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Abstract. In this paper, we deal with modified Gauss-Weierstrass integral operators
from exponentially weighted spaces Lj o (R) into Ly 2, (R). We give the rate of con-
vergence in terms of weighted modulus of continuity. Moreover, we prove weighted
approximation of functions belonging to the space L, . (R) by these operators with the
help of a Korovkin type theorem. Finally, we give pointwise approximation of such
functions by these operators at generalized Lebesgue points.
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1. Introduction

The well-known Gauss-Weierstrass singular integral operators are given by

(Wof) (z) ZZ\/Z/f(x—t)e_"tzdt, reR, neN,

where the function f is selected such that the integrals are finite. These operators
were extensively studied by many researchers [3],[4],[5],[7] and [14]. Some approxi-
mation problems including Voronovskaya type theorem and quantitative type results
have been investigated in L, and weighted L, spaces in [9].

In [8], Agratini et al. considered a generalization of the Gauss-Weierstrass sin-
gular integral operators defined by
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(1.1) \/7/f (Bn (x et dt, z € (—o00,00), n€N,

where
(1.2) ﬂn(z)zx—%, n>1 a>0.

These operators reproduce not only eg, where ey (t) = 1, ¢ € R, but also certain
exponential functions. In that work, the authors studied these operators in the
polynomial weighted continuous functions spaces. They also proved that these
operators have better approximation properties than the classical ones. The linear
positive operators preserving exponential functions in approximation theory have

been intensively studied (see [10],[11],[12],[13],[15],[16] and [17]).

In this paper, we consider the operators W, in the setting of large classes of
exponential weighted L, spaces. Firstly, we show that these operators act from
the exponential weighted L, , (R) space into Ly 2, (R), which will be defined below.
Then, we get quantitative results for the rate of convergence by the operators in
terms of weighted L, modulus of continuity. Similar result is also given for the
derivates of the operators. Furthermore, we obtain weighted approximation by
the operators using a weighted Korovkin type theorem. Finally, we investigate a
pointwise convergence result by the operators at generalized Lebesgue points.

Below, we recall the definition of exponential weighted space L, , (R).
Let a >0 and 1 < p < 0o be fixed,

v, () = e for x € R,

and let L, , (R) be the space of all functions f : R — R for which v, f is Lebesgue
integrable with p-th power over R, where 1 < p < oo, and uniformly continuous
and bounded on R. The norm in L, , (R) is defined by

1/p
(13)  fllp =15 Ol = /m DPdr| L 1sp<o
(see [6]).
As usual, for f € L, , (R) the weighted modulus of continuity is defined as
(1.4) w(ﬁIGM(R)w)>—FTpHAhf(HI for ¢ >0,
h|<t
where

Apf () = f(z+h) = f(z).

The above w has the following properties:
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(1.5) W(f;Lpa (R);t1) <w (f;Lpa (R);t2) for 0 <ty < to,

(1.6)  w(f;Lpa (R);AE) < (1+A) e w (fi L, q (R);t) for At >0,
(L.7) Jim w (f Ly (R);) =0

for every f € L, o (R) (see[1]).

2. Auxiliary results

In this part, we shall give some fundamental properties of the generalized Gauss-
Weierstrass integral operators W)' in the spaces Ly 2o (R). Lemma 2.1 can be ob-
tained by elementary calculations.

Lemma 2.1. The equality

T 1 (e
/;Upe*%”zpdx = Pz ( iil)v
b 2 (ap) 2

where T is the Gamma function and holds for every p € [1,00) and a > 0.
Lemma 2.2. (see [8]) If W’ n > 1, are the operators given by (1.1), then for

each integer j >0, e; (t) =t/ t € R, we have

* j (25 — 1)' ] j—2s
(Wrej) (x) = B7,(x) + s Bl*(z), p>2 ,x€R.
; (2n) <2s) p

Also, as particular cases, we have

1
Wieo =1, Wyer =By (x), Wyea = B, (z) + o
n

This formula shows that W f (n > 2a, a > 0) is a sequence of linear positive
operators from L, , (R) into L, 2, (R).

Lemma 2.3. If f € L, (R), with 1 < p < oo, then for n > 2a, we have

(2.1) IWofllp2a < Mallfll,a

where
T 3
M, = e 0% —dan .
n — 2a
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Proof. In view of the definition of the operators W, we can write

e} 1/p

[ e wip@| i

—0o0

[e'e] oo P
J e \/Z [ £ @ + e ] do

By a generalization of Minkowski’s inequality and making use of substitution 3, (z)+
t = u, the above formula reduces to

W f

|p72a

1/p

. o 1/p
Wil < 2 ] [ [ irop s a
’ ™
o] o] 1/p
< 2 (e [irwpesnent i)
m
I I
1/p
<

oo oo
\/ﬁ / et g2a(Fn—t) / If (WP e Pdu | dt
™
= ||f|p,a\/Z/e-mzﬂa(z‘z—tfdt

= |7

_a’
e2n?—4an |

paVn—2a

Thus, the proof of Lemma 2.3 is completed. [

3. Approximation theorems

Firstly, we shall prove rate of convergence by the operators (1.1) of functions
belonging to L, o (R) .

Theorem 3.1. If f € L, . (R), then we have

a 1 n
* _ < . PR M T
||an pr’2a S w (f7 Lp,2a7 2n) + w (f7 LP72G7 \/ﬁ) ( n — a)

forn > a.

Proof. From (1.1), (1.3) and the Minkowski inequality, we get

IWaf = fllp2a
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0 1/p
( [ e wvin@ - se@nf da:)
P 1/p
dx)

— 00

i

o0

2w [0 [ )+ - p@ e

< Z7 (7 2P |f (B (1) +1) — f @)+ f (2 +) = [ (o + 1) dx) N dt
< /2 7 (7 724" (£ (Bu (2) + 1) = f (w+ t))(”dx) N dt
+ﬂ 7 (7 e (o t) £ (@) dx) N dt
< \f/ B () 1) = F (1)t +
" \f/ Y1) = £ Ol e

Then by (1.4), we obtain

. n 2 a n i
||an — f”p,Qa < \/;/6 L) (f;Lan; %) dt + ; / e ™M (f;Lp72a;t) dt

and from (1.6), we have
1 o0
* a n —?(n—a
||an—pr72a < w (f;Lp,ga;%) +w (f;Lpga;\/ﬁ) U;/ (1—&—\/515)@ t*(n—a) g4
a 1 I n
.L .- .L . .
U.}(f, p,2a72n)+w(f7 p,2as ﬁ) ( na) ’ n>a

Also, the following theorem is obvious from the formula

W)™ f/f(’ +t)e " dt.

A

O
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Theorem 3.2. If (") ¢ L, o (R) with fized a > 0 and r € N, then we have

a 1 n
< s L a;f) i Lp2a; —=
p2a w (f’ P29, tw (f P2 \/ﬁ> ( n— a)

HV[/;JC(T) —f

for n > a.

Let w be a positive continuous function on the whole real axis satisfying the
condition

/ t*Pw (t) dt < oo,
R

where p € [1,00) is fixed. Let also L, ., (R) denote the linear space of measurable,
p-absolutely integrable functions on R with respect to the weight function w, that
is

1

P

Lo ® = RSB fl,oi= | [IFOFw@d] <o
R

In [2], the authors obtained the following weighted Korovkin type approximation
theorem for any function f € L, (R),

Theorem 3.3. (sce [2]) Let (Ly,), oy be a uniformly bounded sequence of positive
linear operators from L, ., (R) into L, ., (R), satisfying the conditions

lim ||Lpe; — ej||pw =0, 7=0,1,2.

n—oo

Then for every f € L, ., (R), we have
Tim [Lof = fll,, = 0.

Our aim is to study the weighted approximation by the sequence of operators

Wy in the norm Ly, 2,(R). We consider a weight commonly used in defining spaces

of functions with exponential growth. If we choose w (x) = 6720’1217, x € R, we can
give the following theorem.

Theorem 3.4. If f € L, , (R), then we have
Tim [ W, f = fll, . = 0.

Proof. According to Theorem 3.3, for the proof, it is sufficient to show that the
conditions

(31) nlL}II;O HW;QJ - ej”p,Qa = 03 j = 07 172
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are satisfied. Since Weg = 1 the first condition of (3.1) is fulfilled for j = 0.
Considering Lemma 2.2, we have

[e'e) 1/P
2 p
Wier=al = | [ e 100ze) @) -l ds
o l/p
= % 2/6_2‘“‘2”(11'
0
Then, we get

1/p
s
W 25—1 ] —
|| n€l — €1||p 2a = ( 2(1])) )

and the second condition of (3.1) holds for j = 1 as n — oo. Finally, from Lemma
2.2, we obtain

o 1/p
* _ 2 « p
[Wie2 —ezll, 5, = /\e 202°p [(Wres) (x)—xﬂ‘ dzx
) 1/p
— o—2az’p LQ 1 ax pdac
4n?2  2n
—0o0
From triangle inequality
2 [e’e) 1/p
1 2
Koo 1+1/ = —2ax
Wies el <2147 (g ) | [o e )+
0
00 1/p
4o+l /eihg”szpdx ,
n
0

and using Lemma 2.1, we get

/p

a® 1 7\ /P ( )1

W*e, — — [ =2 4+ = )olt+l/p L 217,727
W 62Hp’2“ (4n2+2n> 2pa + n 9% (a )

and the third condition of (3.1) holds for j = 2 as n — oo. Thus, the proof is
completed. [

Here, we give a pointwise convergence result at the points called as general-

ized weighted p-Lebesgue point which is consistent with exponential weighted space
Lp.a(R).
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Theorem 3.5. If x is a generalized weighted p-Lebesgue point of the function f €
L, o(R), i.e.; for x € R the condition
1
P
P
dt) o,

h—0 e2ot?

h
L[S Ba(@)+t)+ [ (Ba(z) —t) —2f(x)
(3.2) lim (h/‘

holds, where 3, and « are given by (1.2), then we have
(33 lim W (f52) = f(o).

Proof. We observe that

Witrn) = |2 [ FG@ e pe(-oom), nen

0 e’}
- \/;/f(ﬂn (z)+t)e " dt + \/;{f(ﬁn (z)+t)e " dt
- \f / F (B (@) +8)+ f (Bu (2) — )] ™.

o0
Hence by the fact /2 [ e " dt = 1, we get
— 00

\/Z/ [F (B (@) + )+ f (B (@) = 1) = 2 (@)] et

0

o] (Lt =)

Since f € Ly q(—00,00) , 1 < p < oo and if ;1 + ﬁ = 1, then by Holder’s
inequality

W (fix) = f(z)

ISRy L CEDESCICEUEL D
0

e2at?
1
p P
e—t2 (n—2a)dt>

1

(e (s
(\/i?‘f(ﬁn(x)ﬂ)—kj;(ﬁz(aﬁ)—t)—zf(x)
o
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1

f [evea)
™
—o0

Since the integral at the last row is convergent for all n > 2a, we have

W ( f, ) — ()Ip<

Let
G5 P / LG0T 0 9“2 g
Then

R e

Suppose that z is a generalized p-Lebesgue point of the function f. According to
conditions (3.2) and (3.5), we shall write

lim @ =0.
h—0 h

In this case, for every € > 0 there exist a § > 0 such that when
€
. F(h) < =h
(36) () < =
for all h < 4. Let

(37) B (565 (n=2a)9, /(n — 2a) + 1) /A

24/ (n — 2a)

We can split the right-hand side of the last inequality into two parts:

5
W (fi2) — f@)fP < \/Z/‘f(ﬁn(x)th)wL{;Q(ﬁZ(m)t)Qf(x)
0

1T f (B (@) +) + £ (Bu (@) =) = 2 () |”
+\/;[‘ e2at?

= L +1,.

€7t2 (n—2a) dt

e—t2 (n—2a) dt

To complete the proof, we have to show that

n—oo n—oo
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We consider [;. Using integration by parts and (3.6), we find that

5
L = \/ﬁ/etQ("Qa)dF(t)
T
0

s
< \/7 —n 2@>F(5)+2\[n—2a /tF et (n=2a) gy
T
0
s
_ B —6%(n—2a) Ei . 2 _—t*(n—2a)
\/;e F(5)+2\/;B(n 2a)/t e dt
0
3
< —8%(n 2a>55+2\/ﬁ‘E P LG
o \/; 7TB( )2(n—2a)%
\/7

ne—éz(n—Qa) € \/ﬁ € 1

£ 26e=9"(n=20) /(= 24) + 1
—\/ N
B 2,/ n—2a

Using (3.7), we have, for all € > 0,
I <e.
For I, we can easily see that

‘f(ﬁn(x)+t)+f(/6n(x)_t)_Qf(x) :

¢ (Pt o |
— 9% <‘f(ﬁn2(:;)2+t) p*"f(ﬁn;ft)g_t) p+ fz(ftz p>.

Thus, we can write

\/Z?‘f(ﬁn(x)—s—twr];(ﬁg (2)— 1) — 2 () "
e ([ g

e—2t2(2n—a)dt

P
dt



Approximation Properties of Modified Gauss-Weierstrass Integral Operators 99

+\/ﬁ22p ‘f($)|p /67t2(n+2a(p71))dt.
™
4

Making use of the substitutions
(3.8) B () +t=wu, By (x) —t=wand v =1t*(n+2a(p — 1)),

to the above integrals, respectively, we get

(3.9)
f(u)

3]
/ eQa(qu% —x)?

—00 —00

p < p
du S / - ‘f(u)l du = ||f||§a ef2ap(%,a:)2 § ||fH:n

au2p+2a(ﬁfz)2p

from (3.8) and (3.9), we can write the following inequality.

" n _s2 _
W) = o < [Eesem gy

2p—1 P <
N Call (G B S
T (n+2a(p —1)) v
§2n+2a(p—1) n+2a(p—1)
We get that

1
(3.10)  lim 4/ De=t'n=0) — and lim / —————e "dv=0.
m

n—oo n—oo v
§2(n+2a(p—1)) n+2a(p—1)

If we take the limit of both sides of the last inequality, we find

n—oo

by (3.10). Therefore, for a large n, we obtain

Wy (fi2) — f(o)] <e

and the proof is completed. [
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