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Abstract. Functions defined in the form “g : N — [0, 00) such that lim, . g(n) = oo
and lim,_co ﬁ = 0” are called weight functions. Using the weight function, the
concept of weighted density, which is a generalization of natural density, was defined
by Balcerzak, Das, Filipczak and Swaczyna in the paper “Generalized kinsd of density
and the associated ideals”, Acta Mathematica Hungarica 147(1) (2015), 97-115.

In this study, the definitions of g-statistical convergence and g-statistical Cauchy
sequence for any weight function g are given and it is proved that these two concepts are
equivalent. Also, some inclusions of the sets of all weight g;-statistical convergent and
weight go-statistical convergent sequences for g1, g2 which have the initial conditions
are given.

Keywords: weight functions; natural density; statistical convergent sequences.

1. Introduction

In [5], Fast introduced the concept of statistical convergence. In [15], Schoenberg
gave some basic properties of statistically convergence and also studied the concept
as a summability method. After this works many Mathematician have used these
concept in their studies [8, 9, 10, 11]. In [2, 3], the authors proposed a modified
version of density by replacing n by n® where 0 < a < 1. In [1], the authors
defined a more general kind of density by replacing n® by a function g : N — [0, c0)
with lim,, ,~ g(n) = co. In this paper, we will study the weighted g-statistically
convergence concept.

Let K be a subset of natural numbers. Natural density of K is defined by
1
0(K) = lim —|K(n)]

n—o00 N

where K(n) = {k < n : k € K} and the vertical bars denotes the number of
elements of K(n).
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Let g : N — [0, 00) be a function with lim,,_,~ g(n) = co. Let us remember that
the definition of density of weight g(n).

Definition 1.1. The density of weight g defined by the formula

o A0
dg(A) = 1 )

n—00 g(n

for ACN 1, 4].

After the study [1], the concept of g-density was applied to various problems
related to sequences and interesting results were obtained in [4, 7, 12, 13, 14].

Basically in this study, it will be shown that the results given in [6] can be
re-examined by using g-density.

In this paper, we are concerned with the subsets of natural numbers having
weight g(n) density zero. To facilitate this, we have introduced the following nota-
tion: If x is a sequence such that xj satisfies property P for all k except a set of
weight g(n) density zero, then we say that xj satisfies P for (weight ¢g almost all k)
and it is denoted by (g — a.a.k) for simplicity.

Definition 1.2. Let 2 = (xj) be a real valued sequence. z is weight g-statistical
convergent to the number L if for each € > 0

lim {k <mn:|zp—L| > e} _o
n—»00 g(n)

ie, |ry — L| <e (g—a.a.k). In this case we write g — st — limxy, = L.

Cgt denotes the set of all weight g-statistical convergent sequences.
If we take the function g(n) = n we obtain the usual statistical convergence.

It is clear that every convergent sequence is also weight g-statistical convergent.
But the converse is not true in general.

Example 1.1. Let us define the function g(n) = 2n and the sequence as

[ 3, k=m? mEeN,
=Y 0, k#0.

Then |k <n:xp # 0| < /n. So, g— st — limzxy = 0.

Theorem 1.1. If the sequence (x,) is weight-g-statistical convergent to L then
there is a set K = {k1 < ko < ...} such that dg(K) = dy(N) and lim,,—, o zx, = L.
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Proof. Let us assume that g — st — limay, = L. Take K; :== {n € N: |z, — L| < 1},
(t=1,2,...). Then by definition we have dy(K;) =0 and it is clear that d,(K;) =
dg(N), (1 =1,2,...). Also it is easy to control that

(1.1) WwCKiy1CK; C...CKyCKy

Let {T}j}jen be a strictly increasing sequence of positive real numbers. Let

choose an arbitrary number a; € K;. By (1.1) we can choose an element as € Ko,
as > ai such that for each n > ay we have I;‘ES;) > Ty. Moreover choose as > as,

a3 € K3 such that for each n > a3 we have IZJ(S;) > T3. If we proceed in this way

we obtain a sequence a; < as... < a; < ... of positive integers such that

K;i(n)
g(n)

(1.2) a; € K;, (1=1,2,...) and > T

for eachn > a;,1=1,2, ...

Let us establish the set K as follows: each natural number of the interval [1, a;]
belong to K, moreover, any natural number of the interval [a;, a; 1] belongs to K
if and only if it belongs to K; (i = 1,2,...). From (1.1) and (1.2) we have

K(n) > Kz‘((T;)
g(n

> T;

for each n, a; < n < a;41. By last inequality it is clear that 39 (K) = o0.

Let € > 0, and choose i such that % <e. Let n > a;, n € K. There exists a
number ¢ > ¢ such that a; < n < a;41. But from the definition of K, n € K;. Thus
|z, — L| < % < % < e. Hence, lim,, ooz, = L. O

Remark 1.1. The converse of Theorem 1.1 is not true.
Example 1.2. Let us consider the sequence
(@) 1= 1, k= nQ,
T 0 k£

and g(n) = n/4. Tt is clear that the set K = {k : k = n*>,n € N} C N has the property
dg(K) = co. But g — st — limxy, # 1.

Let us note that every statistical convergent sequence is also weight-g-statistical
convergent to the same number. But the converse of this situation is not true.

Example 1.3. Let a; = 22k, and

ask, N Elag,ar+1), k=1,2,...
9(n) ::{ 1 | n+<)4.
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Let A :={n € N:ap <n < 2ar} and A := Up>1Ar. Let us take account the sequence

_J 1, neA,
0, n¢ A

It is clear that %ak < |Ak| < ar. Let us check that z, - 0(st). If we put my = max Ay,
we obtain
\{kgn:|xk—0|2€}|:|{k§n:xk€A}|:ﬂ>|Ak\>%ak 1

n n my . mg 2ag 4

for all k > 1.

Moreover, g — st — lim z, = 0. For sufficiently large n, we have

H{k<n:lzx—0/>e}| |{k§n:xk6A}|7ﬂ
g9(n) a g(n) ~g(n)
k< myg s a € A}
B g(mu)
< Al oa
a2k a2k

Definition 1.3. Let x = (x1) be a real valued sequence. z is weight g-statistical

Cauchy sequence if for each € > 0 there exists a natural number N = N(e) such

that L < -
R

0,
ie, |rp—zn| <e (g—a.a.k). In this case we write z is weight g-Cauchy sequence.

Lemma 1.1. The following statements are equivalent:
(i) x is a weight g-statistically convergent sequence,
(i) = is a weight g-statistically Cauchy sequence,

(ii1) x is a sequence for which there is a convergent sequence y such that xy = yi
(9 —a.a.k).

Proof. (i) = (i1) Let us assume that z is a weight g-statistical convergent sequence.
Suppose € > 0 and g — st —limz = L. Then |z — L| < § (9 — a.a.k) holds.

If we choose a natural number N such that [zy — L| < §, then we have
€

5 (9 —a.a.k).

|xk—;vN\<|xk—L|+|xN—L|<%+

Hence, z is a weight g-statistical Cauchy sequence.

(#9) = (#i) Let us assume that x is a weight g-statistical Cauchy sequence.
Choose N (1) such that the interval I = [xy(1)—1, zx(1)+ 1] contains z; (g —a.a.k).
Also apply (ii) to choose M such that I’ = [zp — 3, 2 + 3] contains zj, (g—a.a.k).
We claim that

I, = INTI contains x (g — a.a.k),
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for
{k<n:azp¢InI'}={k<n:zp, ¢ [}U{k<n:x,¢I}.
Thus,
lim i|{k<nm gInI'} <
n—)oog(n) =Tk -

1 1
< lim —H{k<n: 1 lim —|{k<n: I'}Y =o.
< B gl s rrm g Dl D ik <n o £ 13 =0

So, I is closed interval of length less than or equal to 1 and contains xj, (g — a.a.k).

Now we continue by choosing N (2) such that I" = [zx) — %71'1\](2) + %] contains
xi (g9 — a.a.k), by the previously argument I, = I; N I” contains z (g — a.a.k),
and Iy has length less than or equal to % Proceeding inductively we construct

a sequence{l, }5°_, of closed intervals such that for each m, I,,41 C I, and
the length of I, is not greater than 2'~™, and 3 € I,, (¢ — a.a.k). From the
Nested Interval Theorem there is a number « such that a = NX_,1,,. If we use
a2 € I, (9 — a.a.k), we can choose an increasing positive sequence {T,,}5°_; such
that
(1.3) L

g(n)

Hk <n:axp¢ln} < if n> T

1
g(m)
Next define a subsequence z of = consisting of all terms zj such that k > T3 and if
T < k <Tppy1 then ay & I,.

Now define the sequence y by

a, if z is a term of z,

Yk = :
T, otherwise.

Then limy, = «; for | if &€ > ﬁ > 0 and k > T, then either zj is a term of z,

which means y; = a or yx = a1, € I, and |y — a| < length of I,,, < 21=™. We also

assert that xx = yr (¢ — a.a.k). To confirm this we observe that if Tp, <n < Tp,41

then

{k<n:ypr Zap} C{k<n:ap¢IL,}
so from (1.3)

1 1
M|{k§n.xk¢lm}\<7

[k <nig £} <
1 } e
is obtained. Thus, the limit as n — oo is 0 and zp = yx (g9 — a.a.k).

1
g(n)

(#ii) = (i) Let us assume that xp = yr (¢ — a.a.k) and limy, = L. Suppose
€ > 0. Then for each n,

{k<n:|lzxy—L>e} C{k<n:ap £y U{k<n:|y.— L| >¢}
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from the assumption lim y, = L, the second set contains a fixed number of integers,
say | = l(g). So,

1 1
lim —H{k<n:|lzy—L|>e}| < lim —)\{kzgn:xk;«éyk}\—i—

L e gl
l
4+ lim —— =0
because x = yi (9 — a.a.k). Hence, |z — L| < € (g9 — a.a.k). So, the proof is
complete. []

Corollary 1.1. Let x be a real valued sequence. If g — st —limxy, = L, then x has
a subsequence y such that limy, = L.

2. Inclusion Between Two g — st—Convergence

Let G denotes the set of all functions g : N — [0, 00) satisfying the condition
g(n) — oo and % — 0. In this section, we will introduce some inclusions between

various g € G.

Lemma 2.1. Let g1,92 € G such that there exist M, m > 0 and kg € N such that
m < % < M for alln > ko. Then C5t(x) = Cst(x).

Proof. Suppose the sequence x is weight g-statistical convergence to L. This im-
plies that for each € > 0

lim {k <n:|zp— L] > e} _
n—oo gl(n)

Together with the fact that % < M, this implies that

{k<n:jo,—Ll>e}|  [{k<mn:|op - L[> e]
Mga(n) - g1(n) .

for all n > kg. This implies

<n: — > <n: — >
i MBS lo = D2l k<0 m- D2

From the hypothesis we obtain

lim {k <n:|zp— L] > e} _

n— o0 go (n)

Thus, the sequence z is weight gp-statistical convergent to L. So, Cjt(x) C Ct(x).
We can prove the iclusion Cy!(x) C Cgt(x) by similar way. O
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Lemma 2.2. For each function f € G there exists a nondecreasing function g € G
such that C§*(x) = C3*(x). Moreover,

(2.1) g(n) < f(n)

for all n € N.

Proof. If f is nondecreasing, it is nclear. Otherwise, define the related function
g: N —[0,00) as follows. Let a1 = min{f(n) :n € N}, iy = max{i e N: f(i) = a1}
and g(i) = a; for 0 <4 <4y. Next, let ag = min{f(n) : n > i1}, i = max{i € N :
f(@) = as} and g(i) = as for iy < i < is. Rest of the function g is established by
induction.

Obviously, the function g is nondecreasing and g(n) — oo. By the construction,
g(n) < f(n), for all n € N. Hence 7o < gy for all n which implies that —zts - 0.
Thus g € G.

Let (x,) be a weight g-statistical convergent sequence to L. So, for each € > 0

<n: - >
Mk <nilm— e
n—»00 g(n)

holds. From (2.1) we have following inequality

Hk<n:|lzy—L| >e}|  Hk<n:|zp—L|>c¢e}
f(n) N g(n) '
If we take limit when n — oo we obtain f — st — limxzy = L. Thus, the inclusion
Cst C Cst
9 -
By construction, for each n € N there exist m > n such that g(n) = g(m) =

f(m). Suppose that x,, - L (g — st). Then there exists a, where a € RT U {+o00}
and an inreasing sequence (n;) of indices such that

Wkl =L >l

a > 0.
i—o0 g(ni)

For each ¢ € N we can find m; > n; such that g(n;) = g(m;) = f(m;). Hence

[k <milog — Ll > e} _ {k<mi:log — L] > e}
g(ni) B f(mi)
holds. So, z, - L (f —st). O

Lemma 2.3. Let f € G be such that % — 00, L,e real numbers with € > 0.

Then there exists a sequence (x,) such that (%) is bounded but not

convergent to zero.
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Proof. Firstly, let us assume that f is nondecreasing. Take to the smallest non
negative integer, ko, such that for n > ko, f(n) > 2. Let us define a set A C
N\{0,1,2,...kg — 1} inductively, deciding whether n > ky should belong to A or not.
Let n ¢ A for all n < ko. Suppose that n > k¢ and then we have defined A(n). If

J!.’&(z)l‘) < 1 then let n € A. Otherwise, let n ¢ A. So, we construct the set A. From

this construction and the condition f(n) — oo, A is infinite.

We assert that N\ A is also infinite. Let us assume that it is finite and choose
ng € N such that n € A for all n > ng. Then, we have

n-ny _ |A@)

ot = Fmtrn !

for all n > ng. But this is impossible because of the assumption, % — Q.
[A(n)]

Now, we will show that ) < 2 for each n > ko. It is clear that if n = kg it is

true. Suppose that ‘?((Z))I < 2 for a fixed n > kq.

If 1AL 1 we have

Flnt1)
[A(n +1)| [A(n)| 1
fln+1) fln+1) ~ f(n+1)
A 1
fln+1) ~ f(n)
< 1+ % <2.

If Jl?n(i)l‘) > 1, then n ¢ A and so,

A+ D] _ A@)] _ A0 _,

fln+1)  fln+1) 7 f(n)

Now, let us define a sequence (z,,) as follows:

| n neA
=L né¢A

where L € R is a fixed number. It is clear that the sequence (%) is

bounded from the first part of this proof.

H{k<n:|zy—L|>e}|

@) ) is not convergent to 0.

Now, we will show that the sequence (

For this aim consider any n > kg. We will find m > n such that l‘?((:;b))l > 1. If

|’?((Z))| > 1, put m := n. Otherwise, choose the smallest m > n such that m € N\ A.
Then }éf:i)ll) > 1 and so, "}‘((;"))‘ > 1. Thus, the sequence (%) is not

convergent to 0.
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Now, let us back to the general case where f € G need not be nondecreasing
Then we assume the associated function g € G from Lemma 2.2. Note that (n)
oo since ﬁ f(n) for all n and f( y = 00 By the above reasons we obtain the
respective set A for g. Thus, ‘A((:)) | % 0 and the sequence (“2((”)) I) is bounded. Then
|?((Z))| - 0, and the sequence (%"J)L‘Zs}l) is bounded since g(n) < f(n) for
alneN. O

Theorem 2.1. If g1, ga belong to G such that 21 — oo then C5(z) € C3t(x).
If g € G and 55 — oo then Cgt(x) © C*(a).

Proof. To prove the first claim note that the inclusion C} (x) C C5t(x) follows from
Lemma 2.1. Set f := ,/g1.92. Then

) ()
(22) e 1) o f(n)

Also we have

P =" .gg(n) — 00.
g1(n)  g2(n) g1(n)
So f(n) = sz(n) — 00. Hence f have the assumption of Lemma 2.3. Take the

sequence (z,) obtained in this lemma. Then z,, € C3!(z) but z,, ¢ Csf(x). Indeed,
using (2.2) we have

{k<n:ley—Ll>e}|  [k<n:|ox— L[>} f(n)
g2(n) fn) “g2(n)

because (M) is bounded from Lemma 2.3. Thus, z, € C%(z).
f(n) neN 92

To prove that x, ¢ C:'(x) observe that

%

{k<n:jor—Ll>e}|  [{k<n:lox - L[> e} f(n)
g1(n) f(n) g91(n)
So, ¥, ¢ Cst(x) because % - 0, and f(")) — oo from (2.2).
If we take g2(n) = n, for all n € N, second assertion proved easily from the same
way. [

Corollary 2.1. Let 0 < a < 3 <1 and gi(n) = n®, go = nP forn € N. Then
Coi(z) € Col(x).

Example 2.1. Let
(n) = n, forevenn e N
gi\n) = vn, foroddn €N
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Z;EZ; = co. However, C;!(z) =
C:t(z). Indeed, construct a nondecreasing function g € G such that Cj'(z) = Cit(z),
according to the method used in the proof of Lemma 2.1. Then it follows from simple
calculations that g is given by

(n) = vVn+1 forevenneN
g\n) = vn for odd n € N.

and g2(n) = v/n for n € N. It is clear that, limsup,,_,

Obviously, 1 < 2. < 2 for all n > 1. Therefore, by Lemma 2.1 we have C5(z) = C5t(z).
Ys 3 g2(n) Y g g1

Theorem 2.2. There exists a function g € G such that C’;t is different from C3%
with 0 < a < 1.

Proof. Let ay, and g(n) defined as in Example 1.3. Let Ay := {n € N : apy; —
(art1)"* <n < agyr} and A = Up>oAy. Let us take account the sequence

P B 2 necA
"1 0, n¢A

It is clear that %(ak+1)1/4 < |Bg| < (ak+1)1/4. Let us check that g—st—lim zy, #
0. For k£ > 0 we have

[{k < aner—1:|ae =0 > e}l _ 31Bil | (o)t 1

glagy1 — 1) ~oglar) T (app)V/t 4

so, g — st — lim zy, # 0. Furthermore,
{k < arqa s ox — 0] > e}| < (an)* + (ary1)"* < 2(ak41)"*

and so,

[{k < apgr tloe — 0] > e}| _ 2apgn)'?

=2 112 0, (k
(ak+1)1/3 = (ak+1)1/3 ((Lk+1) — 7( —>OO)

holds.

Now, fix any n > 4 and choose a unique k € N such that n € [ag,ars1). If
n < apy1 — (apsr1)'/* then

{k<n:|z,—0>e}|  [{k<ag:|o—0]>¢}
n1/3 - n1/3
[{k<n:lex —0[ > e}

~1/12
(a)'/? < 2aw)

Ifagyr — (ak+1)1/4 <n < agy1 then for b > a > 0, the function

+
f(z) = ﬁ, x>0
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is increasing, thus

{k<n:lzy —0[>c}| _ [{k < aptr: |z — 0] > e}
nl/3 (ak+1)1/3 .

So, x, € C2f )5 ().
Now, let 0 < v < 1, v # . If a < £ then from Corollary 2.1 Ci4 C C% ; and

Cs\Cit # O because CSIN\C#% , # @. If o > 5 then C3L\C5F # (. By the same
way we can show that z, € C*"\C:*. So C3* C C*'. [
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