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HERIMITIAN SOLUTIONS TO THE EQUATION AXA*+ BYB* =C,
FOR HILBERT SPACE OPERATORS
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Abstract. In this paper, by using generalized inverses we have given some necessary
and sufficient conditions for the existence of solutions and Hermitian solutions to some
operator equations, and derived a new representation of the general solutions to these
operator equations. As a consequence, we have obtained a well-known result of Dajié¢
and Koliha.
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1. Introduction and basic definitions

Let H and K be infinite complex Hilbert spaces, and B(H, K') the set of all
bounded linear operators from H to K. Throughout this paper, the range and
the null space of A € B(H, K) are denoted by R(A) and N(A) respectively. An
operator B € B(K, H) is said to be the inner inverse of A € B(H, K) if it satisfies
the equation ABA = A, we denote the inner inverse by A~. An operator A is called
regular if A~ exists. It is well known that A € B(H, K) is regular if and only if A
has closed range. There are many papers in which the basic aim is to find necessary
and sufficient conditions for the existence of a solution or Hermitian solution to
some matrix or operator equations using generalized inverses. In [15, 16, 18], Mitra
and Navarra et al. established necessary and sufficient conditions for the existence
of a common solution and gave a representation of the general common solution to
the pair of matrix equations

(11) A1XBI = Cl and AQXBQ = 02.
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In [23], Wang considered the same problem for matrices over regular rings with
identity. Furthermore, in [13, 16] Khatri and Mitra determined the conditions
for the existence of a Hermitian solution and gave the expression of the general
Hermitian solution to the matrix equation

(1.2) AXB =C,

In [8] J. GroB gave the general Hermitian solution to matrix equation (1.2), where
B = A*

Quaternion matrix equations and its general Hermitian solutions have attracted
more attention in recent years. The reason for this is a large number of applications
in control theory and many other fields, see [9, 10, 11, 12, 14, 24] and the references
therein. Among them, the matrix equation

(1.3) AXA* + BYB* = C,

has been studied by Chang and Wang in [1]. They used the generalized singular
value decomposition to find necessary and sufficient conditions for the existence of
real symmetric solutions. Also in [27, Corollary 3.1], Xu et al found necessary and
sufficient conditions for the equation (1.3) to have a Hermitian solution.

Recently several operator equations have been extended from matrices to infinite
dimensional Hilbert space, Banach space and Hilbert C*-modules, see [3, 4, 21],
[6, 17, 22, 25, 26] and the references therein.

In this paper, our main objective is to give necessary and sufficient conditions for
the existence of a Hermitian solution to the operator equation AX A*+ BY B* = C.
After section one where several basic definitions are assembled, in section 2, we give
necessary and sufficient conditions for the existence of a common solution to the
operator equations

A1XBl == Cl and AQXBQ = CQ.

In section 3, we apply the result of section 2 to determine new necessary and suffi-
cient conditions for the existence of a Hermitian solution and give a representation
of the general Hermitian solution to the operator equation AXB = C. Finally,
we give some necessary and sufficient condition for the existence of a Hermitian
solution to the operator equation AXA* + BY B* = C.

2. Common solutions to the operator equations A; XB; = C and
AQXBQ = CQ

In this section, we give necessary and sufficient conditions for the existence of a
common solution to the pair of equations

A1XB1 = Cl, AQXBZ = 027

with Ay, As, B1, Bs, C7 and (5 are linear bounded operators defined on Hilbert
spaces H, K, E, L, N and G. Before enouncing our main results, we recall the
following lemmas
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Lemma 2.1. [2] Let A,B € B(H,K) are regular operators and C € B(H,K).
Then the operator equation
AXB=C

has a solution if and only if AA—CB™ B = C, or equivalently
R(C) C R(A) and R(C*) C R(B™).
A representation of the general solution is
X=ACB +U—-AAUBB™,
where U € B(K, H) is an arbitrary operator.

Lemma 2.2. [2] Let A,B € B(H, K) are reqular operators and C,D € B(H, K).
Then the pair of operators equations

AX=C and XB=D
has a common solution if and only if
AA=C=C, DB B=D and AD =CB,
or equivalently
R(C) C R(A), R(D*) CR(B*) and AD =CB.
A representation of the general solution is
X=AC+DB  —A"ADB+ (Ig — A" A)V(Igy — BB™),

where V € B(H) is an arbitrary operator.

The following two lemmas can be deduced from a result of Patricio and Puystjens
[20] originally formulated for matrix with entries in an associative ring. A simple
modification shows that it applies equally well to Hilbert space operators.

Lemma 2.3. [20] Let A € B(H,K) and B € B(E, K) be regular operators. Then
( A B ) € B(H x E, K) is reqular if and only if S = (Ix — AA™)B is regular. In
this case, the inmer inverse of( A B ) 18 given by

~ (A A BS (Ix - AA")
(4 B) :< S (I — AA) )

Lemma 2.4. [3] Let A € B(H,K) and B € B(H, E) be regular operators. Then
the reqularity of any one of the following operators implies the regularity of the re-
maining three operators
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D=B(Iy—A-A), M =A(ly — B~B), (g) and (ﬁ).

In this case, the inner inverse of ( g ) is given by

( é ) —((Iy-B B)M~ B~ —(Iy—B B)M AB~ ).

Lemma 2.5. [2] Suppose that A; € B(H,K), Ay e B(H,E), B, € B(L,G), By €
B(N,G), S1 = As(Ig — AT A1) and My = (Ig — B1By ) B2 are regular operators.
Then

T1 = (IE - Slsl_)AgAl_ and Dl = B;Bg(IN - Ml_Ml)a

are reqular with inner inverses Ty = A1A; and D] = B, By.

In the following theorem, we give necessary and sufficient conditions for the existence
of a common solution of the operator equations

AlXBl = Cl, AQXBQ =Y
Theorem 2.1. Suppose that A; € B(H,K), As € B(H,FE), By € B(L,G), By €
B(N,G), My = (I¢ — B1By )By and S1 = Ax(Ig — A7 Ay) are regular operators
and C1 € B(L,K), Cy € B(N,E). Then the following statements are equivalent

1. The pair of equations (1.1) have a common solution X € B(G, H).

2. There exists two operators U € B(N,K) and V € B(L,E), such that the
operator equation AXB = C' is solvable, where

_ Al _ _ Cl U
A_<A2>, B= (B B), c_( V Cz>.

3. Fori=1,2, R(C)) C R(A), R(C?) C R(B?) and
T1C1 Dy = T5Co Do,

where T1 = (IE—Sle)AgAf, T2 = (IE—Slsf), D1 = B;BQ(IN—MfMl)
and D2 = (IN — MfMl)

Proof.
(1) < (2) The equivalence is easily established.

(2) = (3) According to Lemma 2.1, the operator equation AXB = C has a
solution if and only if

R(C) C R(A) and R(C*) C R(B*),
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then, we deduce that
(2.1) for i=1,2, R(C;) CR(A;) and R(C])C R(B;).
On the other hand, we have

T101D1 = (IE — 5151_)142141_0131_32(IN — Ml_Ml)

(2.2) = (Ig — $157) A AT Ay X B1 By Bo(In — My Mj),

where X is the common solution to the pair of equations (1.1).
Let
Sl == AQ(IH - AIAI) and M1 = (IG — BlB;)BQ

This implies that

(2.3) AsAT AL =Ay— 51 and B1By By = By — M.
We insert (2.3) in (2.2) to obtain

(2.4) T1C1 Dy = T5CyDs.

From (2.1) and (2.4), we deduce that (2) = (3).
Conversely, since
Tlchl = TQCQDQ.
Then
R(T2C2) C R(T1) and R(DICT) C R(Dj3).

By applying Lemma 2.2, there exist U € B(N, K) which is the common solution to
the pair of equations

(2.5) { WU =150,

UDy = C1 Dy,
given by
(2.6) U=CD1+ Ty (Ig — 5157)CoM| My + (A1 A7 — Ty Th)ZM My,

where Z € B(N, K) is an arbitrary operator.
On other hand, since
T1C1D, = ToC3Ds.

Then
R(TWC1) C R(Te) and R(D;C5) C R(DY).

It follows from Lemma 2.2 that there exist V' € B(L, E) which is the common
solution to the pair of equations

LV =T1C4
27) { VD, = CyDs,
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given by

(2.8) V =TiC1 + 818y Co(In — My M1)Dy + S1Sy Z'(By Bi — D1Dy),
where Z’ € B(L, E) is an arbitrary operator.

Thus, there exists U € B(N, K) and V € B(L, E) solutions to the pair of equations
(2.5), (2.7) and as for i = 1,2, we have A, A7 C; = C; and C;B; B; = C;, we obtain

AA~CB™B =
_ A A7 C B By AL A7 (C1Dy + UMy My)
(TyCy + $1S7V)By By Ty(CyDy + UMy M) + 8157 (VD + CoMy M

=C.

So that, the operator equation AX B = (' is solvable and (3) = (2). O

Theorem 2.2. Suppose that A; € B(H,K), A, € B(H,FE), B; € B(L,G), By €
B(N,G), My = (I¢—B1By )Bz and S1 = As(Iy — A7 A1) are regular operators and
Ci € B(L,K), Cy € B(N, E), when any one of the conditions (2), (3) of Theorem
2.1 holds, a general common solution to the pair of equations (1.1) is given by

X = (ATC1+ (g — AT A)ST(V = AA7Ch)) By (Ig — BaMy (Ig — B1By))
(2.9) = (AT A1+ (Im — Ay A)Sy S)F(B1By + MMy (I — B1By)),
where F' € B(G, H) is an arbitrary operator and U, V are given by

U = C\By Bo(Iny — M] My) + Ay A5 (Ig — S1S7)CoMy My + Ay AT ZM| M,
—A A5 (Ig — S1S7)Ag AT Z My My,

and

V = (Ig — 5187 ) A A7 Cy + 8187 Co(In — My My)By By + 5187 Z By B
—8,8;Z' By Bo(Iy — M My)Bj By,

where Z € B(N,K) and Z' € B(L, E) are arbitrary operators.

Proof. From Theorem 2.1, we get that the pair of equations (1.1) has a common
solution equivalently the two conditions (2) and (3) holds.
On the other hand, since the pair of equations (1.1) is equivalent to

Ay _(C U
(2.10) <A2>X(B1 Bg)_(v cg)‘
According to Lemma 2.3 and Lemma 2.4, we have

(fll)eB(H,KxE) and ( Bi By ) €B(Lx N,G)
2
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are regular with inner inverses

e (4] = (Ue- 454057 A7 — (s - A5 A)S; A1dy ).

Ao
and
- B — B BoM{ (I¢ — B1B) >
2.12 B, B = 1 1 =270 o ,
( ) ( 1 2) ( M; (I — B1By)
respectively.
Using Lemma 2.1, we deduce that the general solution of (2.10) is given by
- Ai\ (C1 U -
(2.13) X—(A2)<VCQ>(31 By ) +

+F—<ﬁ;)_(2>1ﬁ(31 By )( B1 By ) .

By substituting (2.11) and (2.12) in (2.13), we get the solution X as defined in
(2.9) such that U, V are given in (2.6) and (2.8) respectively and F' € B(G, H) is
an arbitrary operator. [

3. Hermitian solutions to the operator equations AXB = C and
AXA*+ BYB*=C

Based on Theorem 2.1 and Theorem 2.2, in this section we give necessary and
sufficient conditions for the existence of Hermitian solutions to the operator equa-
tions

AXB=C and AXA*+BYB*=C

and obtain the general Hermitian solution to those operator equations respectively.
Before enouncing our main results we have the following lemma

Lemma 3.1. Let A€ B(H,K) and B € B(K, H), such that A, B, S1 = B*(Ig —
A~ A) and My = (Iyg — BB™)A™ are reqular. Then the operator equation

AXB =C,
has a Hermitian solution if and only if the pair of operator equations
(3.1) AXB=C and B*XA*=C"
has a common solution, a representation of the general Hermitian solution to AX B =
C s of the form

X+ X*
XH:—’_Tv

where X is the representation of the general common solution to the equations (3.1).
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Proof. From Theorem 2.1 the pair of operator equations (3.1) has a common solu-
tion if and only if

R(C) C R(A) and R(C*) C R(B™),
and
(Ix — 8157 )B*A=CB~A*(Ix — M] My) = (Ix — 5157 )C*(Ix — My My).
A representation of the general common solution to equations (3.1) is given by (2.9)

in Theorem 2.2, where A, = A, By =B,C; =C, Ay = B*, Bo = A" and Cy, = C*.
Clearly Xy is a Hermitian solution to (1.2). O

From the above proof and Theorem 2.2, we obtain the following corollary.

Corollary 3.1. Let A€ B(H,K), B € B(K,H), M, = (Iy — BB~)A* and
S1 = B*(Ig — A~ A) are regular operators and C € B(K). Then the operator
equation

AXB =C,

has a Hermitian solution if and only if
1. R(C) C R(A) and R(C*) C R(B*)
2. (IK — Slsf)B*A_OB_A*(IK — MfMl) = (IK — Slsf)O*(IK — M{Ml)

In this case, a representation of the general Hermitian solution is of the form

X+ X*
XH = 2 5
where
X = A C+{Ig—A"A)S(V-B*A=C))B~ Iy — A*"M{ (Iy — BB7))
+A U+ {Ig—A"A)S{(C*—B*A"U))M; Iy —BB™ )+ F
(32) — (A7A+(Ig—A"A)S; S1)F(BB™ + MMy (Iy — BB™),

where F € B(H) is an arbitrary operator and U, V are given by

U=CB A*(Ix — M] My) + A(B*)~(Ix — S187)C*M; My + AA~ZM; M,
—A(B*)~(Ix — $157)B*A~ZM; M,

and

V = (Ix —S81S7)B*A~C + 8,87 C*(Ix — My My)(A*)"B+ 8,57 Z B~B
—$187 Z' B~ A*(Ix — My My)(A*)™B,

where Z, 7' € B(K) are arbitrary operators.
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Corollary 3.2. Let A€ B(H,K), C € B(K) such that A is regular and C* = C.
Then the operator equation
AXA* =C

has a Hermitian solution X € B(H) if and only if

R(C) C R(A)
In this case, a representation of the general Hermitian solution is
(3.3) Xu=A"CA™) +F—-A"AF(AA)",
where F' € B(H) is an arbitrary Hermitian operator.

Proof. We put B = A* in Corollary 3.1 we get the result. O

As a consequence of Corollary 3.1 we obtain the well-known Theorem of Alegra
Dajié¢ and J.J. Koliha [3, Theorem 3.1].

Corollary 3.3. [3, Theorem 3.1] Let A,C € B(H,K) such that A is a regular
operator. Then the operator equation

AX =C
has a Hermitian solution X € B(H) if and only if
AAC =C and AC™ is Hermitian.
The general Hermitian solution s of the form
Xg=A"C+(Ig—A"A)(AC) + Iy — A~ A)Z'(Iy — A~ A)*,
where Z' € B(H) is an arbitrary Hermitian operator.
Proof. By applying Corollary 3.1, the operator equation AX = C has a Hermitian

solution if and only if
R(C) C R(A),

which is equivalent to
AA~C =C,
and
(UIg —Ig+A " A)ACA* =1y —Ig+ A" A)C,
this implies that
CA* = AC™.
Hence, AC* is Hermitian. In this case,
X = [AC+{Ug—-—A"A)AC+{Ig—-AAC(A") +
+ (Ig—AAZ'(Ig— A~ A)* - A Q)]
= A C+({Ug—-AA)ACY +Uyg—A"A)Z (Iy — A~ A)*~.
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It follows that,
X+ X*
2 )
= A C+({Ug—-AA)AC)Y +Uyg—A"A)Z (Iy — A~ A"

Xy =

O

Theorem 3.1. Let A,B € B(H,K) and Ay = (Ix —AA™)B, C, = (Ix —AA™)C
and Sz = B(Ig — A7 A1) be all regular and C € B(K) is Hermitian. Then the
operator equation

AXA*+BYB* =C,

has a Hermitian solution if and only if
1. A1A] (Ik — AA7)C(B*)"B* = (Ix — AA™)C
2. (IK — 5255)[0 — BAI(IK — AA_)C(B*)_B*](IK — (A_)*A*) =0.

In this case, a representation of the general Hermitian solution is of the form

X+X*Y+Yr
(XH,YH):( )a

2 72
where X and 'Y are given by

X=A(C—-BYB*)(A*)"+ F— A=AF (A~ A)*

and

Y =A] (Ix —AA7)C(B*)~+
+(Ig — AT A)SS [V —BA] (Ig — AAT)C|(B*)~ +U
—[AT A1 + (Iy — AT Ay)S5 S2]JUB*(B*)—,

and

V = (Ix — $28;)BAy (Ix — AA7)C + 8585 C(Ix — (A7) A")(A})~ B
+ 525, Z(BY) " (In — A1(Ay)") B,

with F € B(H), U € B(H) and Z € B(K) are arbitrary Hermitian operators.
Proof. The operator equation (1.3) is equivalent to
(3.4) AXA* = C — BY B*.

Applying Corollary 3.2, the operator equation (3.4) has a Hermitian solution if and
only if

R(C—-BYB*)CR(A) & AA (C-BYB*)=(C—- BYB"),
(3.5) & (I—AA™)(C—-BYB*)=0.



Hermitian Solutions to the Equation AXA* + BY B* =C 11

Then, (3.5) is equivalent to the operator equation
(3.6) AYB* =y,

with A1 = (Ig — AA7)B, and Cy = (Ix — AA7)C.
From Corollary 3.1, the operator equation (3.6) has a Hermitian solution if and
only if

R(Cl) C R(Al) = AlAl_Ol = Cl,
(3.7) & MAT(Ix — AAT)C = (Ix — AATC,

and

R(CT) CR(B) « Ci(B*)"B*=Ch,
(3.8) o (Ix — AA)C(B*)" B* = (Ix — AA™)C.

From (3.7) and (3.8), we get
AL AT (I — AATYC(BY)™B* = (I — AAT)C.
On the other hand, we have
(Ix — $287)BAY (I — AAT)C(B*)™ A7 = (Ix — $285- )OI — (A7) A%).
This implies that
(I — S2S5)[C — BAT (Ix — AA™)C(B*)~B*|(Ix — (A™)*A*) = 0.

A representation of the general Hermitian solution to the operator equation (3.6)

is of the form
Y+ Y*
YH - 2 )

where Y is given by (3.2) in Corollary 3.1 such that A = Ay, B = B* and C = C}

Y = A (Ix —AA7)C(B*)” + (Ig — AT A1)S; [V — BA] (Ix — AAT)C|(B*)™ +
+ U - [A;Al + (IH — A;Al)S;SQ]UB*(B*)_,

and

V = (Ix — 8287 )BAy (Ix — AA™)C + S28y C(Ixx — (A7)"A™) (A7) " B* +
+59285 Z(B%)” (In — A1(A7)") B7,

with U € B(H) and Z € B(K) are arbitrary Hermitian operators.
We return to the operator equation

AXA* = C — BY B,

in order to find the Hermitian solution X.
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By Corollary 3.2, the operator equation (3.4) has a Hermitian solution if and
only if
R(C — BYB*) C R(A).

So the operator equation (3.4) has a Hermitian solution Xy given by
Xg=A"(C—-—BYB")(A*)" + F - A"AF(A™ A)*,

with F' € B(H) is an arbitrary Hermitian operator. [

4. Conclusions

This paper gives necessary and sufficient conditions for the existence of a common
solution to the pair of equations

A1XBl = Cl and AQXBQ = CQ;

We have applied this result to determine new necessary and sufficient conditions
for the existence of Hermitian solution and given a representation of the general
Hermitian solution to the operator equation

AXB=C.

Then, we have given necessary and sufficient conditions for the existence of Hermi-
tian solution and a representation of the general Hermitian solution to the operator
equation

AXA*+BYB* =C.

Acknowledgments

The authors are grateful to the referee for several helpful remarks and suggestions
concerning this paper.

REFERENCES

1. X. W. CHANG and J. WANG: The symmetric solutions of the matriz equations AX +
YA =C, AXAT + BYBT = C and (ATXA,BTXB) = (C, D). Linear Algebra and
Appl. 179 (1993), 171-189.

2. A. Dasté: Common solution of linear equations in ring, with application. Electonic
Journal of Linear Algebra, 30 (2015), 66-79.

3. A. DAJI¢ and J. J. KOLIHA: Positive solution to the equation AX = C and XB = D
for hilbert space operators. J. Math. Anal. Appl. 333 (2007), 567-576.

4. A. DAJié and J. J. KoLHA:  Equations ax = ¢ and xb = d in rings and rings with
involution with applications to Hilbert space operators. Linear Algebra and its Appl.
429 (2008), 1779-1809.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Hermitian Solutions to the Equation AXA* + BY B* =C 13

Y. DENG and X. HU: On solutions of matriz equation AX AT + BY BT = C'. Journal
of Computational Math. 23 (2005), 17-26.

F. O. FARID, M. S. MOSLEHIAN, ET AL.: On the Hermitian solutions to a system of
adjointable operator equations. Linear Algebra and its Appl. 437 (2012), 1854-1891.
P. A. FILLMORE and J. P. WILLIAMS: On operator ranges. Advances in Math. 7
(1971), 244-281.

J. GroOB: A note on the general Hermitian solution to AXA* = B. Bull. Malaysian
Math. Soc. (Second Series), 21 (1998), 57-62.

Z. H. HE: Some new results on a system of sylvester-type quaternion matriz equations.
Linear and Multilinear Algebra, DOI: 10.1080/03081087.2019.1704213.

Z. H. He, M. WANG and X. Liu; On the general solutions to some systems of
quternion matriz equations. RACSAM (2020), 114:95.

Z. H. HE: Some quaternion matriz equations involving ¢-Hermicity. Filomat, 33
(2019), 5097-5112.

Z. H. HE: A system of coupled quaternion matriz equations with seven unknowns and
its applications. Adv Appl Clifford Algebras, (2019), 29:38.

C. G. KHATRI and S. K. MIiTRA: Hermitian and nonnegative definite solution of
linear matriz equations. SIAM J. Appl. Math. 31(4) (1976), 579-585.

N. L1, J. JIANG and W. WANG: Hermitian solution to a quaternion matrix equation.
Applied Mechanics and materials, 50-51 (2011), 391-395.

S. K. MiTrRA: Common solution to a pair of linear matrix equations A1 XB1 = C1,
A2 X By = C2. Mathematical Proceedings of the Cambridge Philosophical Society, 74
(1973), 213-216.

S. K. MITRA: A pair of simultaneous linear matrix equations A1 X B1 = C1, Ao X By =
C> and a matriz programming problem. Linear Algebra and its Appl. 131 (1990), 107—
123.

Z. Mousavl, R. ESKANDARI, ET AL.: Operator equations AX+Y B =C and AXA"+
BY B* = C in Hilbert C*-Modules. Linear Algebra and Its Appl. 517 (2017), 85-98.
A. NAVARRA, P. L. ODELL and D. M. YOUNG: A representation of the general com-
mon solution to the matriz equations A1 X B1 = C1 and A2 X By = Co with applications.
Computers and Mathematics with Applications, 41 (2001), 929-935.

A. B. OzGULER and N. A. AKAR: A common solution to a pair of linear matriz
equations over a principal domain. Linear Algebra and its Appl. 144 (1991), 85-99.
P. PaTricio and R. PUYSTJENS: About the von Neumann reqularity of triangular
block matrices. Linear Algebra and its Appl. 332-334 (2001), 485--502.

S. V. PHADKE and N. K. THAKARE: Generalized inverses and operator equations.
Linear Algebra and its Appl. 23 (1979), 191-199.

M. VosoucGH and M. S. MOSLEHIAN: Solvability of the matriz inequality. Linear and
Multilinear Algebra, 66(9) (2017), 1799-1818.

Q. W. WANG: A system of matriz equations and a linear matriz equation over arbi-
trary regular rings with identity. Linear Algebra and its Appl. 384 (2004), 43-54.

Q. W. WANG and Z. H. HE: Some matriz equations with applications. Linear Multi-
linear Algebra, 60:11-12 (2012), 1327-1353.

Q. Xu: Common hermitian and positive solutions to the adjointable operator equations
AX =C, XB = D. Linear Algebra and its Appl. 429 (2008), 1-11.



14 A. Boussaid and F. Lombarkia

26. Q. Xu, L. SHENG and Y. GuU: The solutions to some operator equations. Linear
Algebra and its Appl. 429 (2008), 1997-2024.
27. G. Xu, M. WEI and D. ZHENG: On solutions of matriz equation AXB+CYD =F

Linear Algebra and its Appl. 279 (1998), 93-109.





