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Abstract. In this paper, we have established some fixed point theorems for convex
contraction mappings in F-metric spaces. Also, we have ntroduced the concept of
(a, B)—convex contraction mapping in F-metric spaces and give some fixed point results
for such contractions. Moreover, some examples are given to support our theoretical
results.
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1. Introduction

Fixed point theory plays a pivotal role in functional and nonlinear analysis.
The Banach contraction principle is an important result of the fixed point theory.
In recent years, various extensions of metric spaces have been introduced (see e.g.
[1, 4, 6, 9, 10, 12, 16, 18] and references therein). The notion of a F-metric space
was firstly introduced and studied by Jleli and Samet in [17] (see e.g. [13, 20] and
references therein). We recall some of the basic definitions and results in the sequel.
Let F be the set of functions f : (0, +00) — R such that
F1) f is non-decreasing, i.e., 0 < s < t implies f(s) < f(¢).

F3) For every sequence {t,} C (0,00), we have

nll)rfoo tn, =0 if and only if nll}r_‘r_loo flt,) = —o0.
Definition 1.1. [17] Let X be a (nonempty) set. A function D : X x X — [0, 00)
is called a F-metric on X if there exists (f, a) € F x [0, 00) such that for all x,y € X
the following conditions hold:

(D1) D(z,y) =0 if and only ifx = y.
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(D2) D(x,y) = D(y,z).
(Ds3) For every N € N, N > 2 and for every {u;}Y C X with (u1,un) = (z,y), we

have
N-1

D(z,y) > 0 implies f(D(z,y)) < f(z D(ui, uiq1)) + o
=1
In this case, the pair (X, D) is called a F-metric space.
Example 1.1. [17] Let X =R and D : X x X — [0,00) be defined as follows:
(LE - y)27 (x,y) € [07 3] X [07 3]
D(z,y) =
|z —y|, otherwise,
and let f(t) = In(t) for all ¢ > 0 and o = In(3). Then, D is a F-metric on X. Since
D(1,3) =4 > D(1,2) + D(2,3) = 2, Then D is not a metric on X.

Example 1.2. [17] Let X =R and D : X x X — [0, 00) be defined as follows:

vl aty
D(z,y) =
0, T=1y

Then, D is a F-metric on X. Since D(1,3) = e? > D(1,2) + D(2,3) = 2e, Then D is not
a metric on X.

Definition 1.2. [17] Let (X, D) be an F-metric space and {x,} be a sequence in
X.

1) A sequence {z,} is called F-convergent to = € X, if lim,,_, 4 D(xy,z) = 0.

2) A sequence {xz,} is F-Cauchy, if and only if lim,, ym— 400 D(Zpn, Tm) = 0.

3) A F-metric space (X, D) is said to be F-complete, if every F-Cauchy sequence
in X is F-convergent to some element in X.

Istratescu [14] introduced the notion of convex contraction and proved that if (X, d)
is a complete metric space, then every convex contraction mapping on X has a
unique fixed point.

Definition 1.3. [14] Let (X, d) be a metric space. The continuous selfmap T on
X is called a convex contraction of order 2 whenever there exist a; € (0,1),7=1,2,
with a; 4+ a2 < 1 such that for all z,y € X,

(1.1) d(T?z, T?y) < a1d(Tx, Ty) + aqd(dz, y).

Theorem 1.1. [14] Let (X, d) be a complete metric space. Then any convex con-
traction mapping of order 2 has a fixed point which is unique.

Definition 1.4. [14] Let (X,d) be a metric space. The continuous selfmap 7" on
X is called a two-sided convex contraction mapping if there exist a;,b; € (0, 1),
1 =1,2, with a1 + as + b1 + b2 < 1 such that for all z,y € X,

(1.2) d(T?z,T?y) < ard(z, Tx) + axd(Tx, T?z) + bid(y, Ty) + bad(Ty, T?y).
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Theorem 1.2. [14] Let (X,d) be a complete metric space. Then any two-sided
convex contraction mapping has a unique fized point.

Remark 1.1. [5] The assumption of continuity condition of Theorem 1.1 and Theorem
1.2 can be replaced by a relatively weaker condition of orbital continuity.

Definition 1.5. [5] Let (X, d) is a metric space. A self maping 7" on X is called
orbitally continuous at a point z* € X, if for any {x,} C O(x,T) we have

Tn, — =¥ implies Tx,, — Tx™ as n — +o0,

where O(z,T) = {T"z |n=0,1,2,...}.

Recently, a number of fixed point theorems for convex contraction mapping have
been obtained by various authors (see e.g. [2, 3, 5, 7, 8, 11, 15, 19, 21] and references
therein).

2. Convex Contraction Mappings on F—Metric Spaces

In this section, we prove several fixed point theorems for convex contractions
mappings defined on a F-metric space.

Theorem 2.1. Let (X, D) be an F-complete F-metric space. Let T be a convex
contraction of order 2 on X. Then T has a unique fized point.

Proof. Let xy be an arbitrary point in X. We can define a sequence {x,,} such
that x,41 = Tx, for each n € NU{0}. In case x,,, = &1 for some m € NU {0},
then it is clear that x,, is a fixed point of T. So assume that z, # x,y1 for all
n € NU{0}. Set v = max{D(zo,Txo), D(Txo,T%x0)}. Using (1.1), we have the
following relations:

D(T3zo, T?x0) < a1 D(T?x0, Txo) + asD(Txo, z0) < v(ay + as),

similarly,
D(T*zo, T3z0) < a1D(T3x0, T%x0) + apD(T?x0, To)
< a1v(ar + az2) + agv
S v(a1 + CLQ),
as well as
D(T%zg, T*zo) < a1D(T*zo, T3x0) + aaD(T3x0, T?x0)
< a1v(ar + a2) + asv(ag + a2)

v(ay + az)?.
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An induction argument shows that

(2.1) D(T*"ag, T*z0) < v(ay + a2)™,
and
(2.2) D(szflzvo, T2m:100) <w(a1 + ag)mfl,

for all m € N. Now, we show that {T™z¢} is a F-Cauchy sequence. Let (f,a) €
F % [0,00) be such that Ds is satisfied. Let € > 0 be fixed. From (F3), there exists
0 > 0 such that

(2.3) 0 <t<dimplies f(t) < f(e) — o
Let m,n € Nand n > m. If m = 2k or m = 2k + 1, from (2.1) and (2.2), we have

n—1
) ) 1
D(Tiao, T 20) < 20(ay + ag)*(———— ).
Em (T"zo 0) < 2v(a1 + az) (1_(a1+a2))

Since a1 + as < 1, we have

1
lim 2 M——)=0
kﬁu}rloo v(al + az) (1 — (al + ag))
Then there exists some N € N such that
1
0<2 M——) <6
< 2v(a1 + as) (1 o +a2)) <
for all K > N. Using (2.3) and (F1), we get
n—1
. . 1
2.4 D(T'zy, T < (2 + ag)F(————
@O S DT T ) < Jlo+ ) o)
< fle) —a.
From (D3) and (2.4), for n > m > N, we have
n—1
F(D(T™ 0, T"x0)) < (D D(T'wo, T 'a0)) + a < f(e).

Using (F1), we obtain D(T™xg, T"xg) < &, n > m > N. So {x,} is F-Cauchy in the
F-complete F-metric space X, so there exists 2* € X such that, lim,, oo D(2p, 2*) =
0. Since T is F-continuous, then, we have

Tz*=T( lim z,)= lim Tz, =2a",
n—-+oo n—-+o0o

so x* is the fixed point of T'. Finally, we shall show that the fixed point is unique.
To this end, we assume that there exists another fixed point z* and D(x*, z*) > 0.
From (1.1), we have

D(z*,z*) = D(T%¢*,T%2*) < a1D(Txz*,Tz*) + apD(x*, z*)
= (a1 +a2)D(x*,z2").

Since a1 + a2 < 1, we get * = z*. O



Some Fixed Point Results for Convex Contraction Mappings on F—metric Spaces 943

Example 2.1. Let X = [0,00) be endowed with the F-metric given in Example 1.1.
Define T : X — X by Tx = % + 1. Hence, for a; = 0 and az = %7 all the conditions of
Theorem 2.1 are satisfied and T has a unique fixed point in X.

Theorem 2.2. Let (X, D) be F-complete F-metric space and T be a two-sided
convex contraction mapping on X. Then T has a unique fixed point.

Proof. Let xg be an arbitrary point in X. We define the Picard iteration se-
quence {z,} by zp41 = Tz, for all n € NU{0}. Without loss of generality, we as-
sume that x,, # z,4+1 for all n € NU{0}. Set v = max{D(zq, Tzo), D(Txo, T?x0)}.
From (1.2), we have

D(T3xo,T?x0) < a1D(Txo, T?x0) + axD(T?xo, T3x0)
+  b1D(wo, Two) + boD(Two, T?x0),

then, we have
3. g2 A
D(T x,T?x0) < (=)v,
0
where A = a; + b1 + b2 and v = 1 — ay. Similarly we obtain the following relation,
4 3 A
D(T*xo, T x0) < (=)v,
Y
and

A
D(T°xy, T zg) < (;)21).

Continuing this process, we obtain

(2.5) D(T*" g, T? M) < (g)mv,
and

A
(2.6) D(T*™ o, T x) < (;)’”flv-

Now, we show that {T™z¢} is a F-Cauchy sequence. Let m,n € N and n > m. If
m = 2k or m = 2k + 1, from (2.5) and (2.6), we have

n—1
S DT, T ) < 20(2 ) (
>

i=m

Since % < 1, we have
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Using a similar technique to that in the proof of Theorem 2.1, it is easy to see that
{z,} is a F-Cauchy sequence in F-complete F-metric. Then, there exists z* such
that, lim, oo D(zn,2*) = 0. Since T is F-continuous, we have
Tz*=T( lim z,)= lim Tz, =2z,
n—-+4oo n—-+o0o

so x* is the fixed point T'. For the uniqueness of the fixed point z*, assume z* is
another fixed point of T and D(z*,2*) > 0. From (1.2), we have

D(z*,2%) = D(T?z*,T%2*) < ayD(z*,Tx*) + axD(Tx*, T?z*)
+  biD(2*,Tz*) + by D(T2*, T?2*%)
< (a1 +az+b —l—bz)D(iL'*,Z*)

Since aj + as + by + by < 1, we obtain D(z*,2*) = 0 that is * = 2*. O

Example 2.2. Let X = {0,1,2} be endowed with the F-metric given in Example 1.2.
DefineT: X - X byT0=T2=0and T1 =2. If x = 0 and y = 1, then for all A € (0,1),
we have

D(T0,T1) = D(0,2) = €* > e = AD(0,1).
Hence, T does not satisfy the condition of Banach contraction principle [17]. Since T2z =0
for all x € X, then, all assumption of Theorem 2.2 are satisfied. Hence T has a unique
fixed point.

Now, we give the definitions of («, §)—admissible convex contraction of order 2 and
two-sided convex contraction mappings in the setting of F-metric space and prove
several fixed point theorems for such mappings on F-metric spaces.

Definition 2.1. Let (X, D) be an F-metric space and T : X — X be a cyclic
(, B)—admissible mapping. We say that T is a («, §)—admissible convex contrac-
tion of order 2 if T' is orbitally continuous and there exist a; € (0,1), ¢ = 1,2, such
that

(2.7)  a(x)B(y) > 1 implies D(T%x, T?y) < a1 D(Tx, Ty) + aaD(z,v),
where a1 + a2 < 1 for all z,y € X.

Theorem 2.3. Let (X, D) be an F—complete F—metric space and T : X — X be
a (a, B)—admissible convex contraction mapping of order 2. Assume, there exists
xo € X such that a(xg) > 1 and B(xo) > 1. Then T has a fized point. Moreover, if
a(z) > 1 and B(y) > 1 for all xz,y € Fix(T), then T has a unique fized point.

Proof. Let zp € X be arbitrary in X. Define the sequence {z,,} by x,11 = Tz,
for all n € NU{0}. If 2,41 = z, for some m € X, then z,, is a fixed point
of T. So, assume that z, # x,41 for all n € NU {0}. Since S(zo) > 1 and
T:X — X is a (o, §)—admissible mapping then «(Txg) = a(z1) > 1 which implies
B(T?z0) = B(z2) > 1. By continuing this process, we have B(T?"xp) > 1 and



Some Fixed Point Results for Convex Contraction Mappings on F—metric Spaces 945

a(T?"1xg) > 1 for all n € N. Again, since T is a cyclic («, 3)—admissible mapping
and a(wg) > 1 by similarly, it can be shown that, B3(T?*" 1z¢) > 1 and (T?*"xg) > 1
for all n € N. Then, we obtain a(T"z¢) = axy,) > 1 and S(T"x0) = B(x,) > 1 for
all n € N. Let v = max{D(xo, Txo), D(T?wo,Tx0)}. Since a(Txo)B(x¢) > 1, from
the inequlity (2.7), we have

D(T3zy,T?x0) = D(T?*(Txg), T?x0)
S alD(T2I0,TI0) —|—a2D(T3:0,a:0)
< (a1 + a2)v.

Again, a(T?wx0)B(Tx¢) > 1, then we have
D(T*xo, T?x0) = D(T*(T?x0),T?*(Txo))
< a1D(T3x0, T?x0) + aa D(T?x0, Txo)
< (a1 + a92)v.

By continuing this process and using a similar technique to that in the proof of
Theorem 2.1, it is easy to see that

D(T2m+1:vo, T2m:1co) <w(ay + az)™,
and
D(T2m_1:1:0, T2m:1:0) <w(a + ag)m_l,

for all m € N and {x,} is F-Cauchy in the F-complete F-metric space X. Then,
there exists * € X such that lim, 4o D(x,,2*) = 0. Since T is orbitally F-
continuous, we have

Tz*= lim Tz,= lim z,4 =2z".
n—-+oo n—-+oo

We claim that the fixed point of T is unique. Assume that, on contrary, there exists
another fixed point z* € X of T such that D(x*,2*) > 0. Since a(x*)8(z*) > 1, it
follows from (2.7) that

D(x*,2*) = D(T?z*,T?2*) < a1 D(Tx*, Tz*) + agD(x*, 2*) = (a1 + az)D(z*, 2¥).

Since a1 +aq < 1, it follows that * = z*. Consequently, T" has a unique fixed point.
This completes proof of the Theorem 2.3. O

Definition 2.2. Let (X, D) be an F-metric space and T : X — X be a cyclic
(c, B)—admissible mapping. We say that T is a (a, §)—admissible two-sided convex
contraction if T is orbitally continuous and there exist a;,b; € (0,1), i = 1,2, such
that
(2.8) a(z)B(y) > 1 implies D(T%x,T%y) < a1D(x,Tx)+ asD(Tz, T?x)

+ 01D(y, Ty) +b2D(Ty, T?),

where a1 +as + b1 + by <1 for all z,y € X.
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Theorem 2.4. Let (X, D) be an F—complete F—metric space and T : X — X
be a (, B)—admissible two-sided convex contraction. Assume, there exists xg € X
such that a(xg) > 1 and B(xg) > 1. Then T has a fized point. Moreover, if a(z) > 1
and B(y) > 1 for all x,y € Fix(T), then T has a unique fized point.

Proof. The proof is similar to Theorem 2.2 and Theorem 2.3, therefore we omit
it. O

Example 2.3. Consider the F-metric space given in Example 1.1. Let

—%, w€[-33
Tx =
x>, otherwise
and a, 8 : X — [0,+00) be given by
1, z€[-3,0] 1, z€]0,3]
a(r) = Blx) =
0, otherwise 0, otherwise

First, we show that T is an («, §)-admissible mapping. Let x € X if a(z) > 1, then
x € [-3,0] and so Tz € [0, 3], that is S(T'z) > 1. Also, if B(x) > 1, then a(Tz) > 1.
Thus T is a cyclic (o, 8)-admissible mapping. Let z,y € X and a(x)S(y) > 1. Then
x € [-3,0] and y € [0, 3]. Then, we get

1 1
D(T?x.T>y) =D Hh=12_ Y% -2p < ZD(z.1).
(T, T%y) (9 )= 9| 5 (I,y)_2 (z,y)

1

Then, all assumption of Theorem 2.3 for a; = 0 and ay = 5 are satisfied. Hence T

has a fixed point.
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