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Abstract. In this paper, we introduce a new sequential space as a generalization of
M —metric spaces and Mj,—metric spaces. In this generalized space we define two
contractive mappings namely m—contraction and m—quasi-contraction and prove some
fixed point theorems for such type of mappings. Several illustrative examples have been
presented in strengthening the hypothesis of our theorems.
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1. Introduction and Preliminaries

The notion of metric has been generalized in several direction, see e.g. [1, 2, 6, 7,
8, 9]. Among all, we focus on partial metric and M —metric. The concept of partial
metric space was first introduced by S. Matthews [1] in 1994 as a generalization of
usual metric spaces. If (X,p) is a partial metric space then p(u, p), p € X need
not to be zero. Partial metric spaces have vast application potential, in particular,
it has been used in the construction of the topological structures in the study of
information science, computer science, etc. In 2014, Asadi et al. [2] have extended
the notion of the partial metric space: M —metric space. The authors [2] proved
the Banach contraction principle in the context of the complete M —metric space.
The definition of M —metric is given as follows:

Throughout the manuscript all considered sets are nonempty. Further, the no-
tation X2 denotes the cross-product of the set X, that is, X% : X x X .
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Definition 1.1. Let m : X? — [0,00) be a function over a set X. Then (X, m) is
said to be an M —metric space if m satisfies the following conditions:
(m1) m(p,p) = m(q,q) = m(p,q) if and only if p = ¢;
(m2) Mpg < m(p7 Q)y
(m3) m(p, q) = m(q, p);
(m4) m(p,

m4 m ) mpq ( (p7 ) mpT‘) + (m(r, Q) - mrq) fOI' au panr E X7

where

mypq = min{m(p,p),m(q,q)},
and

Mpq = max{m(p,p), m(q,q)}

It is seen that any partial metric space is an M —metric space. In [2] authors have
presented an example of M —metric that does not form a partial metric.

Example 1.1. Let X = {1,2,3} and m : X? — [0,00) be defined by m(1,1) = 1,
m(2,2) =9, m(3,3) =5 and

In 2015, Jleli-Samet [5] introduce a new generalization of the notion of met-
ric spaces that involves b-metric and standard metric. Inspired by this work, we
characterize the M —metric space and observed a new metric space. We present an
example to indicate the novelty of this notion. Further, we observe some fixed point
results in the setting of this new M —metric space.

2. Main results

In this section we introduce a generalized M —metric space namely m*—metric
space, as follows:

Let m : X2 — [0, 00
Mpq = max{m(p, p), m(
(2.1) M(m7 va) = {{pn} CX: nh_fgo(m(pnap) - mpnp) = 0}

for all p € X.

) be a function such that m,, = min{m(p,p), m(q,q)} and
q,q)}. Let us define the set

Definition 2.1. A function m : X x X — [0,00), over a set X, is called an
m*—metric if the following conditions hold:

(m 1) m(p,p) = m(q,q) = m(p,q) if and only if p = ¢, p,q € X;
(m 2) my, <m(p,q) for all p,q € X;

(m 3) m(p,q) = m(q,p) for all p,q € X;
(m
m

4) there exists some b > 0 such that for any (p,q) € X? and {p,} €

M (m, X, p) we have

(2.2) m(p, q) — myy < blimsup(m(py,q) —mp,q).

n— oo

The pair (X, m) is called an m*—metric space.
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In the following example we show that the newly defined m*—metric space is
more stronger than M —metric space.

Example 2.1. Let X = N and we define m : X? — Ry by m(n,n) = 1 for all n € N,
m(1,2) = m(2,1) =4, m(1,n) = m(n,1) = 1+ 2 for all n > 3, m(n,2) = m(2,n) = 3
for all n > 3 and m(n,k) = m(k,n) = 3 for any n,k ¢ {1,2}. Here M(m,X,1) =
{{1,1,...},{3,4,5,...}} and for any other x € N, M(m, X, z) contains only the constant
sequence {z,z,...}. Then one can easily check that (X, m) is an m*—metric space.

Remark 2.1. In 2016, Mlaiki [10] defined M,—metric space, by replacing the axiom
(m4) in Definition 1.1 by

(mp4) mu(p, q) — ms,, < s[(ms(p,) —ma,,) + (Ms(r, q) — ms,.,)]-

Now we show that (X, m) in Example 2.1 is not an M, —metric space for any b > 0. Here
we see that m(n, k) — my, = 2 for any n, k > 3. But b[(m(n, 1) —m,1) + (m(1, k) —myx)] =
b[% + %} — 0 as n, k — oo for any b > 0. This proves our assertion.

Remark 2.2. (1) Let (X,m) be an M —metric space (See Definition 1.1). Clearly m
satisfies the conditions (m 1), (m 2) and (m 3). Let (p,q) € X? and {p,} C X be such
that lim, o0 (m(pn,p) — My, p) = 0 then from condition (m4) we have

(2.3) m(p, q) — Mpq < (M(P,Pr) — Mpp,,) + (M(Pr, @) — Mp,.q)

for all n € N. Taking n — oo we can easily see that m satisfies the condition (m 4). Hence
m satisfies all the conditions of m*—metric and therefore (X, m) is an m*—metric space.

(2) Let (X,ms) be an M,—metric space with coefficient s > 1. Then it is clear that
my satisfies the conditions (m 1), (m 2) and (m 3). Let (p,q) € X? and {p,} C X be such
that limn— e (Ms(Pn, p) — mbpnp) = 0 then from condition (ms4) we have

(2.4) my(p, q) — M, < S[(Mb(P,Pn) — My, ) + (Mo(Pn, q) — ms,, )]

for all n € N. Taking n — oo it can be easily seen that m; satisfies the condition (m 4).
Hence m, satisfies all the conditions of m* —metric and therefore (X, ms) is an m*—metric
space.

Definition 2.2. Let (X, m) be an m*—metric space.

(1) A sequence {p,} C X is said to be convergent to an element p € X if

(2) A sequence {p,} C X is said to be Cauchy if lim (m(pn,pr) — My, p,) and

n,k— o0
. lkigoo(/\/lpnpk —my, p, ) exist and finite.
(3) A sequence {p,} C X issaid to be 0—Cauchy if lkim (m(pn, pk) =My, p,) =0
n,k— o0
and N Egloo(Mpnpk —Mp,p,) = 0.
(4) An m*—metric space (X, m) is said to be complete if every Cauchy sequence
{pn} C X is convergent to some point z € X with nan;O(Mpnz —my,,.)=0.
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Definition 2.3. Let (X, m) be an m*—metric space and 7' : X — X be a mapping.
Then T is said to be continuous at ¢ € X if {p,} € M(m, X,<) implies {Tp,} €
M(m, X, T5).

Proposition 2.1. Let (X,m) be an m*—metric space and p,q € X. If {p} €
M(@m,X,p) N M(m, X,q) then m(p,q) = mpy. Moreover if m(p,p) = m(q,q) then
p=gq.

Proof. Since {p,} € M(m, X,p) N M(m, X, q), we have

(2.5) m(p, ¢) — my, < blimsup(m(p,,q) —m,,q) =0,

n— oo

implying that m(p,q) — m,, = 0 that is m(p,q) = my,. If m(p,p) = m(q, q) also,
then clearly p=¢q. O

Proposition 2.2. Let {p,} be a 0— Cauchy sequence in an m*—metric space (X, m).
If {pn} has a convergent subsequence {pn, } such that {p,,} € M(m, X, z) then {p,}
is also convergent to z € X.

Proof. Since {py} is 0—Cauchy we have lim,, oo (M(pp,pr) — My, p, ) = 0 and
limy, ko0 (Mp,, pe —Mp,.p, ) = 0. Also it is given that limy_, o (M(py,,, , z)—mpnkz) =0.
Now,

(2.6) m(pp, z) —my, . < blimsup(m(py, pp,) — mpppnk)

k—o0

for all p € N. Which implies that

(2.7) lim [m(pp, 2) — myp, .| < b lim limsup(m(py, pn,) — mpppnk) =0.

p—00 PO k_soo

Therefore lim (m(p,, z) —m,, .) = 0, implying that {p,} is convergent to z. [

p—o

3. Topological m*—metric space

Definition 3.1. Let (X, m) be an m*—metric space. The open and closed ball of
center at p € X and radius t > 0 in X are defined as follows:

B%(p,t) = {geX:m(p,q) <mpy, +1};
(3.1) B™p,t] = {¢geX :m(p,q) <my,+1t}.
Remark 3.1. One can easily check that the collection
T = DU{U(#£ @) C X : for any p € U there exists t > 0 such that B™(p,t) C U},

forms a topology on X.

Definition 3.2. Let (X, m) be an m*—metric space and A C X. Then A is said
to be closed if there exists an open set U C X such that A = U°.
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Proposition 3.1. Let (X, m) be an m*—metric space and A C X be closed. Let
{pn} C A be such that {p,} € M(m, X, z), then z € A.

Proof. If possiblelet z ¢ A. Then z € A¢ = U, where U is open. So there exists ¢t > 0
such that B™(z,t) C U. Now lim, o (m(pp, 2) —m,;, ») = 0 so for ¢ > 0 there exists
N € N such that m(p,,, z) —m,, . <t whenever n > N. Thus p,, € B™(2,t) C U for
all n > N, a contradiction. Hence z € A. [

Definition 3.3. Let (X, m) be an m*—metric space and B C X. Then diam(B) =
sup{max{m(p, g) — mpq, Mp, —mp.} : p,q € B}.

Definition 3.4. In an m*—metric space (X, m), a sequence {A,} of subsets of X
is said to be decreasing if Ay D As D Az D ... .

Theorem 3.1. Let (X, m) be a complete m* —metric space and {A,} be a decreas-
ing sequence of nonempty closed subsets of X such that diam(A,) — 0 as n — oc.
Then the intersection N2, A, contains exactly one point.

Proof. Let p, € A, be arbitrary for all n € N. Since {A,,} is decreasing, we have
{Pn,Prt1, .-} T Ay for alln € N,

Now for any n,p € N with n,p > k we have max{m(pn, py) — mMp,p,, Mp,p, —
My, p,} < diam(Ay), k > 1. Let € > 0 be given. Then there exists some ¢ € N
such that diam(A,) < € since diam(A,) — 0 as n — co. From this it follows that
max{m(pn,pp) — Mp,p,, My, p, — My, } < € whenever n,p > q. Therefore {p,} is
Cauchy sequence, more specifically 0—Cauchy sequence in X. By the completeness
of X there exists z € X such that {p,} € M(m, X, z). Since {pn,Pn+1,.--} T A,
and A, is closed for each n € N, using Proposition 3.1 we have z € NS A,,.

Next we prove the uniqueness of z. Let ¢ € N%2;A,, be another point, then
either m(z,q) > m, or M, > m,,. That is max{m(z,q) — m.q, M., — m,,} > 0.
As diam(A,) — 0, there exists Ny € N such that

(3.2) diam(Ay) < max{m(z,q) — m.q, M.y — m,} < diam(A,,)

for all n > Ny, a contradiction. Hence N2 ;A,, = {z} and this completes the proof
of our theorem. [J

4. Fixed point results on m*—metric space

Definition 4.1. Let (X, m) be an m* —metric space and T : X — X be a mapping.
Then T is said to be m—contraction if

(4.1) w(Tp,Tq) < km(p,q)

for all p,q € X, where k € (0,1).
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Definition 4.2. Let (X, m) be an m*—metric space and 7' : X — X be a mapping.
Then T is said to be m—quasi-contraction if

(4.2)  m(Tp,Tq) <k max{m(p,q),m(p, Tp),m(q, Tq),m(Tp,q), m(p,Tq)}

for all p,q € X and for some k € (0,1).
Now we come to our main fixed point theorems.

Theorem 4.1. Let (X, m) be a complete m*—metric space and T : X — X be a
mapping such that it satisfies the following conditions:

(1) T is an m—contraction;

(2) there exists pg € X such that 6(m, T, po) = sup{m(Tpy, T'po) : i,j > 1} <
00.
Then T has a unique fized point in X.

Proof. Let us define 6(m, TP+ py) = sup{m(TP+ip,, TP+ipy) : i,5 > 1} for any
p > 0. Since T satisfies the contractive condition (4.1), we have

m(TP+ pg, TP po)

< kwm(TPipy, TP~ pg)
(4.3) <

for all 4, j,p > 1. From (4.3) it follows that

6(m7 Tp+17p0)

IN

k o(m, TP po)

(44) S kP 5(maT7 pO)

forallp € N. Ask € (0,1) we get lim §(m,T?"!, py) = 0. Therefore Em m(pn, pr) =
p—o0 n,k— o0

0 and nhﬁrglo m(pn, pn) = 0. Thus mggoo(m(pn,pk) —my,, p,.) = 0and n,lkigoo(Mp"pk -

My, p.) = 0. So {p,} is Cauchy sequence in X. By the completeness of X we get
some z € X such that {p,} € M(m, X, z) with lim (M, , —m, ,) = 0. But
n—roo

lim m, . =

n—oo

lim min{m(p,,p,), m(z,2z)} = 0, follows that lim m(p,,z) = 0 = lim M, ,.
n—o0 n—oo n—oo

Thus

(4.5) M(pri1,T2) = m(Tp,, Tz) < km(py,z) =0

as n — oo. Hence lim (m(py41,72) —m, , ,7.) = 0. Also m(z,2) = 0 and by the
n— oo

contractive condition (4.1) we get m(Tz,Tz) = 0.

(4.6) m(z,Tz) —m,r. =m(z,T2) < blimsup(m(z, ppy1) — Mzp, ) = 0.

n—oo

Therefore it follows that z = Tz and z is a fixed point of T in X.
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If z and w are two fixed points of T', then we see that
m(z,w) =m(Tz Tw) < km(z,w);
m(z,z) =m(Tz,Tz)
m(w, w) = m(Tw, Tw)

< km(z,2);
<

kEm(w,w).

From which it follows that m(z,w) = m(z,2) = m(w,w) = 0 implies z = w i.e. T
has a unique fixed point in X. O

Theorem 4.2. Let (X, m) be a complete m*—metric space and T : X — X be a
mapping such that it satisfies the following conditions:

(1) T is an m—quasi-contraction with k € (0,1) N (0, £);

(2) there exists pg € X such that §(m, T, po) = sup{m(Tpy, TIpy) : 1,5 > 1} <
00.
Then the Picard iterating sequence {T"xo} converges to some u € X which is the
unique fized point of T in X.

Proof. Similar as in Theorem 4.1 we define §(m, TP, py) = sup{m(T?Tpy, TP py) :
i,j > 1} for any p > 0. Since T satisfies the contractive condition (4.2), we have
m(TP po, TP pg) <k max{m(TP~ o, TP~ pg), m(TP ™ po, T+ 'py),

m(Tp_1+jp0, Tp+jp0), m(Tp_l'Hpo, Tp+jpo),

m(TP~ g, TP 'po)}
(47) < k 6(m7 Tpapo)
for all 7, 7, p > 1. By similar calculation as in Theorem 4.1 we deduce that the Picard
iterating sequence {p,} € M(m, X, u) for some v € X with lim (M, ,—m, ,) =0.

n—oo
Therefore we get lim m(p,,u) = 0 and m(u,u) = 0.
n—oo

Now for any fixed n € N we have,

m(u, T"po) = m(u, T"po) — Mygny, < blim sup(m(T™" Fpg, T"po) — Mgtk Ty )

k—oo
(4.8) = blimsupm(T" *py, T"py)
k—o0
< bS(m, T, po) < bk"16(m, T, po).
Now,
m(Tu, T?py) < kmax{m(u, Tpo), m(u, Tw), m(Tpo, T?po), m(u, T?po), m(Tpo, Tu)}
(4.9) < kmax{bd(m,T,po), m(u, Tu),d(m, T, po), bkd(m, T, po), m(Tpo, Tu)}
= k max{bé(mv T7 p())? m(u7 T'LL), (5(1’[1, T7 PO), m(TpO; TU)}
Also,

m(Tu, T3p0) <
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< kmax{m(u, T?po), m(u, Tu), m(T?po, T*po), m(u, T*po), m(T?po, Tu)}
(4.10) < kmax{bkds(m, T, po), m(u, Tu),s(m, T2, py), bk*s(m, T, po), m(T*po, Tu)}

< kmax{bks(m, T, po), m(u, Tu), ks (m, T, po), m(T%po, Tu)}

< kmax{bkd(m, T, pg), m(u, Tu), ké(m, T, pg), km(Tpg, Tu)}.

Proceeding in a similar way for every n > 1 we get,

(4.11) m(Tu, T"pg) <
S max{bk”5(m, T7 pO)v km(u7 TU), kné(ma Ta PO)» knm(Tpm TU)}

From (4.11) it follows that lim supm(Tu, 7" 'pg) < k m(u, Tu). Thus we have,

n—oo

m(u, Tu) = m(u, Tu) — myr, < blimsup(m(T" " po, Tu) — Mpntipyry)
n— oo
(4.12) = blimsupm(T™ pg, Tu)

n—oo

bk m(u, Tu).

IN

From the inequality (4.12) it clear that m(u, Tu) = 0. Since T satisfies the contrac-
tive condition (4.2), we get m(Twu,Tu) = 0. Therefore Tu = u and u is a fixed point
of T.

If w is a fixed point of T in X, then we get

m(u,w) = m(Tu, Tw) < k max{m(u,w), m(u,u), m(w,w)};
m(u,u) = m(Tu, Tu) < km(u,u);
<

m(w, w) = m(Tw, Tw) kE m(w,w).

From which it follows that m(u,w) = m(u,u) = m(w,w) = 0 implies u = w i.e.
u=w. [

Example 4.1. Let X = {1,2,3} and we define m : X x X — [0,00) as m(1,1) = 1,
m(2,2) =2, m(3,3) =0 and

Example 4.2. Let X = {1,2,3} and we define m : X x X — [0,00) as m(1,1) = 2,
m(2,2) = 1, m(3,3) = 0 and

Corollary 4.1. The conclusion of Theorem 4.2 can be made also by using the
following contractive conditions instead of contractive condition (4.2):

(a) m(Tp,Tq) < a[m(p, Tp) +m(q,Tq)], a € (0, 3);

(b) m(T'p,Tq) < Blm(p, Tq) +m(q,Tp)], B € (0,3);

(¢) m(Tp,Tq) < &[m(p, q) + m(p, Tp) +m(q, Tq)], £ € (0,3);
(d) m(Tp, Tq) < w[m(p,q) +m(p,Tq) + m(Tp,q)], w € (0, 3);
(e

) m(T'p, Tq) < pm(p,q) + qm(p, Tp) + rm(q, Tq) + sm(p, Tq) + tm(Tp, q),
p,q,m, 8t € (0,1) withp+qg+r+s+t<1;
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(f) m(Tp,Tq) < ymax{m(p,q),m(p, Tp),m(q,Tq)}, v € (0,1);
(9) m(T'p, Tq) < nmax{m(p,q),m(p,T'q),m(T'p,q)}, n € (0,1);
(
1

h) m(Tp,Tq) < ¢(max{m(p,q),m(p,Tp),m(q, Tq), m(p,Tq) + m(Tp,q)

5 b ¢ €

5. Application to the stability of fixed point problem

In this section, we will discuss Hyers-Ulam stability of fixed points of mappings. For
more details on Hyers-Ulam stability of functional equations and its applications
on fixed point problems one can refer to [4], [11] and [12].

Let (X, m) be an m*—metric space and T : X — X be a given mapping. Let us
consider the fixed point equation

(5.1) Tp=p, m(p,p) =0
and the inequality
(5.2) m(Tq, q) —mrg q <€

for any € > 0.

Definition 5.1. The fixed point problem (5.1) is said to be Hyers-Ulam stable if
there exists an element ¢ > 0 such that for each € > 0 and an e—solution (A solution
of (5.2)) v € X there exists a solution u € X of the fixed point equation (5.1) such
that m(u, v) < ce.

Theorem 5.1. Let (X, m) be a complete My—metric space with coefficient s > 1
and T : X — X be a mapping such that T satisfies all the conditions of Theorem
4.1 with the Lipschitz constant k € (0, %) Then the fixed point equation of T is
Hyers-Ulam stable.

Proof. Since any M,—metric space is m* —metric space, from Theorem 4.1 we see
that T has a unique fixed point u in X with m(u,u) = 0 that is the fixed point
equation (5.1) of T has a unique solution. Let ¢ > 0 be arbitrary and v be an
e-solution of T'. Then

m(u,v) = mu,v) — My,
< s[(m(u, Tv) — myry) + (M(To,v) — mpy )]
= sm(Tu,Tv) + (m(Tv,v) — mpy, ,)]
(5-3) < slhm(u,v) + (m(Tv, v) —mry )]

This implies m(u,v) < =7 (m(Tv,v) — mry ) < =€ Therefore the fixed point
equation of T' is Hyers-Ulam stable. [
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