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Abstract. In [1] for a given sequence (\,) with A, < Apy1 — 00 a new summability
method C\ was introduced which generalizes the classical Cesaro method. In this
paper, we introduce some new almost convergence and almost statistical convergence
definitions for sequences which generalize the classical almost convergence and almost
statistical convergence.
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1. Introduction

Let (A,) be a given real valued sequence such that
0< A <A <A< <Ay >0

and [\,] denote the integer part of A,. The set of such sequences will be denoted
A. Consider the mean
1 [An]
Un:mzxk, n:1,2,3,...
k=0
of a given sequence (xy) of real or complex numbers. If

lim o, =/,
n—oo
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then we say that (xy) is Cy-summable to £. In the particular case when A\, = n we
see that oy, is the (C, 1) mean of (xy).Therefore, Cx-method yields a submethod of
the Cesaro method (C, 1), and hence it is regular for any A. C-matrix is obtained by

deleting a set of rows from Cesaro matrix. (C, 1) and C) are equivalent for bounded

Ant1

1 = 1. The basic properties of Cy-method can

sequences if and only if lim,, .

be found in ([1],[24]).

Summability of matrix submethods was studied in [12] and [28]. The authors of
[12] and [28] presented results showing when C) is equivalent to the Cesaro method
C for bounded sequences. Armitage and Maddox proved inclusion and Tauberian
results for the C\ method in [1]. In [24], inclusion properties of the C method for
bounded sequences and its relationship to statistical convergence are studied also a
condensation test presented for statistical convergence.

In this study, firstly we will introduce Cy-almost convergent sequence and prove
some inclusion relations. Later we will give definition of C)- almost statistically
convergent sequence and examine the relationship between Cx-almost convergence
and Cj-almost statistically convergence. Finally, we will generalize the spaces [C}]
and [Cy] to spaces [Cx(f)] and [Cx(f)] by using a modulus function f. Thus, it will
fill a gap in the literature.

2. Almost Convergence

Let ¢+ be the Banach space of real valued bounded sequences (zj) with the
usual norm ||z|| := supg|zx|. There exists continuous linear functional ¢ : £oc — R
called Banach limit if the following conditions hold:

(1) ¢lawp +byr) = ag(xr) +bp(yx), a,beR

(i) Slzx) >0 if 2, >0, k=123..

(#it) ¢(Sx) = ¢(x), Sz = (x2,73,24,...)

(iv) ¢(e)=1 where e=(1,1,1,...).
A sequence () in £y is said to be almost convergent if all of its Banach limits are
equal. It is well known that any Banach limit of (zy) lies between liminf z; and
limsup zy, [13].
Note that a convergent sequence is almost convergent, and its limit and its general-

ized limit are identical, but an almost convergent sequence need not be convergent.
The sequence (zj) defined as

| 1, ifnisodd
k= 0, ifnis even

is almost convergent to 1/2 but not convergent.

Lorentz [13] gave the following characterization for almost convergence: A se-
quence (z,,) is said to be almost convergent to ¢ if and only if

1 n
lim — E Ty =1
n—oo M
k=0
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uniformly in 1.

Maddox[15] has defined strongly almost convergent sequence as follows:
A bounded sequence (xy) is said to be strongly almost convergent to ¢ if and only
if .
1
nlgrolo - kZ:O |zgpi — € =0
uniformly in 1.
Readers can refer to recently published articles ([2],[3],[14],[18],[19],[20],[22]) for
more information.

Consider the mean o

A 1
Chx = —— i
M T D it
k=0
of a given sequence (xy) of real numbers and ¢ = 1,2,3, ....

Definition 2.1. A bounded sequence (z}) is said to be Ch-almost convergent to
¢ if and only if .
(An]

AT ;xk“ =t

uniformly in .

In this case we write x;, — E(C’,\). In the particular case when )\, = n we get the
definition of almost convergent sequence.

Theorem 2.1. Let {\.}, {vn} € A If lim, o0 5= = 1, then C- almost conver-

gence is equivalent to C,- almost convergence on f

Proof. Let © € o, and consider M, := max{\,, v, } and m,, := min{\,, v, }. Since
limy,— 0o K—:L =1, we can write lim,,_, ”IV}L =1, then for each n and 4
[vn]
|CV.’E — C)\.’E‘ = ‘7 E Thti — /\ E {Ek+1
1 My, Mn
= \E E_ Tt — — E $k+z
Mn
= ‘ E 7*7$k+z M E xk—&-z
k=m,+1
m
- M, —m,
< splrinl ) j 4 sup g |
k,i Mn
~ supla |mn(Mn - mn) +supla |Mn —my
= kti|— ktil——F
ki Mym, k,i M,

m
= 2sup|zp4i|(1 - ﬁ") -0

ki n
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as n — oo uniformly in i. Hence, if z — L(C}),
1 & . . .
0< |*Z$k+z — LI <|Cpx — Crz|+ |Chz — L| =0
V'”/ k=1

as n — oo uniformly in 7. Similarly, if z — L(C,),

A
1 & A A N
OS\)\— E i — L] <|Chx — Cprz| + |Cox — L] — 0

" k=1
as n — oo uniformly in ¢. Thus, the proof is completed. [
By using similar techniques to Theorem 1 of [1] we can prove following theorem:

Theorem 2.2. Let {\,}, {van} € A.
(1) Cx implies C\, if and only if D(n) \ D(X) is a finite set, where

D) ={[M\]: n=12..}
(ii) C,, is equivalent CA‘M if and only if D(AN)AD(u) is a finite set.

Also by using similar techniques to Theorem 2.2 of [24] we can prove following
theorem:

Theorem 2.3. Let {\,} € A. If lim,,_, % =1, then Cx- almost convergence
is equivalent to almost convergence on £ .

Definition 2.2. A bounded sequence () is said to be strongly C-almost con-
vergent to £ if and only if

ey
nlinio1+/\nkz_0‘xk+ﬁa =0

uniformly in .

In this case we write 2 — £([C]). In the particular case when A, = n we get the
definition of strongly almost convergent sequence.

Definition 2.3. A bounded sequence (zy) is said to be p-strongly C\-almost con-
vergent to £ if and only if

1 [An]

o1 o —

Jn, T, 2 o~ =0
k=0

uniformly in ¢ where 0 < p < oco.

In this case we write z;, — £([C)],). In the particular case when A, = n we get the
strongly p-almost convergent sequence definition.
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3. Almost Statistical Convergence

The natural density of a set A of positive integers is defined if limit exists by

1
0(A) := lim ﬁHk <n:keA},

n—o0

where |k <n:k € A| denotes the number of elements of A not exceeding n.

Statistical convergence, as it has recently been investigated, was defined by Fast

[7]. Schoenberg [27] established some fundamental properties of the concept and
studied as a summability method. The more recent times interest in statistical
convergence arose after Fridy published his paper [8], and since then there have
been many generalizations of the original concept(see [4]-[6],[9]-[11],[16],[21]).
A sequence x = (zy) is said to be statistically convergent to the number ¢ if for
every € > 0,

lim l|{k <n:lzg—¥l >et =0,

n—oo N
holds. In this case, we write st — limxy, = ¢. Statistical convergence is a natural
generalization of ordinary convergence. If limx, = ¢, then st — limx, = ¢. The
converse does not hold, in general. If a sequence xz = (xy) is strongly Cesaro
convergent to ¢, then x = (xy) is statistically convergent to ¢ and the converse is
also true when x = () is a bounded sequence.

Definition 3.1. [24] A sequence x = (z},) is said to be C)-statistically convergent
to the number / if for every € > 0,

li L
1m

{0 <k <[An]:|zx— € > €} =0,
holds.

In the particular case when A, = n, C)- statistically convergence coincide with
statistically convergence.

Definition 3.2. A sequence x = () is said to be C)- almost statistically con-
vergent to the number ¢ if for every € > 0,

i

HO<k <[A]:|zhss — £ 2 €}[ =0
holds uniformly in 3.

In the particular case when A, = n we get the definition of almost statistically
convergent sequences was defined in [26].

Theorem 3.1. If z; — (([C)\]) then x; — £(S\). The converse is true if (vg) is
bounded.
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Proof. Let x, — ¢([C,]). For an arbitrary e > 0, we get

An]

[An] [An]

1 1
T, 2 e 2 e
|z —2]>€ |z —L]<e
1 [An]
> — /£
= 11, Z |2k — 4|
k=0
|z —£]>
> 1+)\ {0 <k <[An]:|ze — £ = e}le.
Hence, we have
: — > =
dim T HO< B <[l oy — € 2 e} =0

that iS, T — E(SA)
Now suppose that xx — £(S)) and xy, is bounded, since x, is bounded, say |z —{| <
M for all k. Given € > 0, we get

(An] 1 [An] [An]
- = oW Z |z — €] + Z |z — £
k=0 k=0 k=0
\rk—é\Ze |Ik—a<€
, An] ]
< M 1
\xk7Z|25 |z —£|<e
< < Pl fog — €] > €]
nl -/
+ 1+A|{o < Dl o — 1 < e}
hence we have,
[An]

z~>ool—|—)\ Z‘mk—ﬂ_o
O

The proofs of the following theorems are similar to that of Theorem 3.1, so we
state them without of proof.

Theorem 3.2. Let 0 < p < co. If x — €([Ch],) then xp, — €(Sy\). The converse
is true if (xy) is bounded.
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Theorem 3.3. Let 0 < p < co. If z, — £([C)],) then xx — £(Sy). The converse
is true if (zy) is bounded.

Theorem 3.4. Let (A\,) € A with limsup,,_, )‘;:1 < oco. If xp — U(Sy) then

Proof. Assume (z1) is z; — £(Sy) and limsup,, ,. A;II < oo0. Consider I' =

N\A := {v,}. If T is finite , then S is equivalent to Sy. Now assume that T is
infinite. Then there exists an K such that n > K,v, > A;. Since I' and A are
disjoint, for n > K, there exists an integer m such that A, < v, < A\jp1. We write
Up = Am4j where 0 < j < Ajup1 — Apy. Then, for n > K,

1
Ik S vn e — € 2 €}

1

= H1<k<A,: |zrei—¥ > €}
>\m+j
1
+ \ {Am+1 Sk < Amij o [orss — €] = €}
m+J

1
< THISkSAn: foi—f2 e

1
L e LEL TS VSRR DR B
m+j
1
= )\—|{1 <k<MAn: |Trei —{ > €}
m
>\m+1 1 .
3 " )\7“|{1 Sk<Amyr: |opg — € = €}
m—+j \m
Since, 0 < i’”“_ < A:\"“ and A;L“ is bounded, then /)\‘A is bounded too. Thus,
m+j m m m+J
we see that 2[{1 <k <n: |zgs; — {| > €}| may be partitioned into two disjoint

subsequences each having the common limit zero uniformly in i. Hence, we get

4. Convergence with respect to a modulus function

The notion of a modulus function was introduced by [23]. Ruckle [25] used the
idea of a modulus function to construct the sequence space

L(f) ={(ar) = Y fllanl) < oo}

k=1

This space is an FK-space, and Ruckle proved that the intersection of all such L(f)
space is ¢, the space of finite sequences, thereby answering negatively a question
of A. Wilansky: ”Is there a smallest FK-space in which the set {ej,es,...} of unit
vectors is bounded?” [17].
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A real valued function f defined on [0, 00) is called a modulus function if it has
following properties:

1. f(x) > 0 for each z,
2. f(z) =01if and only if 2 = 0,
3. fz+y) < f() + f(y) for all 2,y >0,
4. f is increasing,
5. lim, o+ f(z) = 0.
Since | f(x) — f(y)| < f(xz —1y),(see [17]), it follows from conditions (3) and (5) that

f is continuous on [0, co).

Many new sequence spaces are defined by using the modulus function in the
summability theory. Sequence spaces defined in this way generalize known sequence
spaces. By using a modulus function f firstly Ruckle [25] defined the sequence space

L(f) = {(xx) : Zflwkl < o0},

which generalization of the space

o0

f={@): Y |anl < oo}

k=1

and later Maddox [17] introduced following sequence spaces which are generaliza-
tions of the classical spaces of strongly summable sequences

n
D flleel) =

k=1

S|

wo(f) = {(w) :

w(f) ={(x) : %Zf(bck —¢]) =0 for real number ¢},
k=1

waelf) = () s sup -3 Fllael) < o).
T k=1

If we take f(x) = 2P (0 < p < 1) then the space L(f) is the familiar space I,,.
It is known that,

0y CL(f), wo Cwo(f), wCw(f), and ws C we(f).

Apart from these spaces, there are many sequence spaces defined using the modulus
function in the literature. For example, Connor [5] introduced strongly A-summable
sequences with respect to a modulus function.
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In this section, by using a modulus function f, we will introduce the sequence
spaces [Cx(f)] and [Cx(f)] which are generalization of the sequence spaces [C,] and
[C\] and we are going to show that

[C] C[CA(f)] and  [Ch] € [CA(S)]
holds.
Definition 4.1. Let (z1) be a sequence of real or complex numbers, f be a modulus

function and (\,,) € A be a sequence. If

lim

n—)ool—f—)\ Zf (|zr —€]) =

then we say that (xy) is [Cy]-summable to ¢ with respect to f and A = (\,).

The space of all sequences [Cy]-summable to ¢ with respect to f and A = () will
be denoted by [Cx(f)].

Theorem 4.1. For any modulus function f we have [C)\] C [Cx(f)] holds for
A= (M) € A, that is, (zk) is [Cr]-summable to € then (zx) is [Cx]-summable to ¢
with respect to the modulus function f.

Proof. If (z) is [Cy]-summable to ¢, then we have

[An]
n%oHA Zp;rafo

Let € > 0 and choose 6 with 0 < § < 1 such that f(¢) < e holds for 0 < ¢ < . Now
since for |z — £] > 6,

—/ —/
o — o) < 2l el
and ok — €] s — 4]
T — T —
Fllow =€) < (L4 [F5—Df(1) < 2/ (1) =5,
we can write
[An] [An] An]
S fllz—t) = > Fllae =)+ fllay —€))
k=0 kE=0|z, —¢|<0 k=0|z), —¢|>6

1 [An]

< e +1]+ %f(l)([)\n} + 1)W ;;) |z — £].

Hence, (z1) is [C\]-summable to ¢ with respect to the modulus function f. O
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Definition 4.2. Let (z)) be a sequence of real or complex numbers, f be a mod-
ulus function and A = (A,) € A. If

(An]
nlgﬂgo oW ];)f(|xk+i —)=0

holds uniformly in ¢, then we say that (zy) is [6,\]—summable to £ with respect to
the modulus function f.

The space of sequences [6 \J-summable to ¢ with respect to the modulus function f
will be denoted by [Cy(f)].

Theorem 4.2. If (x1) — ([Cx(f)] and (z1,) — C'[Cx(f)] then £ =0

Proof. Let (1) — ([Cx(f)] and (1) — ¢'[Cx(f)]. Then given € > 0, for all i € N
there exists n > ng such that

- €
a f(lzpys —£]) < 3
and
1 o] €
Ty oo o =€) < 5

From these and the following inequality
fe—=21) = flzpsi + €= = zipil) < flznes — ) + f(|zprs — L))

we can write

—_

fle=rn <

F(lTrgs — v ‘

1

>/

_|_
< +E
22

for all ¢ € N. Since € > 0 is arbitrary, we have £ = ¢’ by the properties (2) and (5)
of modulus function. [

Theorem 4.3. For any modulus function f we have [Cy] C [Cx(f)], that is, (zx)
is [Cx]-summable to £ then (xy) is [Cx]-summable to ¢ with respect to the modulus

function f.

The proof of the theorem similar to the Theorem 4.1, so we omit it.
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