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Abstract. We compare the Dirac operator on transitive Riemannian Lie algebroid
equipped by spin or complex spin structure with the one defined on to its base manifold.
Consequently we derive upper eigenvalue bounds of Dirac operator on base manifold of
spin Lie algebroid twisted with the spinor bundle of kernel bundle.
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1. Introduction

Let D be a first-order differential operator acting on a vector bundle S over a
Riemannian manifold M. If D> = A, where A is the Laplacian of S, then D is
called a Dirac operator on S. In high-energy physics, this requirement is often
relaxed: only the second-order part of D? must equal the Laplacian [4].

A Lie algebroid is a triple (E,[-,],p) consisting of a vector bundle E over a
manifold M, together with a Lie bracket [-,-] on its space of sections I'(E) and a
morphism of vector bundles p : £ — T M called the anchor map, where TM is
the tangent bundle of M. The anchor map and the bracket satisfy the Leibniz rule
(X, fY]=p(X)f-Y + f[X,Y], where X, Y € I'(E), f € C>°(M) and p(X)f is the
derivative of f along the vector field p(X). It follows that p([X,Y]) = [p(X), p(Y)]
for all X,Y € I'(E) (for more details, see [6] ).

In [1], Béar gives upper eigenvalue bounds for the Dirac operator of a closed
Riemannian spin manifold M isometrically immersed in a Riemannian spin manifold
@ admitting Killing spinors. He provides a “submanifold theory” of Dirac operators
and describes the relations between the Dirac operator of the ambient space and
the Dirac operator of the submanifold twisted by the spinor bundle of the normal
bundle. When the ambient space @ admits a Killing spinor ¥ with real Killing
constant « (that is, a spinor field ¥ satisfying the equation Vx V¥ = aX - ¥ for all

vector fields X), he shows that there exists at least k eigenvalues of D]%[N , where
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k is the dimension of the space ¥,Q of Killing spinors with constant a unless
dim(M) and codim(M) are both odd, and k = [£dim(2,Q)] otherwise, satisfying
the equation

2
A2 < n2a2 n /H2
swiet+ oan ) HE

where n := dim(M), and H is the mean curvature vector field [1]. Moreover, almost
the same result is obtained when « is purely imaginary.

Recently, Balcerzak-Pierzchalski study the Dirac operators on Lie algebroids
[2]. They considered the Lie algebroids equipped with a structure of a Clifford
module and obtained the Witzenbock formulas for the square of Dirac operators.
In this paper, we have considered transitive Lie algebroids on closed spin manifolds.
Transitivity property causes that Lie algebroids to be decomposed as L& E of vector
bundles, where L = ker p, E = A(T'M) and X is a bundle diffeomorphism between
TM and EI[3]. Further, we suppose the Lie algebroids admit a spin structure. First,
we compare the spinor connection of the spin Lie algebroid with the one defined on
the base manifold. Then, we obtain the relation between Dirac operators on a Lie
algebroid and its base manifold similar to the ideas and methods employed in [1] (see
the relation (5.1)). Finally, we derive upper eigenvalue bounds of Dirac operators
on Lie algebroids based on calculation of Rilegh-Ritz quotient (see Theorem 6.1 and
6.2).

2. Preliminaries

Let M be a smooth manifold. A Lie algebroid on M is a vector bundle (A, m, M)
together with a Lie bracket product on I'A and a vector bundle map p: A — TM
called the anchor map of A, such that the following conditions satisfy[6];

1. The induced map p : I'A — T'M is a homeomorphism of vector bundles.

2. For all X, Y € TA and f € C>*(M),

(X, 1Y) = [IX, Y]+ (p(X) (/)Y

A Lie algebroid p: A — T'M is called transitive if p is surjective. For a transi-
tive Lie algebroid, L = ker p is a bundle of Lie algebroid. In fact, the Lie algebroid
On I'A can be restricted to I'L and its restriction on L is tensorial, consequently,
we have a Lie algebra structure on each fibre of L. So, on a transitive Lie algebroid
p: A — TM we find the short exact sequence of the following vector bundles

0—L—A—TM—0.

Suppose p : A — TM is transitive Lie algebroid, then a vector bundle map
A:TM — A such that po A = 17y, is a splitting of p: A — T M, i.e., we can
decompose to L & E of vector bundles, where E = A\(T'M) (and vice versa). It is
easy to check that )\ is a bundle diffeomorphism between T'M and F. Fix a splitting
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A:TM — A of p. The map X defines a linear connection on L, and is called an
adjoint connection(see [3] ).

For each splitting A the 2-differential form Q* € A%2(M, L) is defined by
ONU,V) = AU),AV)] = IN[U, V]).
The 2-form Q* is related to the curvature tensor of V* is given by
RMNU,V)(s) = 20U, V), s].
We can define a Lie bracket on the transitive Lie algebroid sections
AU) + 51), A(V) + S2] = [MU), A(V)] + Vy.S2 — V51 + [S1, Sa] + Q(U, V).

For all U € X(M), let us put A(U) = U.

By splitting A = L®&A(T M), the Riemannian metric g on transitive Lie algebroid
induces a metric on M as follows

VU, VeM (UV)y
Now, we define Q% : X(M) x T'L — X (M) by

(U,V)a.

YU,V € X(M),s € TL, (Q%(U,s),Vin = (QU,V),s) 4.

3. Spinor Modules

This section is devoted to spinor modules which inspired from [1]. We want to
compare the Dirac operators on a Riemannian spin Lie algebroid and its spin base
manifold. For this end, we have to compare spinor bundles on Lie algebroid with the
spinor bundle of the base manifold. The starting point is decomposing transitive
Lie algebroid A to A = L& A(TM), where L = ker p and A\ : TM — A is splitting.
Hence we need to recognize spinor modules on clifford algebra of an Euclidean space
with the two factor.

If dimF = n and dimF=m are even integers, then CI(FE) has precisely one
irreducible module that is spinor module X F. Denote the clifford multiplication
by v : CI(E) — End(XE). When restricted to the even subalgebra CI°(E) the
spinor module decomposes in to even and odd half-spinors YE = Xt E® X" E. The
complex volume element we = i%mc(el --ep) acts as +1 on ¥TF and as —1 on
3TEFE.

If n is odd, then there are exactly two irreducible modules, X°E and ¥'E. In
this case the dimension of these modules are 2”7 . Clifford multiplication will now
be denoted by g ; : CI(E) — End(X7E).

Similarly to the half spinor spaces in even dimensions, the two modules X°F
and ©'F can be distinguished by the action of the complex volume element wc =
i3 ye(er - en), on SIE acts as (—1)7,j = 0,1. One can pass from X°F to $!E
by taking the same underlying vector space X°E = S'E and there exists a vector
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space isomorphism ® : ¥°F — %1 E such that ® o vgo(z) = —yg.1(z) o ® for all
x € F. Now let E and F be two oriented Euclidean vector spaces. Assume that
dim £ =n and dim F' = k.

Now we construct the spinor module of E & F' from those of E and F.

Case 1. n and k are even. Let us put £ := YEQXF, v: E® F — End(%),
V(@)(o@7) = (yB(r)o) @7 and

(3.1) V(Yo ®71) = (1) @ (vr(y)7),
where x € E,y € F,o € XE,7 € ¥F. Thus

dega—{ 0 if n or k iseven.
1 ow.

and we have y(X +Y) - y(X +Y) (o ®7) = —(X +Y)? - (0 @ 7);
As v is a Clifford map, it extends to a homomorphism CI(E @& F) — End(X).
n+k

Therefore (3, 7) is a module on CI(E & F) of dimension 2% - 22 = 2"z . Then &
is isomorphic to X(FE @ F'). Hence,

SHEaF)=CTERXSTF)e (S E®XF),
S(EaF)=CTE®X F)® (S EQXHF).

Case 2. n and k are even and odd, respectively. In this case, dimension F @ F is
odd and

Y =NE®YF v E®F — End(%7), j=0,1.

As in the case 1, we make X% and ! in to CL(E & F)-modules. Easily one can
check that the complex volume element of CL(E & F) acts on %7 as (—1)7. Hence
(27, ;) is isomorphic to (X7 (E @ F), vEar,;)-

Case 3. n odd k are even. This case is symmetric to the second case. Let us
pit X :=XERXF, v: E®F — End(%), y(z)(oc @ 7) = (—1)48 (yp(x)o) ® T,
Y(y)o®T)=0® (yr(y)T). Then x € E,y € F,0 € XE,7 € ¥F. Hence (X7,7;) is
isomorphic to (X(E & F), Yyear.;)-

Case 4. n and k are odd. In this case, let us put Lt := Y°FE @ L'F, ¥~ :=
YIE®X'F and ¥ := &t @ X~. There there exits a vector space isomorphism
®: X0F — B1F such that ¢poypo(Y) = —yp1(Y)o¢ for all Y € F. With respect
to splitting ¥ = X+ @ X7, let us define

— 0, o(r)@ et
v(x) = ( —vp.o(z) @ ®, e 0 )

- 0, 1d® &' o ypy(y)
(3.2) ) = ( —1d® ® o ypo(y), 0 o )
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Thus (X +Y)oy(X+Y) = —(X +Y)?2-1d, and hence 7 extends to a representation
of CL(E @ F) on X. Therefore there is an isomorphism from (X(F @& F), yggr) to

(%,7).

4. Spinor Connections
Let V be the Levi-Civita connection of the Riemannian transitive Lie algebroid
(A,g9) and let A : TM — A be a splitting for each a € A,;s € TL,U € X(M),
which we denote by

an’ = Vﬁa/
Vis .= (Vgs)t.

The superscript L is the projection to L. Denote V%, V4 the Levi-Civita connection
which is defined as follows

= =M
VAV =V, V+QU,V)
Vis = —Qa(U,V) + Vs

where VM is the Levi-Civita connection on M. In this case if the Riemannian
metric is compatible with A we have VF = V.

Let E — M be an oriented Riemannian vector bundle and let Ps,(E) be
bundle of oriented orthonormal frames. Every Riemannian covariant derivative V
corresponds to a 1-form connection w on P, (F)(see[5]). Let e = (e1,---,ep) be
a local section on open set O C M. The local connection form w® = e*(w) :
TO — so(n) is given by the formula w® =}, ., w;;Ej; where w;; = (Ve;, e;) and
E;; € so(n) are the standard basis matrices of Lie algebra so(n). Let (Un, - -+, Uy) be
a local positively oriented orthonormal tangent frame of M and let (s1,---,s;) be a
local positively oriented orthonormal frame of L. Then h := (Uy,---,Up, 81, -, 51)

is a local section of Py,(A). Now we can write the following matrix forms

QU, ) = (U, Ui), 55))i55

(4.1) V- (VM avVh) = ( (. gl,smij, _(<Q(U,0Ui,5j>)ji )

Let A be a spin Lie algebroid and M a spin manifold so the bundle L has a
spin structure see [5]. If © : Spin(n + k) — SO(n + k) is the spin representation
and w?, wM and w’ are the induced connection 1-forms on the corresponding spin
bundles. By (4.1), we have

0. (wA(dh - U) — (WM @ wh)(dh - U)) = ( (<Q(U,3;,sj>)ij, —(<9(U70Ui78j>)ji >

Using a standard formula for ©, and the above equation, we get

n k
ZZ c € f]u

i=1 j=1

(4.2)  WwA(dh-U) - (WM @ wl)(dh-U)

l\DI»—A
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where e1,-- -, e, and fi,- -, fr are the standard basis of R” and R”, respectively. If
YA, XM, and XL are the spinor bundles of A, M and L, then from the consideration
in previous we know that:

S 4 — XM ® XL, if n or k iseven.
T M XLeEXM XL, ow.

Let V=4, VM and V>L be the induced connections on spinor bundles S A, M,
and YL, respectively. Define the product connection V*M®*L on ¥ A by

yEMESL _ VEM @ Id® Id @ VE, if n or k iseven.
VM @ldaIldo Ve VM @ Ide Ido VL, ow.

Equation (3.1) yields

k
V%A _ yEMeIL Z ), 8 "YA(Ui - 85)

1

l\DI»—A
R

s
Il
-

<

I —
(4.3) =3 Z A(U; - U, Uy)).
i=1
Consider wy = 1 =N ~va(s1 -+ sk) and put wy = wg when k is even and w; = —iwy

when k is odd.

5. Dirac Operators

Define the Dirac operator D]%_[L XM ® XL — YM ® XL on M twisted with the
spinor bundle XL by

=Y Uin (VEM @ Ide Id Vi)

where U -py ¢ =U -w, -1 and

DY = { Dyt if m or k iseven,
DY ® -D3F,  ow.
Also define
D = zn: ya(T,)VEMERL
i=1
D=3 VR

The three last operators act on sections of X A.
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Using equation (4.3), we get

D-D =

DN | =

K2

(5.1) = Y

1<4

> valU; - U - QU; - Ty))
1
v (U] U,
1 <j<n
because of Q(U,U) = 0 and for i < j we have U; - U; = U, - U;.
In order to find the relation between D and DJ%[L, for different dimensions, we

have to consider various cases. In case 1 and case 2 we have

D

I

s
Il
-

Ya(U) Vi, =

((00) & LOVENSE = DY - .

|

N
Il
-

In case 3 we get from equation (2) on XM @ XTI

and on XM ® ¥~ L we obtain
D =-D3} =-D3/L.

Finally in case 4 have we get from equation (3.2)

o 0, DYF
D_/L(—DJ%L, 0

In all cases we see that D is formally self-adjoint because DY, L is and

D? = (DY,L)>.

6. Upper Bound for Eigenvalues

Let (A, g) be a spin Lie algebroid and (M, gps) a spin manifold. The spinor ¢ is
called a Killing spinor with Killing constant « if it satisfies V>4 = a - y4(a)1 for
all a € I'A. Obviously the set of Killing spinors with Killing constant forms a vector
space of dimension v(A4, «). Let u(A,n,a) be the smallest integer greater than or
equal to v(A, «)/2. If dimension n and k are both odd we then put p(4,n,a) :=
v(A, a), in this case.

Define |Q* := 31", [va(T; - U; - QU;, Uy)) >
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Theorem 6.1. Let A be a Riemannian spin Lie algebroid on M and M be a
closed Riemannian spin manifold. Suppose that the bundle L carry the induced spin
structure and o € R. Then there are at least p = p(A,n, o) eigenvalues A, ---, A,
of the Dirac operator on DYE such that

1
el < mlal + 519z qan

Proof. Now, let 1 be a Killing spinor on A with Killing constant a € R.
Such Killing spinors have constant length and we may assume that |¢)| = 1. We
compute the Rayleigh quotient of f)%f using the previous notation. Then, we get
the following

(B50:) o (%) o
) 2 0an w0
N Uol(M)
R o 2
pr — 320 7a(T; - U - (U, Ui))wHLZ(M)
- vol (M)
= wl( ){|| DYI17 ar)
Dw, Z va(U; - Ui - QU;, Ui))¥) 2y
3,j=1
LS @ T 0w, v Do
3,j=1
—|| Z va(U; - Ui - Uz, Ul Z2any }-
3,j=1

Also, we have

Dy Z Ya(U5) Vit

= Z'YA )aya(Us)y

= —noa/).

Note also that
(a-1,p)+ (h,a-¢) =0, for eacha € A.
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Thus, we get

frac((D¥V0.9) |, @)y = vol( >{n2a2voz<M>
"2, Zl v4(T; QU;, Ui))b) e (u)
i

+2X( Zlm QUL U, ) 2 ary
i

—H Zlm QU;, U720}
i

=n’a® + na(y, Zl Ya(U; - Ui - QU;, Ui))) L2
i
M TETIL ; YA Ui - U5, Ul T2 ar

By considering the following inequality,

0. 3 a0 T - U, U)o < ol / w2

3,7=1

<lal - 191172 ar - 190l Low (a1

the min-max principle implies the assertion. [

Theorem 6.2. Let A be a Riemannian spin Lie algebroid on M and M be a
closed Riemannian spin manifold. Suppose that the bundle L carry the induced spin
structure and o € iR. Then there are at least = p(A, n, ) eigenvalues A1, -+, A,
of the Dirac operator on DY} such that

1
A2 < n2lal? / Q2
k<ol +4vol(M) Ml I

Proof. Now, let ¥ be a Killing spinor on A with Killing constant o € ¢{R. Such
Killing spinors have constant length and we may assume that |¢)| = 1. We compute
the Rayleigh quotient of f)%f using the previous notation. The same computations
as in the proof of the previous Theorem, we get the following
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- sL
(7/%7/})[,2(1\4) UOZ(M) LiM)
D‘/% Z v4(U; QU;,Ui))Y) L2 (ar)
7,7=1
-5 Z v4(U; QU;, Us))b, D) 2y
7,j=1
—|| Z v4(T; QU;, U))YlI72 ary }
7,j=1
_ 1 2( 12
= UOZ(M){n || “vol (M)
50 Y 7a(T5 - T - QU U)oy
Q=1
+ 5500 (T T QU U)o
Q=1
1, < S
+Z” Z a5 - Ui - QU Ul 72 00}
ij=1

1 - —
2 2 CLTT. . . ) 2
=n"|a| +74U01(M)||_§_7 Ya(Uj - Ui - QU5 Ui)) |22y

< n?laf? + M Z l7a(T; - Ui - QU;, U) )l 22 ary

3,5=1
1
2 12 21,712
= _— Q
n?laf? + ¢ M/|||w|

— nlaf? + / 2P,

The min-max principle implies the assertion.

Example 6.1. Let rank L = 1 (i.e., L is the trivial line bundle since it is ori-
entable). In this case, the Dirac operator on M twisted by L is ordinary Dirac
operator and the above theorem become as follows: If (A, ga) is a Lie algebroid with
spin structure that A = TM ® R and spin manifold is close, there exist at least
= p(A,n,a) eigenvalues A1 --- A, of Dar that |Aj| < nla|. This is because Q = 0.
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