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Abstract. In this study, we introduce the notions of Cesaro, strongly Cesaro and sta-
tistical derivatives for real valued functions. These notions are based on the concepts of
Cesaro and statistical convergence of a sequence. Then we establish some relationships
between strongly Cesaro derivative and statistical derivative.
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1. Introduction

In mathematical analysis, the concepts of limit, continuity and derivative for a
function are given respectively. In the literature, the concept of Cesaro limit has
been known for many years. Later, Cesaro continuity, statistical limit and statisti-
cal continuity concepts were given (see [5]). In [3] strongly sequentially continuous
functions were defined and studied. Cesaro derivative and statistical derivative def-
initions do not appear in the literature. We will introduce the concepts of Cesaro
derivative and statistical derivative in this study to fill the gap in the literature.

A sequence x = (x) is said to be Cesaro summable to the number v if

in this case we write (C, 1) — lim z,, = u, strongly Cesaro summable to the number
w if

1 n
lim — g |z —u| =0,
n—oo N
k=1
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in this case we write [C, 1] — lim x,, = u, and statistically convergent to the number
u if for every € > 0,

1
lim —|{k<n: |zx—u|l>e€}|=0

n—oo n
where the vertical bars indicate the number of elements in the enclosed set, in this
case we write st — lim x,, = u.

Let (ay,) and (by,) be two sequences of real numbers such that (C, 1) —lima, = a
and (C,1) — limb,, = b. It is known that

(C,1) —lima,.by, =ab and (C,1)—lim(a, +b,) =a+b.

The idea of statistical convergence was introduced by Steinhaus in [13] and Fast
in [6] independently and since then has been studied by other authors including
[4, 7, 11] and [14]. Recently, the articles [1], [2], [8], [9] and [10] have been published
on statistical convergence and its applications.

2. Cesaro Derivative
Very basic finite difference formulas approximates the derivative f’(x) using a se-

quence x,, > 0 such that lim, , x, = 0. Two basic formulas for derivative of a
function f : R — R at a point xg are

lim,, _,

- f(@otan)—f(zo) _ f/(

Tn

Zo) and lim, oo f(xoﬂ");f(x“*x") = f'(xo).

The first formula is Newton’s difference quotient and determines the slope of
a secant line of the graph of f. The second formula is the symmetric difference
quotient and determines the slope of a cord of the graph of f. For more detail (see
[12]).

With the similar approach we will now define the Cesaro derivative.

Definition 2.1. A function f : R — R has a Cesaro derivative w € R at a point
xg € R if

Jim % zn: Jlxo + ng;Z — f(wo)
k=1

holds whenever z,, > 0 and lim,,—yoc ,, = 0.

An equivalent definition to the Definition 2.1 as follows:

Definition 2.2. A function f : R — R has a Cesaro derivative w € R at a point
xg € R if

lim lzn:f(ilfo+xk)—f(xo—:rk) _
n—00 7N, — 2xy

holds whenever x,, > 0 and lim,, ,~, z,, = 0.
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A function f: R — R is Cesaro continuous at a point z if
(C,1) = lim f(zo + zn) = f(z0)
holds for each sequence (z,,) — 0.

Theorem 2.1. Let a function f : R — R has a Cesaro deriative w € R at a point
zg € R then f is Cesaro continuous at the point xg.

Proof. Let limx,, = 0. Clearly

flzo + xn) — fzg) = flzo +xn) — f(iﬂo)xn

In

holds for each n € N. Since lim x,, = 0 implies (C, 1) — limx,, = 0, we can write

f(@o +2n) — f(20)

Tn

(C,1) = lim(f(xo + xn) — f(z0)) = (C,1) — lim (C,1) — lim z,.

Hence, from the assumption we have
(C,1) = lim f(zo + xn) = f(20)

so f is Cesaro continuous at the point zog. O

Definition 2.3. A function f : R — R has a strongly Cesaro derivative w € R at
a point zo € R if

—w| =0

i L i f(@o + zx) — f(xo)
n—oo N £~ T

holds whenever z,, > 0 and lim,,—yoc ,, = 0.
An equivalent definition to the Definition 2.3 as follows:

Definition 2.4. A function f : R — R has a strongly Cesaro derivative w € R at
a point zo € R if

fwo + 2x) = f(xo — 1)
2:Ek

i S —v =0

k=1

holds whenever z,, > 0 and lim,,—yoc ,, = 0.

It is clear from the definitions of Cesaro and strongly Cesaro derivatives that if a
function has a strongly Cesaro derivative at point xg, it has a Cesaro derivative at
that point.
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3. Statistical Derivative

In this section, we first give the definition of statistical derivative and then we
establish some relationships between the strongly Cesaro derivative and statistical
derivative.

Definition 3.1. A function f : R — R has a statistical derivative w € R at a
point xg € R if

lim —
n—oo N

Ty,

{kgn:}f(IOJrIk)_f(IO)—w‘ze}

holds whenever z,, > 0 and lim,,—yoc ,, = 0.
An equivalent definition to the Definition 3.1 as follows:

Definition 3.2. A function f : R — R has a statistical derivative w € R at a
point xg € R if

lim —
n—oo M

{kgn:‘f(%ﬂ%k)—f(xo—xk) —w‘ZeH_

2.%%

holds whenever z,, > 0 and lim,,—yoc ,, = 0.

If a function has derivative it has statistical derivative but converse may not be
true.

Theorem 3.1. a) If a function f : R — R has strongly Cesaro derivative at a
point g € R then it has statistical derivative at the point xg.

Tk

b) If (M) is bounded for each k € N and f has statistical derivative

at a point xo9 € R then f has strongly Cesaro derivative at the point xg.

Proof. Let’s write yy, instead of f(m‘)'”z’“iz_f(w”) for simplicity.

a) Let f has strongly Cesaro derivative at a point zp € R. For an arbitrary
€ > 0, we get

n

%Z |yk_w|+%z lyx — w|

k=1]y,—w|>e k=1]y,—w|<e

1 n
= lyk — wl
n

k=1

1 n
> _
> =) lye — wl
k=1y),—w|>e
1
> —H1<Ek<n:|y,—w| > e}le
n
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Hence, we have

1
lim —{1<k<n:|ys—w|>€e}=0

n—o00 M

that is, f has a statistical derivative at the point zg.

b) Now suppose that f has a statistical derivative at the point 2y and bounded,
since (%}W) is bounded for each k € N, say |y, —w| < K for all k. Given

€ >0, we get

n

n n
Sl = X wewl Y -l
k=1

k=1|y, —w|>e k=1|y, —w|<e

SN

n

< &Y 143 i — ]
k=1lyp—w|>e k=1yp—wl<e
< KNfi<k<n: powlzals iy e
n n

k=1

hence we have,
n
o1
lim —Z|yk—w| =0,

that is f has strongly Cesaro derivative at the point zo. O
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