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Abstract. In this manuscript, the identities of Ricci Type with respect to a non-
symmetric affine connection space are obtained and simplified. The components of
commutation formulae are discussed.
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1. Introduction

An N-dimensional manifold My equipped with an affine connection with tor-
sion V is the non-symmetric affine connection space GA (see L. P. Eisenhart [1],
S. M. Minéi¢ [4-6,6-8]), M. S. Stankovi¢ [13], Lj. S. Velimirovi¢ [10,11], M. Lj.
Zlatanovié¢ [13,14], M. Z. Petrovi¢ [9-11]. The non-symmetric affine connection
spaces are subjects of research for many other authors but our aim is to examine
some basic facts about these spaces in this paper.

The affine connection coefficients for the affine connection V are L;k. These
coefficients are non-symmetric by indices j and k. Hence, their symmetric and
anti-symmetric parts are defined as

(1.1) LY, =

. _ _ L _
(L%, + Li;) and L;VkZE(L;k_ i),

N =

Four kinds of covariant derivatives with respect to the non-symmetric affine
connection V are defined. Coordinately, these four types (for a tensor aj of the

type (1,1) ) are [4-11,13,14]
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7 ) 7 @ o 1 7 ) 7 [e% o 0
aj|y —aj)k—kLakaj —ijaa, aj|y —aj)k—FL,maj — Ly aq,
(12) il 7 7 @ a 1 i2 1 1 « a 1
a5k :aj)k—FLakaj —Lijan, ajp :aj)k—FLkaaj —ijaa.
3 4

In the case of L;k = 0, the four kinds of covariant derivatives (1.2) reduce to
\%

one kind [2,12]

(1.3) aé‘k :aélk :az)k—FLkaa? —L;?‘kag,

! ik
Proposition 1.1. The fourth kind of the covariant derivative expressed in (1.2)
and the covariant derivative with respect to the symmetric affine connection given
by (1.3) satisfy the equalities

(1.4)

. 1 . .
1 1 1
Qo = =Q;. + =00
k k k
7l 2 ]l 2 J2\

If Ljvk # 0, the geometrical objects ajlk; an‘k, aj:!}k are linearly independent.

Proof. With respect to the equalities L}, = L% + L%, Lt) = —Lj; and the equation
- Vv A\ A\
(1.3), one gets

[ _ .t [ a _ Ta .t 7 ot T [} o 1
a,‘k_ajlk—FLavkaj L%.al,, aj = @y, Lavkaj —I—ijaa,
\4

J J J
(15) il 4t L’L o Lo\z/ [ i2 .t L’L a Lo [
a1 = + O‘vkaj + Ljpaq, ajp = A — O‘vkaj — Ljjaq,
3 \ 4 v

From the expressions (1.5), one obtains [9,10)

3 — K3 3 K3 K3 — 3 K3
@1 = GG, + @Gy — aGp, and - ajy, = Sag + 505,
4 1 2 3 1 2

which proves the first part of this proposition.
Furthermore, the geometrical objects aé > aé > aé Ik expressed as in the equation
1 2 3
(1.5) may be considered as the vectors v; = (1,1, —1), v2 = (1,—1,1), v3 = (1,1,1).
These vectors are linearly independent, which completes the proof for this proposi-
tion. O
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Curvatures of the space GAy are at for vi,v9, w1, we €

jlm|n —
vl wl v w2

{0,1,2,3,4}. We will study the curvatures of the space GAy obtained with re-
spect to the first three kinds of covariant derivatives (1.2) in this paper.

Our purpose is to coordinately express the curvatures of the space GAy with
respect to first three kinds of covariant derivatives (1.2) in this paper. We will
obtain the coordinates of the differences a} Im|n ™~ at for vy, ve, wy,we €

vl wy

{1,2,3}. The pseudocurvature tensors as possible components of these differ-

ences will be discussed. The number of linearly independent geometrical objects

aé I | n—a; | | mo UL, V2,01, w2 € {1,2,3}, will be obtained. At the end of the pa-
vy wi vy wo

per, we will list all of the commutation formulae with respect to a} |'m | n—a} In | mo
vy wi vy wg

V1, V2, W1, W2 € {]" 273}

2. Identities of Ricci type

With respect to the equations (1.3, 1.5), one gets

1 1 7 [e% o 1
(2.1) ajp = aj, + chavkaj +dy Ljiag,
v \%

forv=0,...,4and cg =0,c1 =1, co =—-1,c3=1,¢c4 = —1,dy =0, dy = —1,
do=1,d3=1,dy=—1.

Moreover, it holds the equation

@ 0 % fe % e e i a i [e @
Aiim | n = %mIn + CULa\Znaj\n + CwLavnaj\m + dUijaa\n + dejnaa\m + de'nbnaj\a
voow \4 \4

+a% (co Ll + cocwLl, L, + co(cw + dw)LE, LY, — codwLl,, L, )
Vv v Vv \V Vv v

vHam|n
\Y

2.2
22) —al (= dvL®,, —dv(cw +dw)L? LS, —dvdwLl? LS, +dvdwLlB, LS))
e v v w w im Bn vYw in 5\,/—,1 v Yw n’\b/n ﬁvj

A\ A\

jm|n
v v

+a§ (cwduLfangvn + cudefangvm),

for v,w € {0,1,2,3,4}.
The next theorem holds.
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Theorem 2.1. First Ricci-Type Identities Theorem The family of identities of the
Ricci Type with respect to a non-symmetric affine connection V is

i _ (3 [e% (3 @ @ (3
m | n" % | n | m= (Cvl - sz)Lo@nG‘j\nJ’»(clul - CU2)Lo¢vnaj\m+(dU1 - dw2)Lj7nao¢\n
wy \%

ai
J |
v vy wg

1
+ (dw; — d“?)L;'Xnaia\m + (dw; + de)L'rarbna;\a
v

05 { Rl + €01 Liggnin = €0 Linim
+ [Coy Cwy — Cug (Cwy + dw2)]L§me;n
A\
+ [c“l (Cwy + dwy) — Cvch2]L§an3m
v 2
(2.3) — (coyduy + cuyduy) Ly, L, |
Vv Y
_u’loc {R?mun - d“l L?ﬂl\n + d”2 Ljan\m
A\ Vv
B
— [do; (cw; + dwy) — dv2dw2]chlL§vn
B ra
_ [duldw1 — dy, (cw2 + dwz)]Ljanﬁ\71
+ (dvy duwy + duyduy) L2 La}
vy Gwy vg Gwa ) iy L g5
v Y

+aj {(cwydvy — cupdu, )L?7nLiaVn + (Coy duwy — Cwydoy )L?nLix\';n ¥
\ \4

for vi,v2, w1, wy €{0,1,2,3,4}. O

From this theorem, we obtain that just tensors are components of the curvatures
for the space GAy.

The rank of the matrix of the type 81 x 19 whose rows are composed of the
elements

Coy — Cwgs  Cwy — Cugs Aoy — Quwyy  dwy — duy,  duwy + duwy,
1, cuyy  —Cupy  CupCwy — Cug(Cwg +duwy)y  Cup(Cwy +dwy) = CogCuwyy  —(Cogduwy + Cogdwsy)s
—1, duy,  —duys oy (Coy + duy) — dugdugs oy duy — duy (Cuy + dug)s  —(duy duy + dugduy),s

Cwq dvl — Cugy dw27 Cuq dw1 — Cwy du27

for vy, va, w1, ws € {1,2,3}, is 15.

In this way, we proved the next theorem.

Theorem 2.2. 1 — 2 — 3-Commutation Formulae Theorem Fifteen of the geomet-
rical objects a} |m|n™— a} In | mo for v, v, w1, we € {1,2,3}, are linearly indepen-

v wi v2 w2

dent. O

One may check that the geometrical objects
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B i i
(1).gmn = @j|m|n ~ Yj|n|m
1 1 11

) ) ) ) 8 8 8
= 72L$%/na;'\a + a‘? (R;L)mnn + Llocm\n - Llocnhn + L Lgn L LZ‘WL + 2Lan;]

—ag(R;anrL%m—meJrLB e —LB L"‘ +2L5 LB])

jm~an

i

B =a’ —a
(2).gmn — j\m\n j\n\m

:2L _2L]m a\n_2aB(L]m Ocn+L§3n ;\71)

o ]\n
o (i 8
+ a5 (Ripn + Lavm\n - an\m + Lg L[‘}n + LanLBm)

o B B
—aa(RJmn""LJm\n—Ljvn\m L; LBn L; LBm)

i — 4t 4t
(3).gmn — j\m\n j\ngm

B4y jmn

st),jmn

B(G)Ajmn =

— B i
_2L]7n a\n - 2aBLJmLan

+aj (Ramn +Lam\n _L(.l\/n\m Lﬂ LBn Lﬂ Lﬁm)

—a;(R?mn—i-L?cn‘n—L%ﬂm Lﬁ LBn 3LB LBm)

=a’ —a’
— Yilm|n jn|m
11 21

— e i o B 7 B i
2Lan jlm 2LJn a\m - 2L11\L/na’j\a — 2ag (ijLan + Ljanavm)

+aa(Ramn+L;m\n+Lo¢n\m+I‘B Ll +LB Ll )

i B B
- a‘z)c (R?mn + L?m\n + L;xn\m - ijLgn - LjnLgm)7
" Vv Vv A\ Vv "

k2
jlm|n = %j|n|m
11 2 2
i
*2Lavm J\n+2Lan ]\m_2L]m a\n—zLJn a\m

@ i i B B B
taj (Ramn+La\}n\n+Lavn\m+L LBn L, LBm+2L Lﬁa)

i e e a B B B
_aa(ijn+Lj€n‘n+Ljv,L‘m+L L = Lin L + 2L, nL5)):

—2L? - 2aBLB L

am
Vv

am a\n n a\m

2L} — 2L,
\%
+a°‘(Ramn+Lam‘ +Lom‘m+3LB L’ +L5 LZ +2LB L’ o)

_afx(R;‘mn—i—L%n‘n—i-L%”m—i-Lf +LB L"‘ +2LB WL )

)
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B! =a’ —at
(7).jmn — J\m\n ]gn{m

= —2L]n im — 210 al, — 2aBLﬂ Li
(2.10) v S v ,
o i i i i i i
+a‘j (Ramn+Lo¢\}n\n 7Lavn\m+LO<mLB L LB7n+2Lan )

i B B
a; (R?wnn + L?C/n\n + L?vnhn L Lgn - L Lgmu)

B — 4 _ 4l
(8).gmn = %j|m|n Jln|m
101 3 2

_ogi B8 i
,ZLQJR Jin 2L]m a‘n—2L]n a‘m—2aBL Lo‘v"

(2.11)

amn

. 8 8 .
+a]O'C(RZ +Lo<v7n\n 7Locvnhn+l‘ L2371+Laan3m)

i B B B
a; (R?m7l + L]a(/n\n + L]avn\m + L Lgn - L Lgmu + 2Lana )

B =a’ —at
(9).jmn — J\m\n ]gngm

_ 8oL 8
= —2L% —2L]n Cim — 203 (LY p Ly

]m a\n ]771 a\}n)

2.12
( ) —-L! Le L LB L’ )

e £
+ay (R avn\m - xm Bn an

j amn +Lo<v7n\n

i B B
a; (R?m7l + L]O'Cm\n + L?nhn + ijLBn + LjnLgmu + 2Lan§j)’
\% Vv \% \ \% \% \

B — _ 4
(10).jmn — j\?ﬂ\" j\"\m

— i 3
7_2Lan ]\m+2LJn a\m+2u’l‘3( ]771 +L a\}n)

(2.13)
B
+ aa (Rocmn + Lomn\ Lavn\m - Loangn LanLZ )

i B
- a; (R?m" + L?(/n\" - LJO';TL\m + Lj\"/nLBn + L LBm)

B! =d’ —at
(D). gmn = 4G mln = Yn|m
13 11

_ o i arB ri
(2.14) = 2hyparm * 2““1%&%
+ a‘? (R;mn + Lz"vm\n - om\m + LB LZ .t LinLZ%m)

B B
- aa (R]mn + L]m\n - ]nhn + 3L Bn + L Lgmu)

Bl12) jmn = G [m|n = O [n|m
2 1
_ i @ i a B i B
- _2La\71. jln + 2LJ771 a\n - 2Ln{./nu’j\a + 2(1;_3 (Lj nt L]n a\}n)

(2.15)

) ) 8 ) 8

+a?(RZocm7l _Llocvm,\n _Lanhn_LamL'z% L L;%n)
B B

_aa(R - L§, _Ljnhn—"_L +L Lgmu)

jmn im|n
A\
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B =a’ —at
(13).jmn = %j|m|n j\n\m
2 2 1

:72Lo¢v7n jln T 2Lo¢n ]\m+2LJm oc\n+2L]n a\m
(216) o pi i i B i B i B i
+ a; (Romnn - avwn\n - ocnhn + Loan LanL + 2L7nnL )
a B B B
a(RJmn*chn\n* Linim + Ly LBn Ly Lﬁm+2L LB])
i g i
By jmn = @ pmin = 05 n|m
3 11
= 2Lam J\nJFQL]m a\nJr?L]n a\m+2aﬁL ch\/n
(2.17) i i ) ) o
+ a; (Ramn - Locvm,\n - Lavn\m LoanBn 3L Ll%n + 2LanBvo<)
—ab (RS n — LS — LS — L2 LG LB LS, +2L% L1%)
a jmn jm|n in|lm jim Bn Bm mn Bl
\% \% \% \%
i i i
(15).jmn — a‘jhn\n - aj\nhn
3 1 11
T % mln T YGln]m
B8 i
(2.18) 72[’]771 a\n_szn ]\oc+2aBL]7nLo¢vn

a i B B B
+a; (Ramn""Lavm\n— an\m""L Lﬁn_L Lﬁm+2L Lﬁa)

i o o B B
—ag (R§pmn — chn‘n — L]n‘m + LY Lﬁn + L LBm)
_ i
are a base of the vector spaces generated by the differences a imin =% 0| m
T vy wa

V1, V2, W1, W2 € {1, 2,3}.

With respect to the equation (2.3), we obtain that many curvature tensors but
no one curvature pseudotensor may be obtained with respect to the identities of
Ricci Type presented in the First Ricci-Type Identities Theorem.

Vice versa, any linear combination of the geometrical objects bz('k)jmn7
k=1,...,16, corresponds to infinitely many linear combinations of the differences
0’; [m | n _a; | n | m? U1, V2, W1, W2 € {0’172’374}'

v wi vy wo

To obtain curvature pseudotensors for the space GAy, we need to consider
the base ‘(cék)jmn) = (bz('k)jmn + Ei kyjmn)s B = 1,...,16, where the geometrical
objects L! (k)jmn AT€ linear comblnatlons of the products L, L% L} L% L' L®

an ]777,7 am _]n’ aj mn’
Li L L L% L .L%

an™jmr Ham~jn a] mn:®

Any linear combination of the geometrical objects ka) ,, does not correspond

Jm

to a linear combination of the differences o’ V1, V2, W1, Ws €

_ 1
jlmin = % n|m
Ul wi v w2

{0,1,2,3,4}.
For this reason, the geometrlcal objects b( k)jmn AT cOmponents of a base for

the space of differences a] Im|n™ j |'n | ms V1, V2, W1, W2 € {0,1,2,3,4} unlike the

vy wi v2 w2

geometrical objects cék)jmn.
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Remark 2.1.

N. O. Vesié

Any identity of Ricci Type where the curvature pseudotensors of the

space GApy are obtained may be simplified and reduced to the form (2.3).

2.1.

Eighty one Ricci-Type identities

With respect to the First Ricci-Type Identities Theorem, and for vy, ve, wy, we €
{1,2, 3}, we obtain the next identities of Ricci Type.

+ Loy L

8
Loy Lo =

B
+ Lo Lo

am J|n

5
Lo Lisn =

am J|n

B
+ Ly Liy, ~

@ min ~ a§|n\m = —2Lnaji0
1 11
(R(Zlmn + Lam|n - om\m
a B
(Rgmn + Lijmin = Linim + LanLan
Glm|n = Gjin|m = 2L§31 m — 2L n%lm
(Rflmn + Lam|n - Lan\m
- ajl (Rjamn + L]m\n - L]n|m
B i 7B
+ 2@5 (LamL]n + LanLgm)
a’_l]\m|n - a‘;|n\m - 2L]n alm
(R(Zlmn + Lam|n - Lom\m
— g (Rj, + ngt\n
+ 24 amLfn,
a;’\m|n_alln\m_2LJm aln T 2Lmn g\a 2L;
(R(Z,wnn - L?,wn|n - Lom\m
- ajl (R;lmn - L?m\n
i 7B i B
+ 2@[3 (LOijm + Langn)
aj’\m|n_ai|n\m 2LJm ;|n+2LJn Ao|m — 2L
1 v
(Rflmn - lem|n - Lan\m
—a’, (RS — LS,

jmln
v

jn|m + LﬁnLgm -
v vy

B
- LByLLj

2L}

- Lg, Lﬁm — 2L 5L

—2L¢ Lﬁ)

LB

m)

B 8
+ LﬁnL + LﬁmL y)

Lgn Em)
Y

B B
- Ljy|m + LBnL + LBmL .vn)

Lgn Zm)

8 8
—Ljn|m+LﬁnL +Lg L)

an J|m

Lg, Lﬁm — 2L 5L

ﬁylLf - 2L, 5Ly )

n)

n)
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=2L% + 2L 2L}

jlm|n |m Jm a|n a|m am J|'n
(R(Z,wnn - L?,wn|n - Lom\m Lﬁ Z Lﬁ - 2LZ ,BL )
i IeY « ﬁ
= g (R — Limin = Linim + Lﬁanjgz - ﬁyij — 2L oL )
+ 2agL;anm,
@ mjn “§|n\m = 2L — 2L
(Rflmn + Lam|n - Lan\m + Lﬂ Lﬁn LB Lﬁm - 2Ll BL )
- a’fx (R?mn - L?m\n - Ljn|m + LBnLﬁ + L Lﬁ )
+ 2a§Lmefm,
a;’\m|n_a;|n\m_2LJm a|n+2L a|m 2Lom jlm
(R(Zlmn + Lam|n - Lom\m LB Lﬁn Lfm Eim)
+ 248 L;mLfn,
a;’\m|n_alln\m_2LJm a|n+2L a|m
(R(men + Lam|n - Lom\m + LB LBn Lgn Zﬁm)
i ey a a B
- al, (RS, — Limin = Linpm + Lﬁanjgn = LjmLy, — 2L, o Linn)
+ 24 (L;anm + Lmefn)
a;’\m|n_alln\m_ 2ij a\n+2Lam jln
(Rgmn—i_l’amm Lam\ +LIB L6n+LB l )
a L a B B
(R_]mn ]m\n_ jn|m_ Bv"Lj:/n_ BJ”LJ\ZI)
- 2@5 (lemLfn + LlamLfm)
a’jlm|n - a‘jlnyn - 2L]m aln + 2L a|m + 2Lmn ]\a + 2Lam jln T 2Lan jlm
(R(zlmn_FLamhz _Lan\m Lﬁ Lﬁn+LEm +2LZ BL )
o [e3 B B ﬁ
(ijn+LJm‘n— nim — GnLim + LG L +2L L? )
a;’\m|n - a‘;‘|n\m 2ij jl\n + 2Ljvn la|m + 2Lmn j\a + 2Lam J|’n
(Rflmn + Lam|n - Lan\m + LIB Lﬁn + Lfm m + 2L10¢6L76nn)

[ o ﬁ ﬁ

B
- 2@6 L

om, jm’
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a_l]\m|n_a’;|n\m (R(men_fom\n_LaMm Lﬁ Lﬂn+L§ : +2L1 BL
2 v
% a a ﬁ B
—at, (RS — ij‘n - me LﬁnL + L L o+ 2L 5L, )
a;’\m|n_a;|n\m:2L]n a|m+2Lmn ;\a 2Lom jlm
(R(Zlmn - Lam|n - Lom\m + Lﬁ / n + LEmLZ m)
a a a 18
(ijn - ij\n - Ljn|m LBnLgm LB\tnLjvn)
i B i 78
— 2“,8 (LamL]n + LomL]m)
a;\m|n - a’;|n\m = 2Ljn alm + 2Lmn j\a
% 7 5 B 1t
(Ramn - Lavmln - Lom\m L n + Lavn B\tn)
a « a 1B
(RJmn - ch%\n - LJ"|m Lﬁ"LJm - ﬁy%Ljvn)
— 2a aijBn,
G m|n = @ |n|m = 2L3Vm“?|n
(Rflmn + Lam|n - Lan\m + LIB nt LB l )
7 e a B B
_aa(ijn—Lij‘n—LJn‘m LﬁnL +L L —|—2L Ly, )
i B
_ 2a5LamL]n7
a’_l]\m|n - a‘;|n\m - 2L]n alm + 2Lmn ]\a + 2Lam jln T 2Lan jlm
(R(zlmn_FLamhz _Lan\m Lﬁ Lﬁn+LEm +2LZ BL
i a « « B
— 245 aanm,
a;’\m|n a;‘|n\m_2LJn a|m+2Lmn j\a+2Lam jln
(R(z,vmn+Lam|n _Lom\m+L6 LBn+Lﬁ +2LZ ,BL
% a a B
a’_l]\m|n - a‘;|n\m = _2L]m aln
+ CL? (Ramn+Lam|n Lom\ +LIB Z LB l )
oY ,3 B
(R_]mn ]m\n_L]n|m LBnL \7/71_ B\ZTLL_]\’;L)
i 7B
~ 203 L Ly,

")

n)

n)
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@ — aiwm = 2L + 2L + 25 o = 2L,
05 (Bmn+ Lignin = Lpim = Lo Lion = Lo Lisma+2Lig L)
= a4 (R L= L =L Lﬂ +L3, LB +2L L, )
+ 2a3 amLfn,
@ in — ailn\m = —2Ljna ;\n + 2L50, 0510 + 2L jm
05 (Réumn + Lgnin = Logpim + Lﬁ L = Lip L + 2L L)
— aly (R + Lt = L = LﬂnL + L5, L" + 2L 5Lh, )
+2a% (L;mLfn - L;mLfm)
@ min — “iln\m = —2L4 %51
@5 (Riumn = Lignin = Lignim = Logn Lisn = Lo Liym + 2L L)
@t (R = Lo = Lim — L" + L3, Lﬁ 2L, Lﬁ )
+ 2angmLfn,
aﬁ‘\mm—aﬂngm 2L7na é|m+2Lmn Jla ~ 2Lamfln = 2Ly 5im
a$ (Rimn — Lavm|n - Lcm‘m + L5 Lﬁn Lgvn bm)
(Rﬂa’”" - ?gﬂn - ?ylm - BV"L?C” - génLngn)
— 245§ aanm,
“@min‘aﬂ g = 2Ljna ;|m+2Lmn jla ~ 2LamSin
05 (Riumn = Lognin = Lapim = Lagn L = Loy m)
— ag, (RS — Limin = Linjm = Lﬁ - Lﬁ )
az‘m'”_aélngm (R;mn+Lam‘n—Lan|m+Lﬁ Lﬂn Lﬁ 1 )
— ag (Rj-“mn = Lia = Linpm = LﬁnLJm + L5, LB + 2L 5Li).
= G fm = 2L7na, alm T 2Lmn o = 2L 5im
+ 5 (Riumn + Lignin = Liim = Lo L = Lo + 2Ligp L)
g (B — Limin = Linjm = LBnLJm - By@L?Vn)

+2a5(L;mLfn Li L8,

an ]m
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a;\m|n - a’;|n\m = 2Ljn a|m + 2Lmn g\a
(R(z,vmn+Lam|n _Lom\m—i_Lﬁ Z Lﬁ +2LZ ,BL
i IeY « B
= o (Bn = Ljmin = Linim — LﬁnLJm - ﬁylevn)
+ 2af§Lflijn,
a;\m|n_a;|n\mi_2l’jn alm 2Lmn ]\a+2L a‘]\m
(R;mn+Lam|n+Lan\m+Lﬂ Lﬁn+LB l )
—al (RS + LS + L% — LS, L0 — 18, LS )
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“E\mm—a%n\m = 2L5,0510 = 2Lty @5l =2 L @5l
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3. Conclusion

This manuscript conducted the research of the components of curvatures for the
non-symmetric affine connection space GApy with respect to three of four plus one
kinds of covariant derivatives (1.2, 1.3).

Here, it was elaborated that curvature pseudotensors are not components of the
dlfferences al | m | w05 |y | UL V2, W1, W € {0,1,2,3,4}.
T 7 o s
In future work7 we will study the commutation formulae obtained with respect
to all triples of linearly independent geometrical objects a;.‘ o P=0,...,4
p
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