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ON BINOMIAL SUMS WITH THE TERMS OF SEQUENCES{g;,}
AND {hy,}

Sibel Koparal, Nese Omiir and Cemile D. Colak
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Abstract. In this paper, we derive sums and alternating sums of products of terms of
the sequences {gin} and {hgn} with binomial coefficients. For example,

" fn).
Z <i>lmgk(n—n)hm

i=0
n—m,_m m 2k k k n(1-t) n—m
=2 n—gkn — N (C (7(1) +cue + 1) hkt gk(t7n+tn7n)7
where c is a nonzero real number, ¢ is any integer and m is a nonnegative integer.

Keywords: Binomial sums, alternating sums, generalized Fibonacci numbers, recur-
rence relation.

1. Introduction

Define the second order linear recursive sequences {u,} and {v,} for n > 1 and
nonzero integers p, q, by

Up41 = PUp + qUp—1 and V41 = pUp + qUp—1

with initials ug = 0, vy = 1 and vg = 2, v; = p, respectively.

When ¢ = 1, u,, = U,, (the nth generalized Fibonacci number) and v,, = V,, (the
nth generalized Lucas number). Also, when p = ¢ = 1, u,, = F,, (the nth Fibonacci
number) and v, = L,, (the nth Lucas number). If @ and § are the roots of the
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equation 22 — pz — ¢ = 0, the Binet formulae of the sequences {u,} and {v,} have
the forms 8
a — A"

a—p
respectively, where o, 8 = (p:l: \/K) /2 and A = p? + 4q. From [3], Kilig and

Stanica derived the following recurrence relations for the sequences {ux, } and {vgy}
for £ > 0, n > 0. It is clear that

Up, and v, = o™ + 8",

k+1 k+1
Un(nt1) = Vettn + (1) ¢Fupno1) and vgeuiny = vpven + (=) ¢Fogny,

where the initial conditions are 0, uj, and 2, vy, respectively. The Binet formulae
of the sequences {ug,} and {v,} are given by

akn _ Bkn

a—p

Ugpy, = and vy, = of" 4 g*",
respectively. It is clearly seen that u_g, = (—1)]m+1 Uy, and Usky, = UknVkn-

In [9], Komatsu obtained the two binomial sums of the generalized Fibonacci
numbers as follows:

znj (?) cu; = gn (n>0)

=0

which satisfies the recurrence relation
gni1 = (pc+2)gn + (¢ —pc—1) g1 (n>1)
with go =0, g1 = ¢ and
> ( .)C"_Zdl“i =hy (n>0)
im0 \!
which satisfies the recurrence relation
hnt1 = (pd + 2¢) hy, + (qd2 — ped — 02) hn—1 (n>1)

with hg = 0 and hy; = d, where ¢, d are nonzero real numbers. Also he gave several
Fibonacci identities including binomial coefficients by using the method of ordinary
power series generating functions.

In [1], Cook et al. obtained some binomial summation identities including the
terms of the sequence {g,} in [9]. For example,

2n

2n i 2n—i n
Z < ; ) (1) (g —pc—1)""goir1 = (pc+2)"" gant1,
i=0



On Binomial Sums 33

and

2n

2n i 2(2n—i n n n
> ( i ) (1) (g —pe—1)""" gy = (pe+2)"" (b + )" gan.
i=0
In [10], Omiir et al. defined the subsequences {grn} and {hg,} with binomial
Sums ggn = . (?)ckiuki and hy, = > (?)ckivki. These subsequences satisfy the
=0 i=0

1=

following relat:ions

Grns1) = (Fvk +2) grn — (C% (—q)" + Fop + 1) Ik(n—1)

and
hk(n+1) = (ckvk + 2) hpn — <C2k (—q)k + ckvk + 1) hk(n—l)

in which go = 0, gx = c*uy and hg = 2, hy = 2 + cFuy, respectively. The Binet

formulae of the sequences {gg,} and {hg,} are

(ckak + 1)” — (ckﬂk + 1)“
a—p

respectively. The authors obtained some binomial summation identities of sequence

{gkn}. For example, for n > 0,

and hy, = (Fab +1)" + (FpF +1)",

Gkn =

2n

2n 2n—1i 2n
Z < i ) <62k (—0)" +cFui + 1) Ik (2i41) = (o +2) Ik(2n+1)>
1=0

and

2n .
2n i 2n—i
Z ( - > (1) (Czk (—q)" + cFog + 1) Ik (2i+1)

— (2kn ('UI% + 44 (_1)k+1> Ghans1)-

In [7], Kili¢ et al. introduced sums and alternating sums of products of terms of
sequences {Ugy, } and {Vi,} as follows: for odd number n,

S n n— n
Z(Z.)Uk(a—i-bi)Uk(e—o—fi) = D=2 (Uk(b+f)/2Uk(n(b+f)/2+a+e)
1=0
+(b— 21
+(=1) =D/ Uk(b—f)/2Uk(n(b—f)/2+a—e))a
and

(z) (1) Uk(a+bi)Uk(e+fi) = D ((_1) Vk(b+f)/2Vk(n(b+f)/2+a+e)
i=0

An(b—1)/2 1rn
(—1)ctre=d Vk(b—f)/QVk(n(b—f)/QJrafe))7
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where a, b, e, f are any integers, b+ f = 2(mod 4) and D = p? + 4.

In [5, 6], Kili¢ considered and computed the alternating binomial sums of the

forms
> (”) (~1)" f(n.i. k. t) and ; (?)g(n,i,k,t),

=0

where f(n, 1, k,t) i8 Ut Vietn—ts) and Uges Vigg1)tn—(k+-2)ti> and, g(n, i, k, ) is Ugi Uk i),
UkiVi(tn+i)> ViiVi(inti) and ViUg(enyq) for positive integers ¢ and n. For example,
for odd k,

n

") DU, R s (-1 an(t—l)D(nil)/z if n is odd,
; (z) (=1)" UktiVi(n—ti) = Ugy { Usn(e—1) D"/ if 1 is even,

where D is defined as before.

In [4],inspired by the works of [5, 6, 8], Kilig et al. gave rising factorial of the
summation index instead of its powers. Clearly, they considered and computed the
generalized alternating weighted binomial sums :

zn: (2’) i (=1) f(n, i, k,t),

=0

where f(n,i,k,t) as before and m is a nonnegative integer and ™ stands for the
falling factorial defined by 2™ = z(z — 1)...(x — m + 1). These kinds of binomial
sums (except some special cases of k and ¢) have not been considered according to
our best literature acknowledgement. For example, for any integers k£ and ¢,

n

) m i n m __myrrn—m

2 <z‘>l(_1) UntiVin—siy = (= 1) ey,

i=0

% Uk(tnttm—myD™"™/2 if n = m(mod 2),
—Vlc(tn+tn%n)D("_m_l)/2 if n =m + 1(mod 2),

where m is a nonnegative integer.

2. Sums of certain products with the terms of {gx,} and {hy,}

In this section, firstly, we will start with some lemmas for further use.

Lemma 2.1. For any integers m and n, we have

ko b+ 2k ko \" _ ) hkmGkn  if mois odd,
Ik(mtn) T Jk(m—n) (q (=) ™ = oy, 1) —{ Gomhn if n ds even,
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k k+1 2k K " Gkmhin
m+n) — m—n -1 - — 1) =
Grtmim) = Gim—n (@ (~1)H e = o { R G

n hiemPien
hk(m+n) - hk(m—n) (qk (_1)k+1 C2k - Ckvk - 1) = { A’gck .;k

" AGrmr
hmn+hm_n(’“—1’“+12hk 1){ mkn
k(m-+n) k( )Q( ) C C Vg R Poken,

where ¢ 1s a nonzero real number.

35

if n is odd,
if n is even,
if n is odd,
if n is even,
if n is odd,
if n is even,

Proof. By the Binet formulae of {gx,} and {hy,}, the claimed equalities are ob-

if ¢ is even,

tained. O
We recall some facts for the readers convenience: For any real numbers m and
n,
(=172 4

Z (z) (mn)" (M2 +n'"*") if t is odd,

(2.1) (m +n)* zas t
. m-+n) = i t—2i t—2i
=0
t t/2
+ (t/Z) (mn)

and

v () (o (=17 Gt = 2
@2 == (1) ) ) )

#( ) 0 Gy

where ¢ is a positive integer.

Lemma 2.2. For any integers r and s, we have

—A("_l)/Qggrhk(ers) if n is odd,

An/Q.‘]}?rgk(m+s) if n is even,

Z (n) (*Ui (Czk (*Q)k + Ckvk + 1)T(n_i) 9k (2ri+s)

if t is odd,

if t is even,

" /n r(n—i)
Z < > (CZk (*Q)k + Ckvk + 1) hk(2ri+s) = hk(rn+s)hzra

- n r(n—1i)
Z (Z) (cgk (_q)k + Ckvk + 1) gk(2ri+s) = gk(Tn+s)hZT7
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and
n i 2%k k k r(n—i)

(2.3) ') (1) (c (—q)f + ¢ vk+1> his(ariss)

—A(”+1)/2g’k’7,gk(m+s) if n is odd,

n
=0

A"2GE hyy(rnys) if n is even,
where ¢ 18 a nonzero real number.

Proof. From (2.1), (2.2) and Lemma 2.1, the proof is obtained. O

Lemma 2.3. [2]Let n and m be integers such that 0 < m < n. For z # —1,

Z (Z) Emok = pmpm (14 2)"™ .

k=0

Theorem 2.1. Let a, b and e be any integers. Then

n

n b —ai
Z (z) (C% (—q)" + cFop + 1) Gh(ai+b) Ik (aite)

1=

—an

1 ) k .
N (hk(an+b+e)h7§a (C% ()" + Fug + 1)

e
— 2"y (02’“ (—q)* + For, + 1) )

7

n n —at
( ) (c% (—q)" + oy, + 1) Pk(aitv)Pr(aite)
0

" k —an
= hk(an+b+e)hka (CQ]C (_Q) + ckvk + 1)

+ 2" Ry (p—e) (c% (—q)]C + ko, + 1) ,

and

n n —ai
(2> (CQk (—Q)k + Py, + 1) Ik (ai+b) Pk (aite)
i=0

= Gh(antbre)iha (02’“ (—q)" + oy + 1)
+ 2" gr(b—e) (C% ()" + cFup + 1) ;

where ¢ is a nonzero real number.
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Proof. Consider that

n ,
n —a
Z (Z> (ch (—Q)k + Fop + 1) 9k(ai+b)Ik(ai+te)

=2 (?) (¢ (~) + cFop + 1) -
kok 4 1)az’+b — (chBF + 1)ai+b:| [(Ckak + 1)ai+e (kB + 1)ai+e:|
(= B)°
_ 1 - n k 3 & —ai
= m; <z> <02 (—=q)" +c vk+1)
% ((Ckak n 1)2ai+b+e _ (Ckak n 1)ai+b (ckﬁk n 1)ai+e

(S )T (ot ) () )
1 n —at
Z (ZL) (C2I~c (_q)k? + ckvk + 1) hk(2ai+b+e)
=0

1 w— /n e
N < > (Czk (—q)" + oy, + 1) Pkb—e)-
i=0

—
Q

g

1

From Lemma 2.2, the desired result is obtained. Similarly, the other cases are
given. [

Theorem 2.2. Let a, b and e be any integers. Then

— (n i k —ai
(z) (-1) (Czk (—q)" + o + 1) Ik(ait+b) Ik(aite)
i=0

_A(nil)/ng(an-&-b-&-e)gI?a <C2k (_Q)k + Ckvk + 1) . an is Odd’

ATl s ergh, (S (~0) + Fug+1) T ifnis even,

— (n i k —ai
<z) (=1) (C% (—q)" + cFog + 1) Pk(aivb) Pie(aite)
i=0
_A(n+1)/2.gk(an+b+e)gga (C2k (_q)k + Ck’Uk + 1)_ an is Odd,

—an

A™2hansbre) i (62’“ ()" + cFug + 1) if n is even,
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i n i —at
Z ( ) (=1) (C% (—q)* + vy + 1) Ik(aitb) Mi(aita)

—A("_l)/2hk(an+b+e)g};a (C% (—q)k + cFu, + 1) - if n is odd,

k ) )
A”/ng(an_,_b_i_e)gga (czk (—q)" + cFup + 1) if n is even,

where ¢ is a nonzero real number.

Proof. Consider that
- n i —ai
Z ( > (-1) (C% (—q)" + oy, + 1) Gk (ai+b)Ik(aite)

= zn: (?) (—1)f (CQk (=) + oy + 1) —ai
[ cFak 1 1)ai+b — (chpr+ 1)ai+b} [(ckak n 1)ai+e (B 1)m‘+1
(a—B)*

Rt

—at

X
/N
—
Ead
]
e
+
[
~—
[
8.
+
o
F
®
[
—
9}
Ed
Q
Ea
+
—_
S~—
8.
+
o
—
(9}
kol
o)
o
+
—_
~—
8.
+
[

+ (Ck/@k + 1)2ai+b+e _ (Ckak + 1)ai+c (Ckﬁk + 1)G.Z+b)

at

1 n n : _
= K ( ) (—1) (Czk (—q)k + Ck’l)k + 1) hk(2ai+b+e)

2 (1) 0 (@ o o 1)
i=0

g

From (2.3), the desired result is obtained. Similarly, using Lemma 2.2, the other
cases can be obtained. [

Theorem 2.3. Let k and t be any integers. Then
; i m n(l—t) e
S ()i (<1 gru-shaes = (~1)" n2 (e (=) +Fu +1) gy
_A(n_m)/zgk(tn%»tmfn) an = m(mod 2),

A(n_m_l)/2hk(tn+tmfn) an =m + 1(mod 2)7
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n\ m i - m_m ( 2k k & n(l—t) e
Z (i)li(_l) GktiPk(n—ti) = (=)™ n(c* (—q)" + v + 1 .
A(n_m)/ng(tnthmfn) if n = m(mod 2),

_A(n—m—l)/th(thrtmin) Zf n=m-+ l(mod 2),

where ¢ is a nonzero real number and m is a nonnegative integer.

Proof. Observe that

n n\ ;
> (i)lm(—l) Gr(n—ti) Pt
=0

=0 i=0
(ckﬁk+1)n " o . LI " ) Fak 11 ti
S (B0 (eer () )

Fakr1)" k gk tm kg1 t\ ™
el {(—1>M(zk§k11) wn (1 (55:52)

kgky1)” k ok tm kK AN
= {(—1)7” () " (1- (1)

= (_l)m no (Oé _ B)nfmfl
k k n CkﬂkJrl tm (ckak+1)t7(ckﬁk+1)t n—m
X {(C a” + 1) (ckak+1> < (a—B)(cFar+1)?
n—m ( k ok n [ ckakil tm (Ckak+1)t7(ckﬁk+1)t n—m
_ (_1) (C B + 1) (ckﬁk+1) ( (Oé*ﬁ)(ckﬁkﬂrl)t s

which by the Binet formulae, gives us the claimed result. O

39
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Similar to the proof method of Theorem just above, we have the following results
without proof.

Theorem 2.4. Let k and t be any integers. Then

n n\ .
Z (z) G (n—ti) Pkt

=0

n(l—t)
= 2n—mnmgkn —n (Czk (—Q)k + ckvk + 1) hZ;mgk(tm—i-tn—n)v

n\ .,
(i ) P grtiPg(n—ti)

n(l—t)
= 2n—mnmgkn + n™ (Czk (—Q)k + ckvk + 1) hZ;mgk(tm+tn—n)v

and

M-

Il
o

7

where ¢ is a nonzero real number and m is a nonnegative integer.

Theorem 2.5. Let k and t be any integers. Then

n

n\ .., i
Z <Z>Z (C% (—q)" + oy, + 1) GktiMen (t41)—ki(142)

=0
m 2k k k ™ n—m min—m
=n— (C (7(1) + ¢t v + 1) h’k Gk(nt—m) + nihk(t_‘_l)gkm(t-‘rl)a

and

Ms

n\ . k i
(i)l (02’“ (—q)" + cFop + 1) Gkn(t-+1)—ki(t+2) ki
1=0

k ™ e -
=n" (C2k (_q) + Ckvk + ]-) hZ mgk(nt—m) - nth(tTI)gkm(t+l)v
where ¢ is a nonzero real number and m is a nonnegative integer.

Theorem 2.6. Let k and t be any integers. Then

M=

ny\ . i ¢
(i)l(—l) (Czk (—Q)k + cFuy, + 1) GretiMen (t41)— ki(142)

~.

-H)" nmA(m—m)/2

<c2k (—q)" + cFup + 1)

Xg]rglimgk(tn—m) + gZ(;Tl)gkm(t—Q—l)

—~ ©

if n =m(mod 2),

Al/z{ (C% (—q)" + Fuy, + l)m
if n =m+ 1(mod 2),

X gzimhk(tn—m) - g;?(tfl)hkm(t+l)}
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and

- N\ .m 7 i

Z (Z-)Z(_l) (0216 (_Q)k + P + l) Ghn(et1)—ki(t+2) Pkt
=0

_1)m nmA(n—m)/Q

(02]€ (—)F + cFop + 1)

AN i if n = m(mod 2),
Xk Gk(tn—m) — gk(t+1)gkm(t+1)

A‘1/2{ (02’“ (—@)* + oy, + l)m
if n =m+ 1(mod 2),

n—m n—m
Xk hk(tnfm) + gk(t+1)hkm(t+1) }
where ¢ is a nonzero real number and m is a nonnegative integer.

Theorem 2.7. Let k and t be any integers. Then
— (n m ( 2k k k i )
> <Z>Z (C (—q)" +c vk+1> GitiMien—ki(t+2)
i=0
—nt
m k n—m mipn—m
=n— (02k (*q) + Ckvk + 1) hk(tJrl)gk(mt-i-nt—i-m) - nihk 9km
and
— (n m 2k Nk k 1 ‘ ) B
e (=@)" + "ok + 1) Grn—rie+2)hnti
i=0

—nt

m 2k k k n—m mipn—m
= —n— (C (=q)" + "o + 1) hk(t+1)gk(mt+nt+m) - n*hk 9km;
where ¢ is a nonzero real number and m is a nonnegative integer.

Theorem 2.8. Let k and t be any integers. Then

Z (z)l (—1) (C% (—q)* + vy + 1) GktiMkn—ri(t4+2)
i=0
=(-)™ n2Am—m)/2

k —nt
(02’c (—q)" + cFup + 1)
if n = m(mod 2),

Xg}?(_till)gk(mt+nt+t) — 95 " Gkm

X —1/2 2k E |k -
“A (c (—q)" + kg + 1)

if n =m+ 1(mod 2),

xgg(;:_nl)hk(mt+nt+t) - gg_mhkm}
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and

where ¢
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k —nt
- (02’“ (—q)" + Fup, + 1)
if n = m(mod 2),

ng(_trl)gk(mt+nt+t) — 91 " Gkm

—1/2 2% ko ok -
A (c (—q)" +¢ vk-i-l)
if n =m+ 1(mod 2),

XQZ(;_TU Prmttntre) T G5 Pkm }

is a monzero real number and m is a nonnegative integer.
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