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Abstract. In this paper, by using the matrix representation of generalized bicomplex
numbers, we have defined the homothetic motions on some hypersurfaces in four dimen-
sional generalized linear space Rig. Also, for some special cases we have given some
examples of homothetic motions in R* and R3 and obtained some rotational matrices,
too. Therefore, we have investigated some applications about kinematics of generalized
bicomplex numbers.
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1. Introduction

In the middle of the 1800s, several mathematicians discussed the problem of whether
a number system extended the field of complex numbers. In 1843, Sir William
Rowan Hamilton defined a number system which is called quaternions in four di-
mensional space. Although quaternions and complex numbers have a lot of similar
properties, quaternions are not commutative with respect to multiplication. So, in
1892, a new number system called bicomplex numbers was discovered by Corrado
Segre [13]. Unlike quaternions, bicomplex numbers are commutative four dimen-
sional real algebra.
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The set of bicomplex numbers denoted by Cs is defined as:

Co={z =214+ zoi+a3j +a4ij:i*=—1,j>=—1,ij = ji,z, e R, 1< k < 4}.

Any x bicomplex number can be rewritten as * = 2z; + jzo, where z; = z1 +
ixe and 29 = x3 + ixy4 are complex numbers and j is a different imaginer unit
from the imaginer unit 4 satisfied j2 = —1 and ij = ji. Hence, we can perceive a

bicomplex number as a complex number whose components are complex numbers.
There are some applications of bicomplex numbers on the algebra, geometry and
analysis. A first theory of differentiability in Cy was developed by Price in [12].
Ozkald1 Karakus and Kahraman Aksoyak defined generalized bicomplex numbers
and gave some algebraic properties. Also, they showed that some hypersurfaces
in four dimensional generalized linear space are Lie groups by using generalized
bicomplex number product and obtained Lie algebras of these Lie groups [10].

Kabaday1 and Yayli defined the homothetic motions with the help of bicomplex
numbers in R* [5]. They showed that this homothetic motion under some conditions
holds all of the properties in [14], [15]. Alkaya studied the homothetic motion with
bicomplex numbers in R* and R} [1].

In this paper, by using the matrix representation of generalized bicomplex num-
bers, we shall define the homothetic motions on some hypersurfaces in four di-
mensional generalized linear space Riﬁ. Also, for some special cases we shall give
some examples of homothetic motions in R* and Rj and obtain some rotational
matrices, too. Therefore, we shall investigate some applications about kinematics
of generalized bicomplex numbers.

2. Preliminaries

In this section we give some basic concepts about generalized bicomplex numbers
defined by Ozkald1 Karakus and Kahraman Aksoyak [10].

A generalized bicomplex number z is defined as follows:
T =211+ x20 + T3j + X417,

where xj, for 1 < k < 4 are real numbers and the basis {1,4,j,4j} holds i2 = —a,
j2 = =B, (ij)2 = af, ij = ji, o, f € R. The set of generalized bicomplex numbers is
denoted by C,g. For any two generalized bicomplex numbers x = 21 +x2i+r3j+x47]
and y = y1 + Y21 + y3J + ya1j, addition and multiplication are as follows:

r4+y=(z1+y)+ (22 +y2) i+ (23 +y3)J + (24 + ya) i,
z-y = (Ty1 — azeyz — Brays + aBrays) + (T1y2 + v2y1 — Brays — Brays) i
(2.1) + (21y3 + T3y1 — aB2ys — azay2) § + (1Y + Tay1 + T2ys + T3Y2) ij
and the scalar multiplication of an element in C,g by a real number c is as:

cx = cx1l + cxot + cx3j + crat].
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Hence, by means of these elementary arithmetic operations on C,g, we have two
important results. C,pg is a four dimensional real vector space with respect to
addition and scalar multiplication and it is a commutative real algebra according
to generalized bicomplex number product.

Let us consider the following set of matrices

r1 —ary —frz afry

i) Xr1 — Py —PT .
Qop = M, = B Prs c, eR,1<i<4

I3 —QXy I — QT2

T4 €3 T2 T

where the set (o is a vector space with matrix addition and scalar matrix product
and it is an algebra together with matrix product. The algebras C,s3 and Q.s are
isomorphic. The isomorphism between two algebras is defined as:

h: (Caﬁ — Qag,

r1 —ary —frz afry

. . . T2 11 —fry —Pa3
h(z1l + 2ot + T3] + T417) =
T3 —QXy X — QT
T4 X3 T2 Z1

With the help of this isomorphism, any generalized bicomplex number in C,g can
be represent by a matrix in Q.g. Moreover, it is possible to express the generalized
bicomplex number product which has been given by (2.1) by matrix product, that
is,

r1 —ary —frz afry Y1
Ty = T2 T1 —Bry  —Pus Y2
I3 — Qg T — QX Y3
Ty z3 z2 Ty Ya

A generalized bicomplex number can be rewritten as © = (z1 + x2i) + (3 + 241) j.
There are three kinds of conjugations for generalized bicomplex numbers. They are
given as follows:

o = [(wy + 22) + (T3 + 741) j]tl = (21 — z2%) + (23 — 243) J,
a2 = (21 + 22i) + (w3 + 24d) §] = (21 + 220) — (23 + 247) J,
2l = (w1 + wod) + (w5 + 240) §]° = (21 — 328) — (23 — 241) ),

where ztt, 22 and x?* denote the conjugations of x with respect to 4, j and both 4
and j, respectively. Also we can compute

-2 = (274 axd — Baj — afa) + 2 (w123 + azaxy) J,

z- -2 = (m% — ax3 + Bri — aﬁmi) + 2 (x129 + Braxy) i,

-2 = (274 axd + Baj + afr) + 2 (w124 — 22w3) i)
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3. One Parameter Homothetic Motion

Let the fixed space and the moving space be Ry and R., respectively. The one-
parameter homothetic motion of Ry with respect to R is denoted by Ry/R. This
motion is obtained by the following transformation

X | | hA C Xo

1] | 0 1 1 |7
or it can be expressed as
(3.1) X =BXy+C,

in which Xy and X are the position vectors of the same point in Ry and R, re-
spectively and B = hA. Also, h, A and C are continuously differentiable functions
depend on the real parameter ¢, where h : I C R — R, t — h(t) is called homothetic
scale of the motion, A is a real quasi-orthogonal matrix that holds ATcA = ¢ (e
is a signature matrix according to metric), C' is the translation matrix. To avoid
the case of affine transformation we suppose that h is not constant and to avoid
the cases of pure translation and pure rotation we also assume that d(ZtA ) # 0 and
& #4002

4. Pole Points and Pole Curves of the Homothetic Motion

If we take the derivative of (3.1) with respect to ¢, we obtain the following equality
X = BXy +C + BXy,

where X is the absolute velocity, BXy + C is the sliding velocity and BX is the
relative velocity of the point Xy. The points at which the sliding velocity of the
motion vanishes at all time ¢ are called pole points of the motion in Ry. In that
case, to determine the pole points of the motion, we solve the following equality

(4.1) BXo+C=0.
For more details see[2].

5. Homothetic Motions on Some Hypersurfaces via Generalized
Bicomplex Numbers

In this section we have defined the homothetic motions on some hypersurfaces at
R‘é 5 with the help of generalized bicomplex numbers and given some examples about
the homothetic motions.
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5.1. Homothetic Motion on Hypersurface M;
Let us consider the hypersurface M; as follows:
M, = {x = (x1,22,23,%4) € Riﬁ i 11x3 + arory =0, T # O} .
By using generalized bicomplex numbers, M; can be rewritten as:
M, = {x =x11 4+ X2t + 3] + 148 € R‘éﬂ tx1x3 + axoxy =0, T F# 0} ,

or the hypersurface M; can be expressed by using the matrix representiation of
generalized bicomplex numbers

r1 —ars —Prz afry

Y €2 T —PTy —PIT3

My =< M, = A B cxixs +axexry =0, x #£0
T3 —QT4 T —QTo
Ty T3 T2 I

where M, is the matrix representiation of generalized bicomplex number x. The
metric on hypersurface M is defined by g1 (7, 2) = -2 = 23 +ax3—Br3—afr and
the norm of any element x on M; is defined by ||z|| = \/|g1(z, )| = \/|z - 2%1|. This
metric is Riemannian or pseudo-Riemannian metric on four dimensional generalized
linear space Riﬂ and for some special cases, it coincides with four dimensional

Euclidean space R* or four dimensional pseudo-Euclidean space R3.

Proposition 5.1. There are following properties about the norm on the hypersur-
face M.

i) For z,y € My, ||z -yl = = Iyl ,
i) ||z||* = det (M,).

Proof. These properties can be easily seen with direct calculations. []

Corollary 5.1. A unit generalized bicomplex number on the hypersurface My de-
termines a rotation motion.

Proof. 1t is obvious from Proposition 5.1. O
Theorem 5.1. M, is a commutative Lie group.
Proof. The proof can be found in [10]. O

Let us denote the set of unit generalized bicomplex numbers on My by M;. M;
is as:
M = {ze€ M :g (zx,z) =1}
= {zeM :x%—i—am%—ﬁx%—aﬁwi:l}.
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Theorem 5.2. M is Lie subgroup of M.
Proof. The proof can be found in [10]. O

Let «v be a curve on M;. In that case, it can be expressed as

vy  ICR—=M
t—= y(t) = 7(t) + 2 (t)i + ys(t) g + va(t)ig, y1(t)y3(t) + aya(t)ya(t) = 0.

Then the matrix B corresponding to the curve « is obtained as follows:

1 o 8 2
_ _ | el —Palt)  —Pys(t
G B=Me=| 20 0 T e

w) wl) w0

Now by using this matrix B, we can define the one parameter motion on M; at
RY,.
B

Definition 5.1. Let Ry and R be the fixed space and the motional space at Riﬁ.
In that case, the one-parameter motion of Ry with respect to R is denoted by Ry/R.
Then the one-parameter motion on M is defined by

X | | B C Xy
11710 1 1|’
or it can be expressed as
(5.2) X =BXy+C,

where B is the matrix associated with the curve () on the hypersurface M;, C
is the 4 x 1 real matrix depends on a real parameter ¢, X and X, are the position
vectors of any point at R4 op respectively in R and Ry.

Theorem 5.3. The equation given by (5.2) determines a homothetic motion on
M.

Proof. Since the curve ~ lies on M, it does not pass through the origin. So, the
matrix given by (5.1) can be expressed as:

N  —ay(t)  =Byst)  aBra(t)
h h h h
Y2 (t) Y1 (t) —Bya(t)  —Bys(t)
(53)  B=Myp=h| Jly - Wl —arew | =hA
Ay wln wln wl
R h h A
where h : [ C R =R, t = h(t) = [|7®)| = V7% + a2 — B2 — aBvy}. Because

of y(t) € My, v1(t)v3(t) + aye(t)ya(t) = 0 By using this equality, we obtain that
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the matrix A in (5.3) is a real quasi-orthogonal matrix. In that case it satisfies
ATcA = ¢ and det A = 1, where ¢ is the signature matrix corresponding to metric
g1 is as:

10 0 0
0 a 0 0
= lo 0 -8 o0
00 0 —af

Hence A, h and C are a real quasi-orthogonal matrix, the homothetic scale of
the motion and the translation vector, respectively. So the equation (5.2) is a
homothetic motion. [

Remark 5.1. The norm of v € R} is found as ||[y(t)|| = /|73 + a3 — B2 — aBA]l.
We assume that 7% + ay2 — B2 — afB~v3 > 0 in this paper.

Corollary 5.2. Let v(t) be a curve on My. Then one-parameter motion on M
given by (5.2) is a general motion consists of a rotation and a translation.

Proof. We assume that () is a curve on M. Then 43 + a3 — Bv3 — aBy? = 1.
In that case the matrix B given by (5.1) becomes a real-quasi orthogonal matrix,
that is, it satisfies BTeB = ¢ and det B = 1. This completes the proof. [J

Theorem 5.4. Let v(t) be a unit velocity curve and its tangent vector ¥(t) be on
M. Then the derivative of the matrix B is a real quasi-orthogonal matriz.

Proof. We suppose that () be a unit velocity curve. Then 47 + a3 — 393 —
afByi = 1. Also, since the tangent vector of vy is on My, it implies that 41 (¢)¥3(t) +
o (t)¥4(t) = 0. Thus BTeB =c and det B = 1. [J

Theorem 5.5. Let v(t) be a unit velocity curve and its tangent vector 4(t) be on
M. Then the motion is a reqular motion and it is independent of h.

Proof. From Theorem 5.4, det B = 1 and thus the value of det B is independent of
h. O

Theorem 5.6. Let v(t) be a unit velocity curve whose the position vector and
tangent vector are on M. Then the pole points of the motion given by (5.2) are
Xo = —-B~IC.

Proof. Since the position vector of the curve v is on M;, from Theorem 5.3, the
equation (5.2) becomes a homothetic motion. Also, because of ¥(t) is a unit velocity
curve and 5(t) € My, from Theorem 5.4 det B=1and it implies that there is only
one solution of the equation (4.1). Then the pole points of the motion given by

(5.2) are obtained as Xy = —B~1C. [
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Corollary 5.3. Let v(t) be a unit velocity curve whose the position vector and
tangent vector are on M. The pole point associated with each t- instant in Ry
is the rotation by the matriz B~' of the speed vector of translation vector at the

opposite direction (—C) .

Proof. From Theorem 5.4, the matrix B is a real quasi-orthogonal matrix. Then
the matrix B! is quasi-orthogonal matrix, too. This completes the proof. [J

Now we will give various examples of the homothetic motions on M; according
to the situations of real numbers a and 5.

Example 5.1. For a = 8 = 1, M; becomes a hypersurface in R3. Let v: I C R =M, C

R3 be a curve given by

B cosh (at) cos (bt) + cosh (at) sin (bt)
(5-4) 7 (®) = () < — sinh (at) sin (bt) j + sinh (at) cos (bt)ij )’
where a and b are real numbers. By using (5.1) and (5.4), the matrix B associated with
the curve « becomes a homothetic matrix, where h : I C R — R is a homothetic scale.

Also, if we take as h(t) = 1 in (5.4), then «y is a curve on M7 and the matrix B determines
a rotation matrix in R3. In (5.4), if we choose as h(t) = 1, a = 0 and b = 1, then we get

(5.5) v (t) = cost + isint.

By using (5.1) and (5.5), we get the matrix B as follows:

cost —sint 0 0
B sint  cost 0 0
0 0 cost —sint ’
0 0 sint cost

where B is a rotational matrix in R3. Since this curve given by (5.5) is unit speed curve
and its tangent vector belongs to M1, the derivation of the above matrix B is a real quasi-
orthogonal matrix, too. Then it is a rotational matrix in R3. Similarly, in (5.4) if we take
as h(t) =1, a =1 and b =0, then we get

(5.6) v (t) = cosht + ij sinht.

By using (5.1) and (5.6), we have the matrix B as follows:

cosht 0 0 sinh ¢
B 0 cosht —sinht 0
0 —sinht  cosht 0

sinh ¢ 0 0 cosht

where B is a rotational matrix in R3.

Example 5.2. Fora =1, 8= —1, M, is a hypersurface in R*. Let v: I C R —M; C R*
be a curve given by

cos (at) cos (bt) + cos (at) sin (bt) i

(5.7) v (1) = h(t) ( — sin (at) sin (bt) j + sin (at) cos (bt) ij > ’
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where a and b are real numbers. By using (5.1) and (5.7), the matrix representation of
the curve 7 is a homothetic matrix, in here h : I C R — R is a homothetic scale. Also, for
h(t) = 1, v becomes a spherical curve on Mj, that is, v (t) € M; = M; N S3. The matrix
representation of it is a rotation matrix in R*. Even, if we take as h(t)y=1,a=0,b=1,
then

(5.8) v (t) = cost +isint.

From (5.1) and (5.8), by determining the matrix representation of the above curve, we
obtain

cost —sint 0 0
B sint  cost 0 0
0 0 cost —sint
0 0 sint cost

This matrix is a general rotational matrix in R* which is defined by Moore [8]. Also, from
Theorem 5.4, B is a real orthogonal matrix, too.

Example 5.3. For a = § = —1, the hypersurface M; lies in R3 and the following curve
lies on M;

o cosh (at) cosh (bt) + cosh (at) sinh (bt) ¢

(5:9) 7 (8) = h(t) ( + sinh (at) sinh (bt) j + cosh (at) sinh (bt) ij ) ’

in which a and b are real numbers. From (5.1) and (5.9), the matrix B according to the
curve v is a homothetic matrix, where A : I C R — R is a homothetic scale. Also, if we
take as h(t) = 1, then ~ lies on Mj and the matrix B gives a rotation matrix in R3.

5.2. Homothetic Motion on Hypersurface M,

Let us consider the hypersurface Ms as follows:
My = {x = (z1,22,23,24) € Riﬁ s w120 + Brzry =0, x # 0} .
By using the generalized bicomplex numbers, Ms can be rewritten as:
My = {CL‘ =211 + X200 + x3] + 141 € Ri@ s x1xo + Brszy =0, x # 0},

or the hypersurface Ms can be expressed by using the matrix representiation of
generalized bicomplex numbers

1 —axe —frz afxy

Y T2 z1 —PTyg —PT3

M2: Mm: B 6 Z$1Z2+51’3CE4:0, SC?AO s
T3 —QT4 X1 — QX9
Tq I3 Xro il

where M, is the matrix representiation of the generalized bicomplex number = on
M. The metric on hypersurface M, is defined by ga(x,2) = 2 - 2 = 22 — ax? +
B3 — aBr? and the norm of any element z on My is given by ||z|| = /|g2(z, 2)| =
v/ |z - xt2|. This metric is Riemannian or pseudo-Riemannian metric on four dimen-
sional generalized linear space Ri 5 and for some special cases, it coincides with four
dimensional Euclidean space R* or four dimensional pseudo-Euclidean space R3.
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Proposition 5.2. There are following properties about the norm on the hypersur-
face Ms.

i) For z,y € My, ||z -yl = ||z Iyl ,
ii) ||z|* = det (M,).

Proof. These properties can be easily seen with directly calculations. [

Corollary 5.4. A unit generalized bicomplex number on the hypersurface My de-
termines a rotation motion.

Proof. Tt is obvious from Proposition 5.2. [J
Theorem 5.7. Ms is a commutative Lie group.
Proof. The proof can be found in [10]. O

Let us denote the set of unit generalized bicomplex number on My by M5. M3
is given as:

M; = {zebMy:g(z,z) =1}
= {xEMg:x%—amg—f—ﬁmg—aﬂxi:l}.

Theorem 5.8. M is Lie subgroup of M.
Proof. The proof can be found in [10]. O

Let «v be a curve on Ms. In that case, it can be expressed as:

v : ICR—=M,
t = () =7) + ()i +3(t)j +va(t)ig, v1(t)r2(t) + Bys(t)ya(t) = 0.

Then the matrix B corresponding to the curve 7 is given as follows:

S
_ _ | et —0va(t) —pPys(t
Gy B=My=| 20 0 U e

() w wl )

Now by using this matrix B, we can define the one parameter motion on Ms at
RY,.
B

Definition 5.2. Let Ry and R be the fixed space and the motional space at Riﬂ.
In that case, the one-parameter motion of Ry with respect to R is denoted by Ry/R.
Then the one-parameter motion on M, is given by

RN
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or it can be expressed as
(5.11) X =BXy+C,

where B is the matrix associated with the curve v(¢) on the hypersurface My, C
is the 4 x 1 real matrix depends on a real parameter ¢, X and X, are the position
vectors of any point at R% s respectively in R and Rp.

Theorem 5.9. The equation given by (5.11) determines a homothetic motion on
Ms.

Proof. Since the curve 7 is on Ms, it does not pass through the origin. So, the
matrix given by (5.10) can be expressed as:

yi(t)  —aya(t)  —Bys(t)  aBya(t)
h h, h h

72(t) 1@  =pra®)  —Bys®)

_ — h h h h —
(5:12)  B=Myp=h| Sy —ofiy  aln  —aew | =hA

h, h, h h,

ya(t)  s(t) 2(t) 7 (t)
h h h h

where h : I C R—=R, t = h(t) = |[7#)|| = V7 — a3 + 573 — aByi. Since
v(t) € Ma, y1(t)y2(t) + Bys(t)ya(t) = 0. By using this equality, we obtain that
the matrix A in (5.12) is a real quasi-orthogonal matrix. In that case it satisfies
ATeA = ¢ and det A = 1, where ¢ is the signature matrix corresponding to metric
g2 given by

1 0 0 O

_ |0 a0 0
0 0 B 0
0 0 0 —-aB

Hence A, h and C are a real quasi-orthogonal matrix, the homothetic scale of the
motion and the translation vector, respectively. So the equation (5.11) determines
a homothetic motion. [

Remark 5.2. The norm of the curve v € Riﬂ is found as
vl = /77 — a2 + 573 — aBil. We assume that 47 — ayd + B2 — aB? > 0 in this
paper.

Corollary 5.5. Let v(t) be a curve on My. Then one-parameter motion on Ma
given by (5.11) is a general motion consists of a rotation and a translation.

Proof. We assume that () is a curve on Mj. Then 7% — a3 + 8v5 —aByi =1. In
that case the matrix B in (5.11) becomes a real-quasi orthogonal matrix, that is, it
satisfies BTeB = ¢ and det B = 1. This completes the proof. [J

Theorem 5.10. Let v(t) be a unit velocity curve and its tangent vector 4(t) be on
Ms. Then the derivative of the matriz B is a real quasi-orthogonal matriz.
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Proof. We suppose that v(¢) be a unit velocity curve then 4% — a43 + 872 — afy3 =
1. Also since the tangent vector of the curve v is on Ma, we have 41 (t)¥2(t) +
B3(t)¥4(t) = 0. Thus BTeB=c and det B=1. [J

Theorem 5.11. Let v(t) be a unit velocity curve and its tangent vector 4(t) be on
Ms. Then the motion is a reqular motion and it is independent of h.

Proof. From Theorem 5.10, det B = 1 and thus the value of det B is independent
of h. O

Theorem 5.12. Let y(t) be a unit velocity curve whose the position vector and

tangent vector are on M. Then the pole points of the motion given by (5.11) are
Xo = -B~1C.

Proof. Since the position vector of the curve v is on Ms, from Theorem 5.9, the
equation (5.11) becomes a homothetic motion. Also, because of 7(t) is a unit
velocity curve and 4(t) € My, from Theorem 5.10 det B = 1 and it implies that
there is only one solution of the equation (4.1). Then the pole points of the motion
given by (5.11) are found as Xo = —B~'C. O

Corollary 5.6. Let v(t) be a unit velocity curve whose the position vector and
tangent vector are on M. The pole point associated with each t- instant in Ry
is the rotation by the matriz B~' of the speed vector of translation vector at the

opposite direction (—C) .

Proof. From Theorem 5.10, the matrix B is a real quasi-orthogonal matrix. Then
the matrix B~! is quasi-orthogonal matrix, too. This completes the proof. [

Now we will give various examples of the homothetic motions on My according
to the situations of real numbers a and .

Example 5.4. For a = 8 =1, M, becomes a hypersurface in R3. Let v: I C R =M, C
R3 be a curve as:

B cosh (at) cos (bt) — sinh (at) sin (bt)
(5.13) 7 (8) = h(t) < + cosh (at) sin (bt) j + sinh (at) cos (bt) ij ) ’

where a and b are real numbers. By using (5.10) and (5.13), the matrix B is a homothetic
matrix and h : I C R — R is a homothetic scale. Also, for h(t) = 1, the matrix B becomes
a rotation matrix in R3.

Example 5.5. For o = —1, 8 = 1, My is a hypersurface in R*. Let us consider the curve
vy: I CR—=M> C R* as follows:

_ cos (at) cos (bt) — sin (at) sin (bt) ¢
(5.14) 7 (1) = h(t) ( + cos (at) sin (bt) j + sin (at) cos (bt) ij ) ’

where a and b are real numbers. From (5.10) and (5.14) we obtain the matrix representation
of the curve v and it determines a homothetic matrix, in here h : I C R — R is a homothetic
scale. Also, for h(t) = 1, v becomes a spherical curve on Mo, that is, v (t) € M3 = M2NS3.
From Corollary 5.5, the matrix representation of it is a rotation matrix in R*.
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Example 5.6. For o = 8 = —1, the hypersurface M, becomes a subset of R3 and the
following curve lies on Mas

_ cosh (at) cosh (bt) + sinh (at) sinh (bt) ¢

(5:15) 7 (&) =ht) ( + cosh (at) sinh (bt) j + sinh (at) cosh (bt) ij ) ’

in which a and b are real numbers. From (5.10) and (5.15), the matrix B according to the
curve v is a homothetic matrix, where A : I C R — R is a homothetic scale. Also, if we
take as h(t) = 1, then v lies on M3 and the matrix B gives a rotation matrix in R3.

5.3. Homothetic Motion on Hypersurface M;
Let us consider the hypersurface M3 as follows:
Mz = {x = (21,22, 33,24) € Riﬁ cxwy — w3 =0, z#0}.
By using generalized bicomplex numbers, M3 can be rewritten as:
Ms = {J;:x11+x2i+x3j+x4ij ERiﬁ t 124 — Xox3 = 0, x;é()},

or the hypersurface M3 can be expressed by using the matrix representiation of
generalized bicomplex numbers

1 —axrs —frz afzy

~ T2 T —pTy —PI3

Mz =< M, = b h txyxy — 2023 =0, z#£0
r3 —OQXy I — QT
T4 Zs3 Z2 Z1

where M, is the matrix representiation of generalized bicomplex number z on Mj.
The metric on hypersurface Ms is defined by g3(z,x) = z - 2% = 23 + ax? + B3 +
afz? and the norm of any element 2 on Mj is given by ||z|| = +/|gs(x, )| =
V/|x - x*3]. This metric is Riemannian or pseudo-Riemannian metric on four dimen-
sional generalized linear space R 5 and for some special cases, it coincides four
dimensional Euclidean space R* or four dimensional pseudo-Euclidean space Rj.

Proposition 5.3. There are following properties about the norms on the hyper-
surface Ms.

i) For x,y € Ms, ||z - y|| = ||z| ||yl
i) ||| = det (M,)

Proof. These properties can be easily seen with direct calculations. [

Corollary 5.7. A unit generalized bicomplex number on the hypersurface M3 de-
termines a rotation motion.

Proof. Tt is obvious from Proposition 5.3. [
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Theorem 5.13. Mjs is a commutative Lie group.
Proof. The proof can be found in [10]. O

Let us denote the set of unit generalized bicomplex number on M3 by M35. M3
is given as:

M; = {zeMs:gs(z,z)=1}
= {z € M;:ai+ax}+ B2+ afai=1}.

Theorem 5.14. M3 is Lie subgroup of Ms.
Proof. The proof can be found in [10]. O

Let v be a curve on M3. In that case, it can be expressed as

v : ICR—=M;
t = () =7(t) +y2(t)i +y3(t)j +va(t)ig, v1(t)va(t) —y2(t)y3(t) = 0.

Then the matrix B corresponding to the curve ~y is given as follows:

(5.16)  B=DMyy=|

Now by using this matrix B, we can define the one parameter motion on Mj at
R% ..
ap

Definition 5.3. Let Ry and R be the fixed space and the motional space at Riﬁ.
In that case, the one-parameter motion of Ry with respect to R is denoted by Ry /R.
Then the one-parameter motion on M3 is given by

X| | B C Xy
1110 1 1|
or it can be expressed as

(5.17) X =BXy+C,

where B is the matrix associated with the curve +(t) on the hypersurface M3, C
is the 4 x 1 real matrix depends on a real parameter ¢, X and X, are the position
vectors of any point at ]Ri 5 respectively in R and Ry, respectively.

Theorem 5.15. The equation given by (5.17) is a homothetic motion on Ms.
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Proof. Since the curve « is on M3, it does not pass through the origin. So, the
matrix given by (5.16) can be expressed as:

’Ylh(t) —Q'ZL2(t) _B713(t) aﬁ’;ﬁ(t)
72 () 71(t) —Bya(t)  —=Bys(t)
(518) B=Mypy=h| Iy —ohin iy —atew | =hA
74’%'5) @ Wz}ft) @
R R R R

where h: I CR =R, t = h(t) = |[y(t)|| = /3 + a2 + B3 + aBv;. Because of
~v(t) € M3, we have v1(t)y4(t) — v2(t)y3(t) = 0. By using this equality, we obtain
that the matrix A in (5.18) is a real quasi-orthogonal matrix. In that case it satisfies
ATecA = ¢ and det A = 1, where ¢ is the signature matrix corresponding to metric
gs given by

co o
coQ o
owo o

oo o

(67

™

Hence A, h and C are a real quasi-orthogonal matrix, the homothetic scale of the
motion and the translation vector, respectively. So the equation (5.17) determines
a homothetic motion. [

Remark 5.3. The norm of the curve v € Riﬁ is found as

vl = V77 + a3 + B3 + apri]. We assume that 7f + ays + 3 + af~i > 0 in this
paper.

Corollary 5.8. Let y(t) be a curve on Mi. Then one-parameter motion on Ms;
given by (5.17) is a general motion consists of a rotation and a translation.

Proof. We assume that () is a curve on Mj. Then 42 + av? + 873 + aBy? = 1.
In that case the matrix B given by (5.16) becomes a real-quasi orthogonal matrix,
that is, it satisfies BTeB = ¢ and det B = 1. This completes the proof. [J

Theorem 5.16. Let y(t) be a unit velocity curve and its tangent vector 4(t) be on
Ms. Then the derivative of the matriz B is a real quasi-orthogonal matriz.

Proof. We suppose that v(t) be a unit velocity curve. Then 43 +a¥3 + 392 +afy3 =
1. Also since the tangent vector of the curve v is on M3, we have 1 (t)ya(t) —
Y2(t)43(t) = 0. Thus BTeB =¢ and det B=1. [J

Theorem 5.17. Let y(t) be a unit velocity curve and its tangent vector 4(t) be on
Ms. Then the motion is a reqular motion and it is independent of h.

Proof. From Theorem 5.16, det B = 1 and thus the value of det B is independent
of h. [



290 F. Kahraman Aksoyak, S. Ozkald: Karakus

Theorem 5.18. Let v(t) be a unit velocity curve whose the position vector and
tangent vector are on Ms. Then the pole points of the motion given by (5.17) are
Xo = —-B~IC.

Proof. Since the position vector of the curve v is on Mj, from Theorem 5.15, the
equation (5.17) is a homothetic motion. Also, because of ~(t) is a unit velocity
curve and 4(t) € Mz, from Theorem 5.16 det B = 1. Thus the equation (4.1)
has only one solution. In that case the pole points of the motion are obtained as
Xo = —B_IO. O

Corollary 5.9. Let v(t) be a unit velocity curve whose the position vector and
tangent vector are on Ms. The pole point associated with each t- instant in Ry
is the rotation by the matriz B~ of the speed vector of translation vector at the

opposite direction (—C) .

Proof. From Theorem 5.16, the matrix B is a real quasi-orthogonal matrix. Then
the matrix B~! is quasi-orthogonal matrix, too. This completes the proof. [J

Now we will give various examples of the homothetic motions on M3 according
to the situations of real numbers a and 5.

Example 5.7. For a = 8 = 1, M3 becomes a hypersurface in four dimensional Euclidean
space R*. Let v: I C R M3 C R* be a curve as:

_ cos (at) cos (bt) + cos (at) sin (bt) i
(5:19) 7 (8 =ht) ( + sin (at) cos (bt) j + sin (at) sin (bt) ij > ’

where a and b are real numbers. By using (5.16) and (5.19), the matrix B associated with
the curve 7 is a homothetic matrix, where A : I C R — R is a homothetic scale. Also, if
we take as h(t) = 1, then v is a curve on M3. In that case it becomes a spherical curve
lies on M3 and the matrix B becomes a rotation matrix in R*.

Example 5.8. For a =1, 8 = —1, M3 is a hypersurface in four dimensional Euclidean
space R3. Let v : I C R =Mz C R} be a curve given by

5200 v =h) (e e o e )

where a and b are real numbers. By using (5.16) and (5.20), the matrix representation
of the curve 7 is a homothetic matrix, in here h : I C R — R is a homothetic scale.
Also, for h(t) = 1, v becomes a spherical curve on Ms, that is, v (t) € M3. The matrix
representation of it is a rotation matrix in Rj.

Example 5.9. For a = 8 = —1, the hypersurface M3 is in four dimensional pseudo-
Euclidean space R3 and the following curve lies on Mj

_ cosh (at) cosh (bt) + cosh (at) sinh (bt)
(5:21) 7 (#) = hlt) ( + sinh (at) cosh (bt) j + sinh (at) sinh (bt)ij )’
in which a and b are real numbers. From (5.16) and (5.21), the matrix B according to the

curve v is a homothetic matrix, where A : I C R — R is a homothetic scale. Also, if we
take as h(t) = 1, then v lies on M3 and the matrix B gives a rotation matrix in R3.
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