric space. Then

(b1) a sequence {z,} in (X,p) is said to be convergent to a point = € X if and
only if p(:c, Sﬂ) = lim, 0 p(xn, l’),

(b2) a sequence {z,} is called a Cauchy sequence if limy, ,—s oo P(Tm, Tr) exists
and finite,
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(b3) (X, p) is said to be complete if every Cauchy sequence {x,} in X converges
to a point x € X with respect to 7,. Furthermore,

m’lrlbrgoop(xm, zp) = lim p(zn, z) = p(z, ).
(b4) A mapping F': X — X is said to be continuous at z¢ € X if for every € > 0,
there exists 6 > 0 such that F(Bp(zo, 5)) C By (F(:Eo), a).

Definition 1.3. ([14]) Let (X, p) be a partial metric space. Then
(c1) a sequence {z,} in (X,p) is called 0-Cauchy if lim,, ,— o0 P(Tm, Zn) =0,

(c2) (X,p) is said to be 0-complete if every 0-Cauchy sequence {z,} in X con-
verges to a point € X, such that p(z,z) = 0.

Lemma 1.1. ([12, 13]) Let (X,p) be a partial metric space. Then

(d1) a sequence {x,} in (X, p) is a Cauchy sequence if and only if it is a Cauchy
sequence in the metric space (X, dar),

(d2) (X,p) is complete if and only if the metric space (X,dpr) is complete,

(d3) a subset E of a partial metric space (X, p) is closed if a sequence {x,} in
E such that {x,} converges to some x € X, then x € E.

Lemma 1.2. ([1]) Assume that x,, — z asn — oo in a partial metric space (X, p)
such that p(z,z) = 0. Then lim, oo p(xn,y) = p(2,y) for every y € X.

Now, an implicit relation has been introduced to investigate some fixed point
and common fixed point theorems in partial metric spaces.

Definition 1.4. (Implicit Relation) Let ¥ be the family of all real valued con-
tinuous functions ¢: Ry — Ry, for four variables. For some h € [0, 1), we consider
the following conditions.

(rl) For x,y € Ry, if y < ¢(z,x,y, %er), then y < hz.
(r2) For z € Ry, if y <4(0,0,y, %), then y = 0.
(r3) For z € Ry, if y < 1(y,0,0,y), then y = 0, since h € [0, 1).

The purpose of this paper is to establish some fixed point and common fixed
point theorems in the setting of partial metric spaces using implicit relation. The
results of findings extend and generalize several results from the existing literature.
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1.1. Main Results

In this section, some fixed point and common fixed point theorems shall be
proved using implicit relation in the framework of partial metric spaces.

Theorem 1.1. Let (X,p) be a complete partial metric space and let T: X — X
be a mapping satisfying the inequality

p(Tz,Ty) < w{p(%y)yp(x,Tx)m(y,Ty),
(12) S, Ty) + ply, To)] .

for all x,y € X and some » € V. Then we have

(a) If ¥ satisfies the conditions (r1) and (r2), then T has a fized point. Moreover,
for any xg € X and the fized point z, we have

n

1—h

p(Txy,2) < ( )p(ﬂfo,Tﬂﬁo)-
(b) If 1 satisfies the condition (r3), then T admits a unique fized point.

Proof. (a) For each g € X and n € N, put @, 11 = Tx,. It follows from (1.2) and
(p4) that

p(@n, 1) = p(Trp—1,Tx,)
< 9{p(en-1,@0), (a1, Toas),plen, Ton),
%[p(zn_l, Txzy,) + p(ay, Txn_l)]}
< {p@n1.20), P01, 20), P00, T0s),
SlB(n 1, 2s1) + plan, )
< {p@n-1.20). p@n1,20), P00, T1),
S (1, 20) 4 P, Ta1) — 7))}
< ] p(@n-1,20), D@01, 20), D0, Tas1),
(1.3) S (1, 2) 4 pln, )]}

Since v satisfies the condition (r1), there exists h € [0,1) such that
(14) p(xnaanrl) S hp(xnflu xn) S hnp(x()a xl)'
Set A, = p(pn, Tps1) and Ay = p(xp—1, 2, ), then from (1.4), we obtain

Ap <hAp_1 <h*A,_o <--- < h™Ay.
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Now, we show that {x,} is a Cauchy sequence in X. Let m,n > 0 with m > n,
then by using (p4) and equation (1.4), we have

P(Tn,Tm) < P(Tns Tng1) + P(Tnt1, Tng2) + 0 + P(Tngm—1,Tm)
_p(anrla anrl) - p(xn+27 xn+2) - p(xnvmelv xn+m*1)
Rp(xg, z1) + h"Pp(xo, z1) 4+ - + A" T p(xg, 21)

K [p(wo, ©1) + hp(zo,x1) + - - + K" ' p(z0, 71)]

R4 h+---+h™ 1A

IN

Taking n,m — oo in the above inequality, we get p(zn,Z;,) — 0 since 0 < h < 1,
hence {z,} is a Cauchy sequence in X. Thus by Lemma 1.1 this sequence will also
Cauchy in (X, dys). In addition, since (X, p) is complete, (X, dps) is also complete.
Thus there exists z € X such that z,, — z as n — co. Moreover by Lemma 1.1,

(1.5) p(z,2) = nh_)rr;op(z, Tp) = nﬂlérgoop(xn,xm) =0,
implies
(1.6) nlgrolo dy(z,25) = 0.

Moreover, taking the limit as m — co we get

h’n
1— h)p(fﬂl, o).

p(:cn, Z) < (

It implies that

n

1-nh

p(Txy,2) < ( )p(xo,Txo).

Now, we show that z is a fixed point of T. Notice that due to (1.5), we have
p(z,2z) = 0. By using inequality (1.2), we get

p(anrl, TZ) = p(Txna TZ)
O{plen, 2), pwn, Tan), (2, T2),

S0, T2) + p(z To)]}

O{p(@n, 2),p(n, ns1),p(2,T2)
1

3p(@n T2) + p(z. 0] .

Note that ¢ € ¥, then taking the limit as n — co and using (1.5) and Lemma 1.2,
we get

IA

p(z2,Tz) < z/J{O, 0,p(z,Tz), %p(z,Tz)}.
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Since 1) satisfies the condition (r2), then p(z,7%) < h.0 = 0. This shows that
z=Tz. Thus z is a fixed point of T

(b) Let 21, 22 be fixed points of T' with 21 # 2zo. We shall prove that 23 = 2z5. It
follows from equation (1.2) and (1.5) that

p(z1,22) = p(Tz1,T2)

IA

{p(er22). p(e1, T21), plo2, T22),
%[p(zh Tz) + p(22, TZl)]}

= 111{17(21722),17(21721),17(22722),
%[p(zl,@) +P(22721)]}

= ¢{p(21722),070717(21,22)}
Since v satisfies the condition (r3), then we get

hp(z1,22)

p(z1,22) <
= p(z1,22) =0, since 0 < h < 1.

This shows that z; = z5. Thus, the fixed point of T is unique. This completes the
proof. [

Theorem 1.2. Let Ty and Ty be two self-maps on a complete partial metric space
(X,p) and

p(Tia, Toy) < v{p(a, ). ple, Tiw), ply, Toy),

p(z, Tay) + p(y, Trz) }

(1.7) .

for all x,y € X and some ¥ € V. Then Ty and Ty have a unique common fixed
point in X.

Proof. For each 9 € X. Put zon41 = Tixa, and xopio = Toxonqq for n =
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0,1,2,.... It follows from (1.7), (p4) and Lemma 1.1 that

p($2n+1, $2n)

(1.8)

(1.9)

IN

IN

IA

p(T1$2n, T2$2n—1)

¢{p($2m Z'Zn—l)a p(IQm T1I2n)a p($2n—17 szzn—1)7
P(@2n, Tow2n—1) + p(@2n—1,T172n)

2

j

¢{P($2m (Eanl)a p(xzm $2n+1)7 10(3?2n717 $2n)7

P(T2n, Ton) + P(T2n—1, T2n41)

2

j

¢{p($2m xZn—l)ap(xan x2n+1)a p(xQn—la .13271),

P(Ton—1, Tan) + P(T2n, Tant1) — P(Tan, Tan)

2

1/1{27(%271, T2n-1), P(T2n, Tant1), P(Tan—1, T2n),

P(T2n—1,%2n) + P(Ton, T2nt1)

2

P(@2n41, T2n) < hp(T2n, Tan—1) < B*"p(z1,70).

}

Since v satisfies the condition (r1), there exists h € [0,1) such that

j

863

Now, we show that {z,} is a Cauchy sequence in X. Let m,n > 0 with m > n,
then by using (p4) and equation (1.9), we have

P(Tn,y Tn)

<

IN

<

P(Tn, Tpy1) + P(Tnt1s Tng2) + - + P(Tngm—1,Tm)
—D(Tnt1:Tnt1) — P(Tnt2, Tng2) =+ = P(Tntm—1, Tnpm—1)
R"p(xo, 21) + h" T p(xo, 21) 4+ - + A" T p(g, 21)

W [p(xz0, 1) + hp(wo, x1) + - + K™ p(xo, 21)]

R+ h+ -+ h™ p(zo, 21)

w(

1— pmt

o ),

Taking n,m — oo in the above inequality, we get p(xy,, n,) — 0 since 0 < h < 1,
hence {z,} is a Cauchy sequence in X. Thus, by Lemma 1.1 this sequence will also
Cauchy in (X, dps). In addition, since (X, p) is complete, (X, dps) is also complete.
Thus there exists © € X such that z,, — u as n — co. Moreover by Lemma 1.1,

(1.10)
implies

(1.11)

p(u,u) = nli_{rolop(u, )= lim p(an,zm,) =0,

n,M—00

lim dps(u,x,) = 0.
n— oo
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Now, we have to prove that w is a common fixed point of T} and T5. For this,
consider

P(Zont1, Thu) = p(Tixon,, Thu)

w{p(‘TQn» u)vp(IQna T1x2n)7p(u7 Tlu)v

p(‘r2n; Tlu) + p(ua T1x2n) }
2

¢{p($2m x)vp(mva x2n+1)vp(u7 T1U)7

IN

P(T2n, Thu) + p(u, Tap41) }
5 .

Note that ¢ € ¥, then using (1.10), Lemma 1.2 and taking the limit as n — oo, we
get

) p(u, Thu) )

p(u7Tlu) S ¢<0a07P(U7T1U 2

Since v satisfies the condition (r2), then p(u,Tiu) < h.0 = 0. This shows that
u = Thyu for all w € X. Similarly, we can show that u = Thu. Thus, u is a common
fixed point of T} and T5.

Now, to show that the common fixed point of T} and 75 is unique. For this,
let u’ be another common fixed point of 77 and T5, that is, Tiu' = Tou' = v’ with
uw' # u. Then we have to show that u = «’. It follows from equation (1.7) and
(1.10) that

p(Tlua TQU/)

o {plu,u), (e, Tow), p(’, Tou),

p(u, Tou') +p(u’,T1U)}
2

w{p(u, u'), p(u, u), p(u',u’),

plu,u’) J2rp(u’, u) }

= w{p(u,u'),0,0,p(u,u')}.

plu,u)

IA

Since v satisfies the condition (r3), then we get

plu,u') < hp(u,u’)
= p(u,u’) =0, since0 < h < 1.

Thus, we get u = u/. This shows that u is the unique common fixed point of T}
and Ts. This completes the proof. [
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Theorem 1.3. Let Ty and Ty be two continuous self-maps on a complete partial
metric space (X,p) and

(T, ) < w{p(e.y), pla, T2, ply, 1),
(1.12) p(z, T3'y) ﬂ;p(y,Tl x)}

for all x,y € X, where m and n are some integers and some ¢ € V. Then Ty and
Ty have a unique common fixed point in X.

Proof. Since T{" and T3' satisfy the conditions of Theorem 1.2. So T{" and T3’ have
a unique common fixed point. Let z be the common fixed point. Then, we have
TMz=z=T(17"2) =Tz
If Ty z = zg, then T{"zp = z9. So, Ty z is a fixed point of T7". Similarly, T5(T5'z) =
T5z. Now, using equation (1.12) and Lemma 1.1, we obtain
p(z,Tiz) = p(I7"2, 17" (T1z))
¢{p(2’a T1Z),p(2’, Tlrnz)vp(lea T{n(le))v
p(Z, Tlm(le)) + p(lea Tlmz) }
2
o{p(z112), p(z,2), p(T32 Ta2),

p(Z7T12) +p(T127Z) }
2
(Zale) +p(Zale) }

IN

- ¢{
= 1/J{p(z,T1Z)70,O,p(Z7T12)}.
Since v satisfies the condition (r3), then we get

p(Z,TlZ) < hp(Z,le)
= p(z,T1z) =0, since0 < h < 1.

p(zale)707 Oa b

Thus, we have z = Tz for all z € X. Similarly, we can show that z = T5z. This
shows that z is a common fixed point of 77 and T5. For the uniqueness of z, let
2’ # z be another common fixed point of 77 and T5. Then clearly 2z’ is also a
common fixed point of 77" and T3 which implies 2’ = z. Hence T7 and T» have a
unique common fixed point. This completes the proof. O

Theorem 1.4. Let {F,} be a family of continuous self mappings on a complete
partial metric space (X,p) satisfying

p(Fox, Fgy) < @/f{p(w,y),p(x,Faﬂc),p(y,Fﬁy),

p(z, Fpy) + p(y, Faz)
(1.13) e )
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for a, B € U with « # 5 and x,y € X. Then there exists a unique u € X satisfying
Fou=wu foralla € 0.

Proof. For xy € X, we define a sequence as follows:
Topt1 = FoTon, Topyo = Fgrony1,n=0,1,2,....
It follows from (1.13), (p4) and Lemma 1.1 that
P(Toni1,22n) = p(Faton, Fpron_1)
< ¢{p($2n,332n—1),p(l‘2n7Faﬂﬁzn),p(a?zn—hFﬁ$2n—1),

p(x2na FﬁxZn—l) +P($2n—1, FaxQn) }
2

¢{P($2n, $2n71), p(xzm $2n+1), p(x2n717 x2n)»

P(Tan, T2n) + P(Tan—1,T2n+1) }
2

< 1/){p($2m$2n—1),p($2n7962n+1)7p(152n—1,962n),
P(T2n-1,%20) + P(T2n, Tons1) — P(Tan, T2n) }
2
<

¢{p($2m 'TZn—l)a p(lfzm I2n+1), p(IQn—la $2n)»

(1.14) p(T2n_1,T25) + P(T2n, Toni1) }

2
Since v satisfies the condition (r1), there exists h € (0, 1) such that

(1.15) (@041, T20) < hp(22n, Tan—1) < B*"p(z1,20).

Now, we show that {x,} is a Cauchy sequence in X. Let m,n > 0 with m > n,
then by using (p4) and equation (1.15), we have

p(xmxm) < p(@n, Tng1) + P(Eng1, Tog2) + -+ D(Tngm—1, xm)
7p(xn+laxn+l) *p(xn+2axn+2) - *p(xn—&-m—l,xn—&-m—l)
h"p(xo, 1) + h" T p(xg, 21) 4+ - 4+ BT p(zg, 1)

R [p(xo, 1) + hp(zo,x1) + - - + K" 'p(x0, 1)]

= RB"[1+h+--+h"p(zg, x1)

L

IN

Taking n,m — oo in the above inequality, we get p(ay,, ) — 0 since 0 < h < 1,
hence {z,} is a Cauchy sequence in X. Thus, by Lemma 1.1 this sequence will also
Cauchy in (X, das). In addition, since (X, p) is complete, (X, dps) is also complete.
Thus there exists v € X such that z,, - v as n — co. Moreover by Lemma 1.1,

(1.16) p(v,v) = lim p(v,z,) = lim p(zy,xm) =0,
n—00 n,m—00
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implies

(1.17) lim dps(v,z,) = 0.

n—oo

By the continuity of F,, and Fjg, it is clear that F,v = Fgv = v. Therefore v is a
common fixed point of F,, for all o € W.

In order to prove the uniqueness, let us take another common fixed point v’ of
F, and Fg where v # ¢'. Then from equation (1.13) and (1.16), we obtain

p(v,v") = p(Fav, Fgv')
w{p(vﬂ/),p(v,Fav),p(v/,ng/),

p(v, Fgv') + p(v', Fov) }
2

= w{p(v,v), p(v, 0), PV, V),

p(v,v") —;—p(v’, v) }

= w{p(v, v'),0,0, p(v, v’)}.

IN

Since v satisfies the condition (r3), then we get

hp(v,0)

p(v,v") <
= p,v") =0, since0 < h < 1.

Thus, we get v = ¢’ for all v € X. This shows that v is a unique common fixed
point of F,, for all a € . This completes the proof. O

Next, we give analogues of fixed point theorems in metric spaces for partial
metric spaces by combining Theorem 1.1 with ¢y € U and v satisfies conditions
(rl), (r2) and (r3). The following corollary is an analogue of Banach’s contraction
principle.

Corollary 1.1. Let (X,p) be a complete partial metric space. Suppose that the
mapping T: X — X satisfies the following condition:

p(Tz,Ty) < ap(z,y)

for all z,y € X, where a € [0,1) is a constant. Then T has a unique fized point in
X. Moreover, T is continuous at the fized point.

Proof. The assertion follows using Theorem 1.1 with t(u1,ug, us,us) = au; for
some a € [0,1) and all uy,us,us,ug € Ry, O

The following corollary is an analogue of R. Kannan’s result [7].
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Corollary 1.2. Let (X,p) be a complete partial metric space. Suppose that the
mapping T: X — X satisfies the following condition:

p(Tz, Ty) < bp(z, Tz) + p(y, Ty)]

for all z,y € X, where b € [0, %) 1s a constant. Then T has a unique fized point in
X. Moreover, T is continuous at the fized point.

Proof. The assertion follows using Theorem 1.1 with ¥ (uy, us, us, us) = b(us + ug)
for some b € [0, %) and all uq,ug,us,us € Ry. Indeed, v is continuous. First, we

have ¥ (z, z,y, “5%) = b(z + y). So, if y < ¢(z,z,y, ), then y < (%b)x with
(%) < 1. Thus, T satisfies the condition (r1).

Next, if y < (0,0,y,%) = b(0 +y) = by, then y = 0, since b < 5 < 1. Thus, T
satisfies the condition (r2).

Finally, if y < ¢(y,0,0,y) = b.0 = 0, then y = 0. Thus, T satisfies the condition
(r3). O

The following corollary is an analogue of S. K. Chatterjae’s result [6].

Corollary 1.3. Let (X,p) be a complete partial metric space. Suppose that the
mapping T: X — X satisfies the following condition:

p(Tz, Ty) < clp(z, Ty) + p(y, Tz)]

for all x,y € X, where c € [0, %) is a constant. Then T has a unique fized point in
X. Moreover, T is continuous at the fized point.

Proof. The assertion follows using Theorem 1.1 with ©¥(u1,u2,us,us) = cuy for
some ¢ € [0,1) and all uy,ug,us,ugy € Ry. Indeed, ¢ is continuous. First, we

have ¥ (z, z,y, %) = c(%‘y) So, if y < Y(z,z,y, %), then y < <2fc)x with
(ﬁ) < 1. Thus, T satisfies the condition (r1).

Next, if y < 1(0,0,y, §), then y = 0 since ¢ < 1. Thus, T satisfies the condition
(r2).

Finally, if y < ¢(y,0,0,y) = cy, then y = 0 since ¢ < 1. Thus, T satisfies the
condition (r3). O

The following corollary is an analogue of S. Reich’s result [16].

Corollary 1.4. Let (X,p) be a complete partial metric space. Suppose that the
mapping T: X — X satisfies the following condition:

p(Tx,Ty) < Lyp(x,y) + Lo p(x, Tx) + L3 p(y, Ty)

for all x,y € X, where L1, Lo, L3 > 0 are constants with L1 + Lo + Lg < 1. Then
T has a unique fixed point in X. Moreover, if Lz < %, then T' is continuous at the
fixed point.
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Proof. The assertion follows using Theorem 1.1 with ¢ (uy,us, us,ug) = Liug +
Lous + Lsus for some Lq, Lo, L3 > 0 are constants with L; + Lo + L3 < 1 and

all uy,usz,u3,us € Ry. Indeed, ¢ is continuous. First, we have ¢(x,x,y, %) =

Lix+ Lox+ Lgy. So, if y < ¢(x,z,y, I—';”L then y < (%LL:):U with (%LL;) <1
Thus, T satisfies the condition (r1).

Next, if y < (0,0,y,%) = L1.0 + L2.0 + L3.y = L3y, then y = 0 since Lz < 1.
Thus, T satisfies the condition (12).

Finally, if y < ¢(y,0,0,y) = L1.y + L2.0+ L3.0 = L1y, then y = 0 since Ly < 1.
Thus, T satisfies the condition (r3). O

Example 1.3. Let X = [0,1]. Define p: X x X — R™ as p(z,y) = max{z,y} with
T: X — X by T(xz) = §. Clearly (X,p) is a partial metric space. Now, let x < y. Then
choose z = § and y = 1, we have p(Tz, Ty) = §, p(z,y) = y, p(z,Tz) = z, p(y, Ty) = v,
p(z,Ty) =z, p(y, Tz) = y.

(i) Now, we consider
_y
p(T‘rva) - g S ay,
ora> % If we take 0 < a < 1, then T satisfies all the conditions of Corollary 1.1. Hence,

applying Corollary 1.1, T has a unique fixed point. Here it is seen that 0 € X is the unique
fixed point of T

(ii) Now, we consider

p(Tz, Ty) = 7 < b(z +y),

wl

putting z = % and y = 1 in the above inequality, we get

< 5b

Wl =
N W

or b > % If we take 0 < b < %, then T satisfies all the conditions of Corollary 1.2. Hence,
applying Corollary 1.2, T has a unique fixed point and the unique fixed point 7' is 0 € X.

(iii) Now, we consider

p(Tx, Ty) = 2 < c(z +y),

wi

. 1 _ . . .
putting x = 5 and y = 1 in the above inequality, we get

<56

Wl =
N W

or ¢ > %. If we take 0 < ¢ < %, then T satisfies all the conditions of Corollary 1.3. Hence,
applying Corollary 1.3, T" has a unique fixed point and it is 0 € X.
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(iv) Now, we consider

p(Tz, Ty) = 2 < Liy + Loz + Lay,

wle

putting z = % and y = 1 in the above inequality, we get

1 1
- <L ~Lo+ L
3 1+22+ 3,

Ifwetake(l)leé,nglandL3:0(2)L1:%,LQ:OandLg;:land(iS)Ll:O,

2 3

Ly = i and L3 = ; then T satisfies all the conditions of Corollary 1.4. Hence, applying

Corollary 1.4, T has a unique fixed point and it is 0 € X.

Open Question: Can we extend the results for graphic contraction as defined
in Younis et al. [22, 23, 24]7

2. Conclusion

In this paper, we have established some fixed point and common fixed point the-
orems using implicit relation in the framework of complete partial metric spaces,
and also obtained the well-known Banach contraction principle, Kannan contrac-
tion, Chatterjae contraction and Reich contraction as corollaries to the result. The
results extend, unify and generalize several results from the existing literature to
the setting of a more general class of metric spaces and contraction conditions.
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