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THE HOMEOMORPHIC PROPERTY OF THE STOCHASTIC
FLOW GENERATED BYTHE ONE-DEFAULT MODEL IN ONE
DIMENSIONAL CASE

Fatima Benziadi
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University of Saida, Dr Moulay Tahar, PO.Box 138 En-Nasr, 20000 Saida, Algeria

Abstract. In this paper, we will try to study the same result proved in [10]. So, on the
same model and with some assumptions, we will study the property of homeomorphism
of the stochastic flow generated by the natural model in a one-dimensional case and
with some modifications, based on an important theory of Hiroshi Kunita. This is the
main motivation of our research.
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1. Introduction

The notion of flow in the deterministic case for ordinary differential equations has
been studied by Blagovescenski and Freindlin [11]. Under stronger assumptions of
regularity of coefficients, such solutions determine a stochastic flow of diffeomor-
phisms. This question was discussed under variety of assumptions by Baxendal
[12], Bismut [6], Elworthy [3], Kunita [2], Malliavin [4] and others. See also Kunita
[13] for extensive literature on the subject. While the method of Bismut and Ku-
nita, is primarily an extension of the original one of Blagovescenski and Freindlin on
using Kolmogorov extension theorem, the original method of Elworthy [3] is based
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on using theory of stochastic integration on some appropriate Hilbert manifold of
diffeomorphisms. These method originated from a similar approach in the deter-
ministic case (but still in the framework of Hilbert manifolds) by Ebin and Marsden
[14], see also Ebin [15].

The notion of the stochastic flow associated with a stochastic differential equa-
tion has been studied by several authors, e.g. Elworthy [3], Malliavin [4], Tkeda-
Watanabe [5], Bismut [6]. In this work, we are interested in the stochastic flow
generated by the so-called f-model, it is one-default model which gives the condi-
tional law of a random time with respect to a reference filtration. This models are
widely applied in modeling financial risk and price valuation of financial products.

Precisely, it is proved in [1] that, for any continuous local martingale Y, for any
Lipschitz function f on R null at the origin, there exists a probability measure Q
and a random time 7 > 0 on an extension of (Q,F,P), such that the survival prob-
ability of 7, i.e., Q[r > t|F%] is equal to Z; for t > 0. In the last reference, it has
also been shown that there exists several solutions and that an increasing family of
martingales, combined with a stochastic differential equation, constitutes a natural
way to construct these solutions, which means that X' = Q[r < |F],0 < u,t < 0o
satisfies the following stochastic differential equation :

—A,

dX, = X, (— €

1 7 dNt +f(Xt — (]. - Zt))d}/t> s te [U, OO)
— 4
X,=z

(Bu) :

where the initial condition x can be any F,-mesurable random variable.

The main result of this paper is to prove the homeomorphism property of the
stochastic flow generated by the stochastic flow associated with the f-equation based
on Hiroshi Kunita theory, but we impose the following hypotheses:

The first hypothesis:

We keep the same naturel model, but we assume that all the processes indicated
in the g-equation take real values. Thus, we impose that the coefficients of this
equation are Lipschitz continuous.

The second hypothesis:

We always assume the hypothesis mentioned in [1], which denoted that the stochas-
t A,

tic integral / 1—7 dNg, u <t < 00, exists and defines a local martingale.
u - s

Remark 1.1. With these assumptions, we recall that the solution of the g-equation is
continuous according to the article [7].

Remark 1.2. It is reported here that the H. Kunita theory appearing in Section 2 was
done for multidimensional processes. Therefore, to obtain our result in the one-default
model, it suffices to apply the unidimensional version of the It6’s formula.
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2. The stochastic flow of stochastic differential equation

This section is borrowed from [2].

Let Gy(z),...,G.(x) be continuous mappings from R? into itself and M}, ..., M]
be continuous semimartingales defined on a probability space (Q,F,P;F;). Here
F;,0 <t < oo is an increasing family of sub o-fields of F such that AcsoFipe = Fy
holds for each ¢. Consider an It6 stochastic differential equation (SDE) on RY;

(2.1) & = Gj(&)dM]
j=1

A sample continuous F;-adapted stochastic process & with values in R? is called a
solution of (2.1), if it satisfies

d t )
(2.2) f=t+Y / G (£.)dM?
j=1"9

where the right hand side is the Ito integral.

Concerning coefficients of the equation, we will assume in this section that they
are Lipschitz continuous, i.e., there is a positive constant L such that

holds for all indices ¢, j, where Gj(x) is the i-th component of the vector function
Gj(x). Then for a given point x of R4, the equation has a unique solution such that
& = 0. We denote it as & (z) or &(x,w). It is continuous in (¢,z) a.s. In fact, the
following proposition is well known.

Proposition 2.1. [8]. &(x,w) is continuous in [0,00) x R? for almost all w.
Furthermore, for any T > 0 and p > 2, there is a positive constant KS% such that

(2.3) Eléi(0) - &P < K (o =yl + 1t - 1%
holds for all x,y of R% and t,s of [0,T).

We thus regard that for fixed ¢, &(-,w) is a continuous map from R? into itself for
almost all w. The purpose of this section is to prove that map & (-, w) is one to one
and onto, and that the inverse map & '(-,w) is also continuous.

Theorem 2.1. [2]. Suppose that G1,...,G, of equation (2.1) are Lipschitz con-
tinuous. Then the solution map & (-,w) is a homeomorphism of RY for all t, a.s.
w.

Remark 2.1. In case of one dimensional SDE, Ogura and Yamada [9] has shown the
same result under a weaker condition, using a strong comparison theorem of solutions. In
fact, if coefficients are Lipschitz continuous on any finite interval (local Lipschitzan) and
if they are of linear growth, i.e., |G;(z)| < C(1+ |z|) holds for all  with some positive C,
then the solution &;(-,w) is homeomorphism for any ¢ a.s.
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Remark 2.2. The (local) Lipschitz continuity of coefficients is crucial for the theorem.
Ogura and Yamada [9] has given an example of one dimensional SDE with «-Holder
continuous coefficients (% < a < 1), which has a unique strong solution but does not have
the ”one to one” property.

Remark 2.3. It is enough to prove the theorem in case that M, i = 1, ..., r satisfies the
properties below: Let M7 = B/ + AJ be the decomposition of semimartingale such that
B is a continuous local martingale and A7 is a continuous process of bounded variation.
Let < B’ >; be the quadratic variation of Bf. Then it holds for each j and Vs < ¢,

(2.4) Al —Al<t—-s,<B > —-<B ><t-s, Vs<t

In the following discussion, condition (2.4) is always assumed. We will first show the
”one to one” property. Our approach is based on several elementary inequalities.

Lemma 2.1. [2]. Let T > 0 and p be any real number. Then there is a positive
constant Kf% such that Vz,y € R and Yt € [0,T),

(2.5) Elé(2) — &()IF < KSplz —yl?, Vo,y e RY, vie[0,T]

The above lemma shows that if  # y then &(x) # &(y) holds for all ¢ a.s. But
it does not conclude that &(-,w) is “one to one”, since the exceptional null set
Ny = {wl&(x) = & (y) for some t} depends on the pair (z,y). To overcome this
point, we shall prove the following lemma.

Lemma 2.2. [8]. Set

1
(2.6) 1Y) = E —aw)

Then n:(x,y) is continuous in [0,00) x {(z,y) € R*|z # y}.

The above lemma leads immediately to the ”one to one” property of the map & (-, w)
for all ¢ a.s. We shall next consider the onto property. We first establish

Lemma 2.3. [2/. Let T > 0 and p be any real number. Then there is a positive
constant Kz(f’% such that

(2.7) E(1+ [¢(2)?)? < K\ (1+[2]?)?, Ve eR%, Vit e [0,T)

Remark 2.4. Tt holds (14 |z|?) < (1 + |2[)® < 2(1 + |z|*). Therefore, inequality (2.7)
implies
(2:8) E(1+ [&())* < 2P K (1+ [a))*

Now taking negative p in the above lemma, we see that |£;(z)| tends to infinity in
probability as x tends sequentially to infinity. We shall prove a stronger convergence.
We claim
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Lemma 2.4. [2]. Let R4 = R?U{oo} be the one point compactification of R®. Set

1

m(z) =49 1+[&(2)]
0 if x =00

if xeR?

Then ny(x,w) is a continuous map from [0,00) x RY into R a.s.

Lemma 2.5. [2]. Define a stochastic process €, on R? = R% U {co} by

z { & () if xeR?

Then &,(z) is continuous in [0,00) x R,

Now the map &, is a homeomorphism of R4, since it is one to one, onto and continu-
ous. Since oo is the invariant point of the map &,, we see that &, is a homeomorphism
of R?. This completes the proof of Theorem 2.2.

3. Main result

In our model and with the assumptions set out in Section 1, we show the homeomor-
phic property of the solution of the f-equation by applying the lemmas introduced
by H.Kunita presented in the previous section. We take ¢ = p and 8 = p — n with
p >0, we have for u < s <t:

‘X, ( et ) dN, + /t Xof(X, — (1= Z,)dY,

Xi(z) = -
" (a) x+/ —

u

We know that the quantity f(Xs — (1 — Zs)) is bounded because f is a Lipschitz
—A,

function, but as we do not know a priori if the quantity [ — 16 Z ) is finite or not,

S

we introduce the stopping time 7, = inf{t,1 - Z; < %} . Therefore, we assume the
process X instead of X:

dX; = Xt(—WdNt—Ff(Xt—(l—Zt))dYt) ,Suchas X; = X;, Vit<7,,nc¢c
— LtNT,
N.

3.1. Proof of the one to one property

In this part, we will apply the lemma 2.1 to the one-default model. So if z =y the
inequality is clearly satisfied for any constant KZQ)’T. We shall assume x = y. Let €
be an arbitrary positive number and:
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oz =inf{t > 0, | X} (z) — X}(y)| < &}

denote A, = X¥(x) — X}(y), and we shall apply Ité’s formula to the function
f(2) = |2|P. Then it holds for t < &;

- t —Ag t _
Xg(x)zﬂ/ % (_e> st+/ X,f (XS—(l—ZS)) dy,
u 17ZS/\T” u

—As

dX{(z) = X, (_1—ZMdNt +f (Xt —(1- Zt)) dYt)

(o) - %) = oo = | () - X))

u

o) (- =) N, + Kl (Xule) - (1= 2)) Y, -

() (— n)stJrXs(y)f (%) - (1 - 2) dysr

"le-op= [ L (510 - Kew)

(Xo@r (Xu@) - (1= 20) - X)f (K) - (1= 2,))) av;]

w3 [ 5 (R - K20 =
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~ ~ P ~ ~
K@) - KW — o -yl =L+ i
we start with ft:

T ! 8f U U

L= 5 (K@ - Xrw)

—A,

[(X'S(x) - Xs(y)> (— - - ZW) AN+

(X@f (Ko@) - (1-2)) - K@)f (X)) - (1-2)))avi]

Noting
V(XD) = Xo(@)f (Xo(2) - (1 - 2,))
V(XY = Xw)f (X - (1-2))
such that
V(XE) - V(XY < L] %z - X2
nd
’ OF — plap
0z P
we put
INt = itl + I~t2
such that
- LOf /o o Y X >
it = [ 5 (%@ - X)) (%0 - %) (‘ i ezsm) s

7= [ (xew - 5ew) (750 - () av.

For I}, we have:

(@0 - xw) (L0 - X0)| < b |fw - X0)
< ol Ko@) - Xtw)|]
Therefore
e

t
I < |p|/
u

t
() - Xs(y)‘pds x / dN,

a ]- - Zs/\'rn
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Noting
t —Ag
Q: = / —#alN37 it is a local martingale according to hypothesis 1. (so
— LsA\Th
called the hypothesis Hy (C) [1]). So
- by - P
B2 lplQi [ [ - X ds

For I?, we have:

of

5= (Br@ - X)) (VD - v(Ey) P E A NGRS A

IN

IN

pIL| %) - £

Therefore
p

X}(a:) - Xg(y) ds

t
I} < \pIL/

%) —Xs<y)\pds+|p\i/

u

So, we have

L= 412

t p

Xa(x) - Xs(y) ds

IN

Ip| Qt

~ X )‘ ds (Q¢ + L)

IN

Therefore, we have

(3.1) [E Do | < Ipl Qinor + L) / E [ Konor (2) = Xonos ()| ds
Next,
ii=y [ 24 (1w - x2w)
[(Xs(x) - Xs(y)) <1_6ZAA> AN, + (V(X“") V(Xg)) dYg} i

hi=y [ 94 (Rrw) - K1)
[(Xs(x) - Xs(y))2 (_16_2AM>2 dAN,dN, + (V(X;’) - V(Xg)f dY,dY,

+2 (X () — X )) (-e_A> (V(Xw) - V(Xy)) dN, dY}
s s\y 1_ Zs/\rn s s s s
I B . .
Noting J; = 3 [Jtl + JZ + Jf} such that:

—Ag

Jt = / 07 (%) - %2 = (XS@)—XS@))Q(—&M)Qdmdm
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Je= [ O (Rew) - Kew) x (VED) - V50 avaay,
-2 O (%20 - X)) < (o) - £.0) (—I_ZA) (V(X2) - V(X)) dN.av.

and note that

For J}! we have

0T (%) - %) » (%) - %)) | <

< pllp = 1/ [ X (@) - £, ()

Therefore

_ ~ » t e—As 2
Xs(ac)—Xs(y)‘ ds/ ( ) dN,dN,

t
Jtlélpl\p—l\/ -z
u SN\Tn

The hypothesis 1. is always assumed, so

t p

Xg(:c) - Xg(y) ds

J¢ < pllp - lle/

u

For J? we have

P (x2() - X2w) x (V%) - V(RY)

0z2 5

N—
]

< b D (K20 - 2)

~ ~ ~ p
< lpllp — 1/ 2| Xo(2) — K(w)

So

t

J2 < Jpllp - ui?/ Xo(2) - Xo(y)| ds

u

‘p
For J} we have

O (%) - %) x (%) - %)) (V(E2) - V(D) ‘
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< o - 122 (£,0) - £0)) £ (Xol0) - £o(0)|

-/~ - P
< oo~ VL (Xu@) - X))
The hypothesis 1. is always assumed, so

t

X, (z) — X(y)| ds

g - P
Ji §2|p||p—1|LQt ‘

u

Therefore
j, 1 {71 Jj2 73}
2 t t t

t p

Xs(m) - Xs(y) ds

~ ~ p ~
Xofa) = Xoly)| ds+ lpllp 1/ 2 |

u

- 1 ) t
Jt:§ |:|p||p_1|Qt/

t
+2|p||p—1|LQt/

u

X.() - )| ]

t

1 . . . P
3o < ol = 11Qe+ L7 [ [ %) - Xuto)] s
Therefore h
- 1 - t - - p
62 [Bhe] < gl - 1@+ L7 [ B[R ) - Koo ds

Summing up these two inequalities 3.1 and 3.2, we obtain

p

~ ~ p ~ t ~ ~
B[ X, (o) - X0, )] < o= 9P+ G, [ B[Ru0) - X ds

where C), is a positive constant.

By Gronwall’s inquality, we have:
~ ~ V4 ~
E X;L/\Jg(x) - Xtu/\as-(y) < ;(7,211 |.’E - y|p, u<t<oo

such that
K2 & —yP = exp (Cpu)

Letting ¢ tend to 0, we have:

. e )] < B P
E Xt/\o(x) - Xt/\a(y) < p,u |Q7 - y|
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where o is the first time such that X(z) = X*(y). However, it holds ¢ = co a.s,
since otherwise the left hand side would be infinity if p < 0. The proof is complete.

The above lemma shows that if 2 # y then X (z) # X(y) holds for all ¢ a.s.
But it does not conclude that X;(.,w) is one to one, since the exceptional null set
Ny = {w/X{(z) = X}*(y) forsomet} depends on the pair (x,y). To overcome this
point, we shall apply the lemma 2.2.

In this case we have:

~ t oA t ~
Xu(z) = :c—l—/u X, <—1 - Zm,n> dN, +/u X (X-0-2))ay,
. i e— s 1 ~
_ t e—As t ~
Xu = +/XS(_ )st+/Xs Xs_ 1_Zs d}/;
=yt [ X (25— X (K- - 2)
i e— s i ~
Xu = +/XS<_ )st+/Xs Xs_ 1_Zs d}/;
fW) =y s =7 s f ( ( ))
Putting
1
nt(xvy) = Ca S
| X3 () — X (y)
1
e (2, y') =
X (") = XE ()
So

T (z,y) — i (2, )| = ‘ - _ S _

1 p 1 P ) ) )
A & = = X)) — X2(a)|P + | X (y) — X2 P
- (IX#(x)—Xt"(y)|> <|X;(x,)_Xﬁ(y,)|> [1X¢() — Xp )P + 1% () — X3

By Holder inequality

E iz, y) — i (&', 3/) P < 27 (B(iu(z, y) VB (2!, ) 7)) T

E [z, ) — e (&) < Corlo—yl Pla'~y/ |77l — /[P 4 |y — o/ + 20t — ]}

=

(i) - X))+ (BIRFG) - K26 P)

By lemme 2.1 and proposition 2.1, we have

< Cpurd ™ (ja =’ fy — o'l + 20t 15
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if | —y| > 6 and |2/ — /| >, where C,.r is a positive constant. Then by Kol-

mogorov theorem 2.1, 7;(z,y) is continuous in [0, 7] x {(=,y)/|x —y| > 6}. Since
T and § are arbitrary positive numbers, we get the assertion. The proof is complete.

_ The above calculus leads immediately the one to one property of the map
X}(.,w) for all t a.s. We shall next consider the onto property.

3.2. Proof of the onto property

In this part we will apply the lemmas 2.3, 2.4, and 2.5 to our model.

Let T'> 0 and p any real number:

Xo(x) :x+/th (—ICTA) dN, +/thf (X (- Zs)) dy,

- Zs/\rn

- - —Ay -
dXy(x) = X (_1Zt/\TndNt +f (Xt - (1= Zt)) dYt)
We shall apply Ito’s formula to the function f(z) = (1 + |2|?)?. It holds

1) - 1) = [ 5 (Rew)

{mx) (—1_ZA> AN+ Ko()f (Klw) = (1= 2.)) a. } .

O () [ (g ) s Kt () - 20) av:]
f(Xp(x)) = f(z) = I, + J; such that

—A,

i [ O (%2() [mx) (‘1_2) AN, + Ko@) f (Rule) — (1 - 2) dys}

hi=g [ SE (R« [x) (-1 ) v+ Rewrs (Rutw) - (- 20) avi] 2

For I;, we have

Nl
Il
:\#
Q’)‘QD
iy Qg
/N
>
@ g
—
&
N
X
| — |
S

@) (‘12) N+ Ko (Relo) - (1= 22)) av.]

M= O (%20) £ (—1__;) vt [ U (rw) £ (Rlo) - (- 20) v,

= ftl + 1? such that

i- O (%20) £ (‘1_2) an,
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2= / t % (X(@) Ko@) (Zo(@) = (1= 20)) a,

z

~ 0
For I}, note 8—f =2pz (14 ]2/*)P~! and the hypothesis 1. is always assumed, so
2

I = / t ? (X)) Zulw) (—1_;) dN,

U (@) Xuw)| = 2llel ()[R0
< 2yl (14 ) )
Therefore
peama [ (1wl a

For I?, we have

2= / t % (X)) Ko@) (Zo(@) = (1= 20)) d,

Noting

Let K be a positive constant such that

Nl

V(XD < K (14X, (@)])

N

IN

20pl |21 (1+ =) & (14X (@) 2)

21pl K (1+]%.(2)P)

IN
S

So .
Boplk [ (1+1%@P) ds
Therefore . » .
- ~ 2 ~ ~ D
i< 2l [ (1 @] ) dsznl & [ (14 E@E) s

2ol (@ + K) [ (14 1% 0) a5

u

IN

IN

We have .
(3.3) Bi|< 2@+ ) [ B (14 R@P)"ds

u
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Next, for J; we have

Bo= 3 [P () [ (- v Bor (Rt -0 2) ]

u 822 — ZS/\Tn

~ 1 ¢ 82f Su > 2 e_AS ? (7 ( YT\2
Ji=g | g (Fr@) [Xm (7)) v+ Ve avay,

e~ hs

R T
Noting J; = 5 [Jg + U4 JE], such that

—A,

- Lo f = - e 2
! :/u o (K@) x X2 <_1_ZM) dN,dN,

o [PPT (gu)  pie
sz/u @(XS (w)) % V(X7)2 dY,dY,

t 92 —Ag
. O%f /o _ ehe N\ -
3 _ u u _ x
J3 =2 /u 5z (XS (:c)) x Xu(x) ( — an> V(XT)dN,dY,
and note that

827f— 2\p—1 2 2\p—2
O 2y (L ) (o 1) 24P

Then for J} we have

= [P () x ot () v,
OL (@) x K| < (20 (04 1B +ap - )20+ ) Kl
< 2ppl(2(p—1)+1) (1 + ’Xs(x)f)p

Therefore

. t . 2\ P t e—As 2
eapler-n+y [ (14 [f@| ) as [ (<155 ) dvan,
u u ]‘7Z5/\T‘n/

By hypothesis 1., we have

E<2meo-+ e [ (1+|@f) o

u
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For JZ, we have

J2 = /t i (X)) x V(X2)* avaay,

< (2 (1P +4p (- 1) 20+ P2

K2 (1 + ‘Xs(x)f)‘

2lpl 20— 1)+ D &2 (1420 )

IN

Therefore
- N t B 2\ P
J2 < 20| (2(p—1)—|—1)K2/ <1+ ‘Xs(x)‘ ) ds

For J3, we have

< 2plEr-1+DE < |X’<>f>p

The hypothesis 1. is always assumed, so

p

JP<4apl@pr-1)+1)KQ, /ut <1+ ‘f(s(x)‘Q) ds

Therefore

J, = % [Jtl + J2 4 jf’}
Jp = % [2 Ip| (2(p — 1) + 1) Q? /ut (1 + ‘Xs(x)‘z)pds—k
t (1+ ‘Xs(x)‘g)pds

Tl 2 - 1)+ DK Q, /: (1+ ’f(s(x)r)pds}

2o <2<p—1>+1>f(2/

u

Je< Ipl2(p—1)+1) (Qt+k)2/: <1+(Xs(x)’2>pds
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So
(3.4) ’E Ji

< pl2(p—1)+1) (Qt +f<)2/utE (1 + ‘Xs(x)r)pds

Summing up these two inequalities 3.3 and 3.4, we obtain
- P » ¢ - P
E (1 + |Xs(x)\2> < (14 |22)" + const x / E (1 n |Xs(x)\2) ds

u

By Gronwall’s inequality, we have
~ P ~
E(1+1%,@)2)" < (14 [22)” x exp (Cya )
such that ,
. - P
Cp,u = const X / E (1 + |Xs(x)|2) ds

and
Kf,’,u = exp (Cp,u)

So, we have the inequality of the lemma 2.3
~ p ~
E(1+1%,@)2)" < &3, (1+[22)"

Now, taking negative p in the above calculus, we see that ‘f(t(a:)‘ tends to infinity

in probability as = tends sequencially to infinity. We shall prove a stronger conver-
gence.

Let R = RU {oo} be the one point compactification of R. Set

S L efAS to ~
Xi(z) = a +/u X, (-1_ZM> dN, +/u Xof (X - (1= 20)) v,
1t
@) = 1+ [ £ula)]
0 ifz =00

Evidently 7j:(x) is continuous in [0,00) X R. Thus just to prove the continuity in
the vicinity of infinity. Suppose p > 2. It holds

ifzeR

() = ) < (@) () [ Kolw) - Xolw)]|

By Holder inequality, proposition 2.1 and lemma 2.3, we have
1, 1 ~ - 1
Eli(z) = iis@)l” < (Ei(e)®)® (Eis(y)?) T (EX(z) — X, (y)|*)?

< Cpr (L4 [a)) P+ )77 (Jo —ylP + ]t = s[2)



The homeomorphic property of the stochastic flow... 517

ift,s € [0,7] and z,y € R, where C’p,T is a positive constant. Set

1
—_ = x71
x
Since
|z —y 1 1‘
S - — —
A+ lzDA+1y) ~lz vy
We get the inequality
~ ~ p = 1 1 P P
Elie(x) = s (" < Cpr | |2 = | +t—s]2

Define

Then the above inequality implies

Bl () = 1) < Cor (o =yl +1t =s|%) o # 0,y #0

In case y = 0, we have R
Bl (2)[” < Cp,p |zf?

Therefore 7 () is continuous in [0, 00) x R by Kolmogorov’s theorem. This proves
that 7;(x) is continuous in [0, 00) x neighborhood of infinity.

So, define a stochastic process X; on R = R U {co} by

- X, (z) ifzeR
Xt(x):{ oot( ) if x=00

Then X;(z) is continuous sur [0,00) x R by the previous lemma. Thus, for each
t > 0, the map X;(.,w) is homotopic to the identity map on R. Then X;(.,w)
is an onto map of R by a well known homotopic theory. Now, the map X; is a
homeomorphism of R, since it is one to one, onto and continuous. Since oo is the
invariant point of the map X, we see that X, is a homeomorphism of R. This
completes the proof of theorem 2.1.
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