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Abstract. In this paper, we have generalized a known theorem dealing with ¢—| C, «, |,
summability factors of infinite series to the ¢ — | C,, 8 |, summability method under
weaker conditions. Also, some new and known results have been obtained.
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1. Introduction

A positive sequence (by,) is said to be almost increasing sequence if there exists
a positive increasing sequence (¢,,) and two positive constants M and N such that
Mep, < b, < Ney, (see [2]). Let > ay, be a given infinite series. We denote by o8
the nth Cesaro mean of order (a, 8), with a + 8 > —1, of the sequence (na,,), that
is (see [8])
«a, 1 = a—1 48
(11) tn’ = W ;An—vAvva’lﬁ

where
(1.2) ASFB — OmotP), AT =1 and A“[P =0 for n>0.

Let (w®?) be a sequence defined by (see [5])

a8 _ toP ], a=1,5>-1,
(1.3) “no = { maxi<y<n [t9°), 0<a<1,8>-1.
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Let (¢,) be a sequence of complex numbers. The series Y a,, is said to be summable
¢—1C,a,B |, k> 1,if (see [6])

(1.4) Z n | ot k< oo,
n=1

In the special case when ¢,, = ni=%, ¢ —| C,a, |, summability is the same as
| C,, B |, summability (see [9]). Also, if we take ¢, = n®t1=%  then p—| C, o, 8 |
summability reduces to | C,a, 3;6 |, summability (see [7]). If we take 3 = 0, then
we have ¢ — | C, « |, summability (see [1]). If we take ¢, = n'~% and B = 0, then
we get | C, v |, summability (see [10]). Finally, if we take ¢, = n’T'~% and 8 = 0,
then we obtain | C, ;¢ |, summability (see [11]).

2. Known Result

The following theorem is known dealing with the ¢— | C, o |, summability factors
of infinite series.

Theorem 2.1 ([3]). Let 0 < a < 1. Let (X,) be a positive non-decreasing
sequence and let there be sequences (53,) and (A,) such that

(2.1) | AN, |< B

(2.2) Brn—0 as n— o0

(2.3) > | ABy | Xy < o0
n=1

(2.4) [ An | X =0(1) as n— .

If there exists an € > 0 such that the sequence (n°~* |, |*) is non increasing and
if the sequence (w?) defined by (see [13])

a_ [tn] (a=1)
(25) Wn = { maxi<y<n |t3| (0 <a< 1)
satisfies the condition
(2.6) Z Flon|wHE = 0(Xm) as m — oo,

then the series ) a, Ay, is summable ¢ — | C, v |, k> 1 and (o +¢€) > 1.
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3. Main Result

The aim of this paper is to generalize Theorem 2.1 for ¢ — | C, o, 8 |, summability
method under weaker conditions by using an almost increasing sequence instead of
a positive non-decreasing sequence. Now we shall prove the following theorem.
Theorem 3.1. Let 0 < o < 1 and let (X,,) be an almost increasing sequence. Let
there be sequences (8,) and (\,) such that conditions (2.1)-(2.4) of Theorem 2.1
are satisfied. If there exists an € > 0 such that the sequence (nc*|o,|") is non
increasing and if the sequence (w®?) defined by (1.3), satisfies the condition

(3.1) > ok (lpnlws?) = 0(X) as m = o0,
n=1

then the series ) a, A, is summable ¢ — | C,, B |, k> 1,0<a <1, 8> —1, and
(a+P)k+e>1.

Remark. It should be noted that, obviously every increasing sequence is almost
increasing. However, the converse need not be true (see [12]).

We need the following lemmas for the proof of our theorem.

Lemma 3.1 ([5]). f0<a<1,5>—-1,and 1 <v < n, then

(3.2) | ZAo‘flABap |< max | ZAOHl ABa, | .
p=0 =0

n—p*’p 1<m<ov m—p*p

Lemma 3.2 ([4]). Under the conditions on (X,), (5,) and (A,) as taken in the
statement of the theorem, the following conditions hold, when (2.3) is satisfied

(3.3) nBpnXn=0() as n— oo

(3.4) i Bn X, < o0.

n=1

4. Proof of Theorem 3.1. Let (T%%) be the nth (C,a, 3) mean of the sequence
(nanAn). Then, by (1.1), we have

n

1 -1
Ts‘»ﬁ = e ZAZ‘_UAfvaU)\U.
n v=1
Applying Abel’s transformation first and then using Lemma 3.1, we have that
1 n—1 v )\ n
-1 -1
TB = 7P > AND A Alpa, + Aai 7> A Alvay,
n v=1 p=1 n v=1
1 n—1 v | )\ | n
(TP S o D 1AM AT ATpay |+ 2 | 3 AR Alva |
n v=1 p=1 n v=1
1 n—1
< D ALFD G | AN |+ | A |w? =T + T

a+8
A" v=1
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To complete the proof of the theorem 3.1, by Minkowski’s inequality, it is sufficient
to show that

oo

Zn_k | cpnT,‘fi’TB F< oo, for r=1,2.

Now, when k > 1, applying Holder’s inequality with indices k and k', where %—i—% =
1, we get that

m+2 m+1 n—1
Zn FloaTsf IFo< Zn (AL T o [FOD AT | AN, [}F
v=1
m—+1 n—1 n—1
<Y TR o (BN AT W) B, ) BT
n=2 v=1 v=1
- (a+B)k /3 = 6k|<Pn|]C
- 0(1) Z o ﬂ Z (aJrB Vk+e
v=1 n=v+1
m m+1 1
- 0(1)Zv(aJrﬁ)k(wgt,ﬁ)kﬁvvefk|SDU |k Z T
v=1 n=v+1
- o dx
_ a+pB)k ,,6’ k v k k
- ZU( |‘P | ﬁv/ )
= 0())_vBv W’ g, )
m_—l
= 0(1) Y A(vB,) Zr (WP | o )
v=1
1)mﬂmzv’k(wff’ﬁ | o )"
v=1
m—1
= 0(1) ) |A@WB)| Xy + O(1)mBm X
v=1
m—1
= 0(1) > v[AB,|X, + 001 ZﬂvX +O(1)mBn X
v=1

= O(1) as m — oo,

by the hypotheses of Theorem 3.1 and Lemma 3.2. Since, | A, |= O(1) by (2.4),
finally we have that

= — a, . k—1 _ a k
Zn g | SDnTn,zﬂ |k: o(1) Z [An] [An] n k(‘*"n’ﬁ | n |)
n=1

m—1 n
N DAY v Pleu )"
n=1 v=1
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m m—1
Ol Y 0 @i leul)* = O(1) Y | Ay | X+ O(1) | A | Xon
n=1 n=1
m—1
= 0(1) BnXn +O0Q) | A | X = O(1) as m — oo,
n=1

by the hypotheses of Theorem 3.1 and Lemma 3.2. This completes the proof of
Theorem 3.1. If we take ¢ = 1 and ¢, = nl’%, then we obtain a new result
concerning the | C, , 8 |, summability factors of infinite series. If we take € = 1,
8 =0 and ¢, = nt1=% then we have a new result dealing with the | C, 056 |,
summability factors of infinite series. Also, if we take (X, ) as a positive non-
decreasing sequence and 8 = 0, then we obtain Theorem 2.1.

REFERENCES

1. M. Balci:  Absolute p-summability factors. Comm. Fac. Sci. Univ. Ankara, Ser. Ay,
29, 1980, 63-68.

2. N. K. Bari and S. B. Steckin: Best approrimation and differential properties of two
conjugate functions. Trudy. Moskov. Mat. Obsé., 5, 1956, 483-522 (in Russian)

3. H. Bor: Factors for generalized absolute Cesaro summability methods. Publ. Math.
Debrecen, 43, 1993, 297-302.

4. H. Bor: An application of almost increasing sequences. Int. J. Math. Math. Sci., 23,
2000, 859-863.

5. H. Bor: On a new application of quasi power increasing sequences. Proc. Est. Acad.
Sci., 57, 2008, 205-209.

6. H. Bor: A newer application of almost increasing sequences. Pac. J. Appl. Math., 2,
2010, 211-216.

7. H. Bor: An application of almost increasing sequences. Appl. Math. Lett., 24, 2011,
298-301.

8. D. Borwein: Theorems on some methods of summability. Quart. J. Math. Oxford Ser.
(2), 9, 1958, 310-316.

9. G. A. Das: Tauberian theorem for absolute summability. Proc. Camb. Phil. Soc., 67,
1970, 32-326.

10. T. M. Flett: On an extension of absolute summability and some theorems of Littlewood
and Paley. Proc. London Math. Soc., 7, 1957, 113-141.

11. T. M. Flett: Some more theorems concerning the absolute summability of Fourier
series. Proc. London Math. Soc., 8 1958, 357-387.

12. S. M. Mazhar: Absolute summability factors of infinite series. Kyungpook Math. J.,
39, 1999, 67-73.

13. T. Pati: The summability factors of infinite series. Duke Math. J., 1954, 21, 271-284.



1204

H. Bor

Hiiseyin Bor
P. O. Box 121 , TR-06502 Bahcelievler
Ankara, Turkey

hbor33@gmail.com



