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APPLICATION OF FUZZY METRIC ON MANIFOLDS *

Mohammad Hamidi and Mahdi Molaei Arani

Faculty of Payame Noor Unoversity, Department of Mathematics
P. O. Box 19395-4697, Tehran, Iran

Abstract. The relation between the fuzzy subsets and classical mathematics is funda-
mental to extend the new approaches in applied mathematics. This paper applies the
concept of fuzzy metric on construction of fuzzy Hausdorff space and fuzzy manifold
space. Based on these concepts, we have presented a concept of fuzzy metric Hausdorff
spaces and fuzzy metric manifold spaces. This study extends the concept of fuzzy met-
ric space to union and product of fuzzy metric spaces and, in this regard, investigates
some producst of fuzzy metric fuzzy manifold spaces. Valued-level subsets play the
main role in the connection of the notation of manifolds and fuzzy metrics.
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1. Introduction

As a generalization of the classical set theory, fuzzy set theory was introduced by
Zadeh to deal with uncertainties[14]. Fuzzy set theory is playing an important role
in modeling and controlling unsure systems in nature, society and industry. Fuzzy
set theory also plays a vital role in complex phenomena which is not easily charac-
terized by classical set theory. After the pioneering work of Zadeh, there has been
a great effort to obtain fuzzy analogues of classical theories. Among other fields,
progressive developments have been made in the field of fuzzy topology. Fuzzy
topology is a fundamental branch of fuzzy theory which has become an area of ac-
tive research because of its wide range of applications. One of the most important
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problems in fuzzy topology is to obtain the concept of properties of fuzzy metric
space. This problem has been investigated by many authors from different points of
view. In particular, George and Veeramani have introduced and studied a notion of
fuzzy metric space with respect to the concept of t-norms. Furthermore, the class
of topological spaces that are fuzzy metrizable agrees with the class of metrizable-
topological spaces. This result permits Gregori and Romaguera to restate some clas-
sical theorems on metric completeness and metric (pre) compactness in the realm of
fuzzy metric spaces[4]. Kaleva generalized the notion of the metric space by setting
the distance between two points to be a non-negative fuzzy number. By defining
an ordering and an addition in the set of fuzzy numbers, they obtained a triangle
inequality which is analogous to the ordinary triangle inequality[9]. Historically, the
notion of a differentiable manifold, that is, a set that looks locally like Euclidean
Space, has been an integral part of various fields of mathematics. One may note
their applications in the fields of Differential Topology [7], Algebraic Geometry, Al-
gebraic Topology, and Lie Groups and their associated algebras. They will base
our work upon the already well-established fuzzy structures via fuzzy topological
spaces, fuzzy topological vector spaces, and fuzzy derivatives. However, the def-
inition of a fuzzy derivative provided in Foster [7], is not easily generalized to a
general k derivatives. Consequently, the existence of a fuzzy differentiable manifold
of class greater than one has not yet been established. They shall give topological
separation axioms that have not been given previously, for sake of completeness.
Our principal approach is quite similar to the methods used in [7]. Namely, they
shall take definitions in [3] of fuzzy continuity and fuzzy topological vector space,
and use these notions to give a fuzzy topological vector space differential structure
by constructing a fuzzy homeomorphism and, naturally, a fuzzy diffeomorphism of
class k. To do so, they have provided a new definition of a fuzzy object, known
as fuzzy vectors. They then define proper fuzzy directional derivatives along these
abstract fuzzy vectors, and allude to their applications in manifold learning. For
completeness, they shall define tangent vector spaces to these fuzzy manifolds. Ad-
ditional materials regarding fuzzy topological spaces are available in the literature
too [1, 2, 8, 9, 10, 11, 12, 13].

Motivation. The construction of manifolds based on fuzzy metrics is a novel
idea via valued cuts. We try to connected topology spaces, Hausdorff spaces and
manifolds to fuzzy metric spaces in this method. Thus this problem is a main
motivation for the extension of topology spaces, Hausdorff spaces and manifolds to
fuzzy (metric) Hausdorff space and fuzzy (metric) manifold space.

Regarding these points, we have introduced the concept of C-graphable set and
show that every non-empty set X is a C-graphable set. Also, we proved that for
every given set with respect to the concept of C-graphable sets one can construct a
metric space. The fuzzy metric spaces are not necessarily finite space, so one of our
motivation of this work is a construction of finite fuzzy metric space. This study
presents a concept of fuzzy (metric) Hausdorfl space and fuzzy (metric) manifold
space. The main focus of this work is the concept of fuzzy (metric) Hausdorff space
and fuzzy (metric) manifold space based on t-norm such as Domby t-norm, Godel
t-norm and etc.
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2. Preliminaries

In this section, we will recall some definitions and results, which we will be needing
in what follows.

Definition 2.1. [6] Let M be a Hausdorff topological space. We say that M is
an n-dimensional topological manifold if it satisfies the following condition: for any
p € M, there exists

(1) an open subset U with p e U C M,

(2) an open subset E C R™, and

(3) a homeomorphism ¢ : U — E.

Such a U is called a (local) coordinate neighbourhood, and v is called a (local)

coordinate function. We write x = ¢(p) and regard (z1, ..., x,) as local coordinates
for the manifold M.

Definition 2.2. [6] Let S be a CC-atlas for M. If 9, o 1[151 is a C*°-map for
all a, 8 € A, we say that M is a C*-atlas for M. We call ¢, o z/Jg,l a coordinate
transformation or transition function. The domain of the map waowgl is assumed to

be ¥3(U,NUg) (which could be the empty set). Thus, waovj;gl is a homeomorphism
from g(Us NUg) to Yo (Ua NUg).

Definition 2.3. [6] Let M be a topological manifold. Let S be a C*-atlas for M.
We say that M is a C'°°-manifold (or smooth manifold, or differentiable manifold).
The concept of C"-manifold can be defined in a similar way. However, from now on,
manifold will always mean C°°-manifold. The concept of complex manifold can be
defined in a similar way, using coordinate charts ¢» : U — C". However, the term
complex manifold will always mean complex manifold with holomorphic (complex
analytic) transition functions.

Definition 2.4. [7] A triplet (X, p,T) is called a K M-fuzzy metric space, if X is
an arbitrary non—empty set, 1" is a left-continuous t-norm and p : X2 x RZ% — [0, 1]
is a fuzzy set, such that for each z,y, 2, € X and t,s > 0, we have:

(i) plz,y,0) =0,
(ii) p(z,z,t) =1 for all t > 0,

iii) p(z,y,t) = p(y, x, t)(commutative property),

T(p(z,y,1), p(y, 2, 5)) < p(x, 2, t + 5)(triangular inequality),

V1

)
)
(iif)
(iv)
(vi) p(z,y,—) : RZ% — [0,1] is a left-continuous map,
(vii) lim p((2,y,1)) =1,

(viii) p(z,y,t) =1,V ¢t > 0 implies that = y.

If (X, p, T) satisfies in conditions (¢)—(vii), then it is called K M-fuzzy pseudometric
space and p is called a K M-fuzzy pseudometric.
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3. Fuzzy Topological Space

In this section, we recall some definitions and results, which we need in what follows.

Definition 3.1. Let M be an arbitrary set and F(M) = {u : M — [0,1]}. A
family F, of subset of F'(M) is called a fuzzy topological if satisfied in the following
conditions:

(i) po € Fr and puy € Fr;

(ii) every i € I, u; € Fr, implies that (U i) € Fr;
i€l
(iii) each 1 <i <n,u; € F,, implies that (ﬂ wi) € Fr.
i=1

So (M, F,) is called a fuzzy topological space and the members of F, are called
open fuzzy subsets, where pg =0 and p; = 1.

Example 3.1. Consider M = R and F; = {1, ps | where p; = HLQUQ and s € N*}. One

can see that (M, F-) is a fuzzy topological space.

Theorem 3.1. Let o € [0,1]. Then (M, F;) is a fuzzy topological space if and
only if (M, F+*) is a topological space.

Proof. Since py € Fr,we get that p& = {z | po(z) > a} = @ and so @ € FFe.
In addition, y; € F, implies that pg = {z | po(z) > a} = X, then X € F2 .
Let {M?Jr}iel € ]-';ﬁ. Since \/ wi(z) = (U wi)(z) and for all i € I, p;(z) > «, we

i€l iel
have \/,ul(x) > a and so UH?+ € ]—'fﬁ. If {p?+ e ]—'TO‘+ ,2then (ﬂ wi)(x) =
i€l i€l i=1
(/\ wi)(z) = /\(ul(x)) > a. Tt follows that (X, F") is a topological space.
i=1 i=1

The converse is similar to. [

1
Example 3.2. Consider the fuzzy topological space (M, F;) in Example 3.1 and a = 5

1+ 1 1+ 1
Then p¢ ={zxeM | O>§}=®,uf ={zeM \ 1>§}:R,andf0r
1+ ‘ 1 1+
i>2,pu2 ={zeM | Z,+ZI2>§}:{1:EM | —Vi<az<Vi} So(R,FZ )
1+
is a topological space, where 2 = {@, R, (—v4,vi) | i>2}.

Theorem 3.2. Let M’ be a set where |M| = |M'| and (M,F;) be a fuzzy topo-
logical space. Then there exists a fuzzy topology F' on M’ in such a way that
(M',F';) is a fuzzy topological space.
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Proof. Since |M| = |M’|, there is a bijection ¢ : M’ — M. Consider F', =
{piod | p; € Fr}, clearly (M’ F'.) is a fuzzy topological space. [

Corollary 3.1. Let M be a set where |M| = |R|. Then there exists a topology Fr
on M in such a way that (M, F;) is a fuzzy topological space.

Definition 3.2. Let (M, F;) be a fuzzy topological space. A subfamily FB, of F;,

is called a base if (i), for all x € M, we have \/ p(x) =1 and (i4), p1, p2 € FB;
HEFB,
implies that gy N pe € FB,.

Theorem 3.3. Let (M, F.,) be a fuzzy topological space and FB; be a base for F.
Then every element of F, is included in union of elements of FB,.

Proof. Let u € F,. Then for all x € M, we have u(z) = pu(z)\/1 = p(x) v

(V m@)< V(@) It follows that p € ) . O
i €FB, i €FB, i €F B~

Definition 3.3. Let (M, F;) be a fuzzy topological space and FB; be a base for
F,. Define (FB,) ={v e F;| IpeF,, pCv}anditcalled by generated fuzzy
topology by FB..

Theorem 3.4. Let (M, F,) be a fuzzy topological space. Then (FB.) is a fuzzy
topology on M.

Proof. Since for all y € F,,pu C py, we get that puy € (FB;). If po € (FB;), then
i C po implies that g = pg. Let {v; }ier a family of elements (FB,) and U v = .

iel
Then there exist p; € F, in such a way that u; C v;. So p = U i C U v, = V.
iel iel

Because u € F; and p C v, we get that v € (FB;). Now, if for n € N, {y;}; is a

family of elements of (FB;) in a similar way we have ﬂ v; € (FB:). O
i=1

Proposition 3.1. Let (M, F;) be a fuzzy topological space and FB, be a base for
(M, F:). Then }'Bf+ is a base for topological space (M, f$‘+).

Proof. Let B = {u"+| w € FBra € (0,1}, x € M and p(z) = a. Then
at at at at at .
z e C U u®  and so U uw® = M. Suppose x € uf Nupg . Since
aEFB, aEFB,
FB. is a base for fuzzy topological space (M,F,), we get pu1 N ps € FB.. Now,

x € (p N ug)”‘+ C u‘fﬁ N ugﬁ and so B is a base for FB,.In the following, we will
construct fuzzy topological space via topological spaces. [
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Definition 3.4. Let (M, 7)) be a topological space. For all M; € ), define 7¢ =
po, Tar = p and for any i € I, 7ay, : M — [0, 1] by 7ag, () = pi(x) = o € [0,1].

So we have the following lemma.

Theorem 3.5. Let (M, 7pr) be a topological space. Then (M, Fr = {Tar, }ier) s a
fuzzy topological space.

Proof. Since (M, 7pr) is a topological space, we have O, M € Ty so by definition
o = T, po = Tm € T. Let for any i € I, we have p; € Fr. Since for all

pe M, (Upd@) = Vi@ = V mu@ = U m)@) and (M) is a

el el M; et M; et
topological space, we get that U T™m; € Tm and so U w; € Fr. Letn € N and
M;eTym iel

n
{pi}q be a set of elements F,. In a similar way, it is shoed that ﬂ Wi € Fr.
i=1
therefore, (M, F, is a fuzzy topological space. [

Corollary 3.2. Let M be a non-empty set. Then there exists a fuzzy topology F
on M such that (M, F;) is a fuzzy topological space.

Definition 3.5. Let (M,F,) and (M, F,.) be fuzzy topological spaces and f :
(M, F,) = (M, F..) be a homeomorphism, define f* : (M, F2") — (M’, (F,)*")
by f" (x) = f(x), where x € M.

Theorem 3.6. Let (M,F;) and (M/,}'T/) be fuzzy topological spaces. If f :

(M, F;) — (M', F.r) is a bijection and a fuzzy continuous map, then fo‘+ 2 (M, .7-'7’?‘+) —

’

M, (Fr oY 4s a continuous map.
(M, ( P

+

Proof. Let (1) € (Fp)*" . Then

ot

)W) = fpeM| @) e W)

= {eeM|f@)el) }={zeM| (/@) >a)
= {zeM|3peF;: stpulx)>a}

/f‘ € Fr.

Since fo‘+ is a bijection, we get f"‘Jr is a homeomorphism. [

3.1. Fuzzy manifold space

In this subsection, we introduce a concept of fuzzy Hausdorff space based on valued-
cuts and in this regards, the concept of fuzzy manifold space is presented.
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Definition 3.6. Let (M, F;) be a fuzzy topological space. Then (M, F.) is called

a fuzzy Hausdorff space if, for all z,y € M there exist pq,ps € Frand0 <a< g <1
+ + + +

in such a way that x € ,uga’ﬁ) RINS /Jéa’ﬂ) and p(la’ﬁ) N ,uéa’ﬁ) = (), where for

all p € Fy, we have p@#" = {z € M | a < p(z) < B}.

Example 3.3. Consider the fuzzy topological space, which is defined in Example 3.1.
Simple computations show that for i # i’ € N*

o= i -0 fiG - UGG - 0 i - 1)
B = (i =D, = oG - D Ui - D et - 1)

+ +
, where J; = u(a’ﬁ) and Jy = ul(.,a’ﬁ) . If x,y € R, since R is a Hausdorff space, there

i
exists i, € N* such that z € J;, y € Jy, and J; N Jy = @. (For all x € R, consider

2 2
ar . Bx

< <1, th .

0<a<pB<l, enl_a<z<1_5)

Theorem 3.7. Let« € [0,1]. Then (M, F;) is a fuzzy Hausdorff space if and only
if (M, F2) is a Hausdorff space.

T

Proof. Since (M, F;) is a fuzzy topological space, by Theorem 3.1, (M, F2) is a
topological space. Let z,y € M and «, € [0,1], because of (M, F,) is a fuzzy

7 ar+
Hausdorff space, there exist, p1, us € Fr and 0 < o/ < 8’ < 1 such that z € u§0‘ )
’ I\t
and y € uéa A7 Now consider o < Tmin{c,5'}. Tt follows that, z € p* and

y € p? and p® Npf =@. So (M, F2) is a Hausdorff space.

The converse is clear by Theorem 3.1. [

Definition 3.7. Let (M, F;) be a fuzzy Hausdorff space. Then (M, F;) is called
a fuzzy manifold if, for all x € M, there exists u € F, and homeomorphism ¢ :
supp(p) — R™ such that x € Supp(u). Each (u, @) is called a fuzzy chart and
A={(u,d) | p € Fr, ¢:supp(pr) — R"} is called a fuzzy atlas. Let (u, 9), (v, 1))
be two fuzzy charts of fuzzy atlas A. Then (u, ¢), (v,v) are called C'*°-compatible
charts if ¢ : supp(u) — R™ | ¢ : supp(v) — R™ and ¢ o =1 : ¥ (Supp(p) N
Supp(v)) = ¢(Supp(p) N Supp(v)) are a Cl-fuzzy diffeomorphism.

Example 3.4. Consider the fuzzy Hausdorff space, which is defined in Example 3.3. It
is clear that for all z € R, and for all ¢ € N, we have x € Supp(u;) = R, we get that
x € Supp(pi). Define (Ln); : Supp(pi) — R, so A = {(ui, (Ln);) | i € N} is a fuzzy atlas.

Theorem 3.8. Let (M,F;) be a fuzzy manifold and « € [0,1]. Then (M,F2) is
a manifold.

Proof. Since (M, F;) is a fuzzy manifold, by Theorem 3.7, (M, F2) is a Hausdorff
topological space. In addition, for all x € M, there exists u € F, and homeomor-
phism ¢ : supp(p) — R™ such that x € Supp(p). Now consider A* = {(u®,¢) | u €
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Fry ¢ supp() — R™}. One can see that A is an atlas. Thus (M, F2) is a
manifold. O

In the following, we want to extend two fuzzy topological space to a larger class of
fuzzy topological spaces.

Definition 3.8. Let F, and F,. be fuzzy topology on M and M’, respectively.
Define Fr x Frr = {ux p' | p € Fryp/ € Frv}, where for all z,y € M x M’ and

(1 x W) (@,y) = Tonin (), 1(y))-

Theorem 3.9. Let (M, F,) and (M’, F,) be fuzzy topological spaces. Then (M x
M’ F; x Frr) is a fuzzy topological space.

Proof. Since pg € Fr N Fp for all (z,y) € M x M’ we have (ug X po)(z,y) =
Tnin{to(z), po(y)} = 0, and so (ug X po) € Fr x Frr. In addition, py € Fr N Frr,
implies that (u1 x p1)(z,y) = Tpr{u1(x), p1(y)} =1 and so p1 X p1 € Fr X Frr. Let
{mi}ier and{p’;} e be two families of fuzzy topologies on M and M’, respectively.

Then (| (uxw)(@y) = ( \ (x )@y = \ (Twinlps x 1))

ieljed il jeg il jed

implies that U (i x ) € Fr x Frro Let {pi}i; and {g)}72; be two families
il jed
n,m
of fuzzy topologies on M and M’ respectively. Then ( ﬂ (% u;))(x,y) =
n,m n,m ZZLJn:Jln

(V)@ y) =\ (Twin(pi, 1)) implies that (1) (ui x 1)) € Fr x
i=1,j=1 i=1,j=1 i=1,j=1

Frr. Thus (M x M', F, x Fr/) is a fuzzy topological space. [

4. Extended fuzzy metric space

In this section, we extend the concept of fuzzy metric spaces to a larger class of
fuzzy metric spaces. From now on, for all z,y € [0,1] we consider Ty (z,y) =

. x
min{z, y}, Tpr(z,y) = 2y, Tip(z,y) = max(0,z +y — 1), Tyo(z,y) = ﬁ and
Cr ={T :[0,1] x [0,1] — [0,1] | T is a continuous t-norm}. In the following, we
apply the concept of fuzzy metric for constructing of fuzzy metric space on any
given non-empty set.

Theorem 4.1. If (X, p, Tinin) is a fuzzy metric space and T € Cp. Then (X, p,T)
s a fuzzy metric space.

Proof. Let z,y,z € X, r,s € RT and T € Cp. Since for all z,y € [0,1],T(z,y) <

Tinin (2, y), we get that T'(p(x, y,t), p(y, 2, 8)) < Trmin(p(z,y,1), p(y, 2,8)) < p(z, z,t+
s). Hence (X, p,T) is a fuzzy metric space. [
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Let X be an arbitrary set and o € R™. For all 7,y € X, defined, : X x X - R

by do(z,y) = {

theorem.

0 ifz=y

. as an a-discrete metric. So we have the following
a fzx#y

Theorem 4.2. Let X be an arbitrary set. Then there exists a fuzzy set p : X2 x
R — [0,1], such that (X, p, Tynin) is a fuzzy metric space.

Proof. Let |X| > 2 and o € RT be a fixed element. Clearly (X,d,) is a metric
space, now for all z,y € X, m,s,t € R, define p: X2 x Rt — [0,1] by p(z,y,t) =
o(t)

o(t) +mda(z,y)
all z,y € X, we have ¢(t) + md,(z,y) # 0. Now, we show that (X, p, Trnin) is a
fuzzy metric space. We prove only the triangular inequality and for all z,y,z € X,
consider the five cases t =y=z,x =y #z,x =z # z,cFZy=zand z #y # z.
For x = y # z, since p(t+ s) > ¢(s), we have p(t+ s)(p(s) + ma) — p(s)(p(t+s) +
pls) o pltts)
o(s) +ma ~ p(t+s) +ma
in a similar way and so (X, p, Trnin) is a fuzzy metric space. [

, where ¢ : R™ — R™ is an increasing continuous function and for

ma) > 0 and so

. The other cases have been proven

Corollary 4.1. Let X be an arbitrary set. Then there exists a fuzzy set p : X? x
R*T — [0,1], such that for all T € Cr, (X,p,T) is a fuzzy melric space.

t5

Example 4.1. Let X = {a,b,c}. Forall z,y € X, define p(z,y,t) = m
3\,

. Then
by Corollary 4.1, (X, p, Tpr) is a fuzzy metric space.

4.1. Finite fuzzy metric space based on metric

In this subsection, we apply the concept of finite metric for constructing of fuzzy metric
space on any given non-empty set.

Definition 4.1. Let X be a finite set. We say that X is a C-graphable set, if G = (X, E)
is a connected graph, where F C X x X and G = (X, E) is called an X-derived graph.

Let Gx be the set of all connected graphs which are constructed on X as the set of vertices,
so we have the following results.

Lemma 4.1. Let X be a non-empty set.

(i) X is a C-graphable set.

(ii) For every graph G = (V,E), there exists a non-empty set X such that G is an
X-derived connected graph.

Proof. (i) Let n € Nand |X| = n. Then we construct G = (X, E) as a complete graph(G =
(X, F) = K|x|), so X is a C-graphable set.

(#t) Since every graph G = (V, E) is isomorphic to a subgraph of a complete graph
K| x|, where | X| = |V|, so G = (V, E) is an X-derived connected graph. [J
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Let G = (X, E) be a connected graph. For all z,y € X, define d?(z,y) = min{|P, | where
P, , is a path between z,y}. Obviously, d? is a metric on X.

Theorem 4.3. Let X be a finite set and | X| > 2. Then there exists a non-discrete metric
d on X such that (X,d) is a metric space.

Proof. Let |X| > 2. By Lemma 4.1, X is a C-graphable set and so there exists a graph
G = (X,E) € Gx. For all z,y € X, define d(z,y) = d?(z,y). Clearly (X,d?) is a metric
space. [

Corollary 4.2. Letn € N, X be a set and | X| =n.

(1) If G = (X,E) & K, is the complete graph, then for metric spaces (X,d?) and
(X,d1), we have d? = d;.

(i) If G = (X, E) = Cy is the cycle graph, then for metric spaces (X,d?) and (X,d1),
we have d1 < d? < dp—3.

Theorem 4.4. Let X be a non-empty set. Then there exists a fuzzy subset p : X2 xRT —
[0,1], such that (X, p, Tpr) is a fuzzy metric space.

Proof. Let |X| > 2. Then by Lemma 4.1, X is a C-graphable set and by Theorem 4.3,
(X,d%) is a metric space. For all z,y € X and for all m,t € R, define p(x,y,t) =
o(t)

o(t) + md?(z,y)
# 0). Now, we show that (X, p, Tpr) is a fuzzy metric space and in this regard, only prove

triangular inequality property. Let x,y,z € X. Since for all s,¢,m € R,

, where o : R — R is an increasing continuous function (¢ (t)+md? (z, y)

p(t + s)p(s)md’ (z,y) + ¢(t + s)e(t)md’ (y, 2)
> ¢(t)p(s)md’ (z, y) + p(s)¢(t)md’ (y, 2)
> o(s)p(t)ymd®(z, z), and m>d®(y, 2)d’(y, z)e(t + s) > 0

(t) wls) ) o plt+s)
P(t) +d9(z,y) ¢(s) +d9(y,2)" — @(t+s)+di(z,z)
Tor(p(z,9,t), p(y, 2,8)) < p(z,z,t + s) and so (X, p,Tpr) is a fuzzy metric space. []

—~

we get that Tpr( It follows that

Corollary 4.3. Let X be a non-empty set. Then there exists a fuzzy subset p : X*>xRT —
[0,1], such that for all continuous t-norm T < Ty, (X, p,T) is a fuzzy metric space.

4.2. Operations on fuzzy metric spaces

In this subsection, we extend fuzzy metric spaces to union and product of fuzzy metric
spaces. Let (X1, p1,T) and (X2, p2,T) be fuzzy metric spaces, (z1,y1), (z2,y2) € X1 X X2
and t € RT. For an arbitrary T € Cr, define T(p) : (X1 x X2)? x RT — [0,1] by
T(p)((wl, Y1), (z2,y2), t) =T (p1(x1,x2,t), p2(y1,y2,t)). So we have the following theorem.

Theorem 4.5. Let (X1,p1,T) and (X2,p2,T) be fuzzy metric spaces. Then (X1 x
X2, Trmin(p),T) is a fuzzy metric space.
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Proof. Let (z1,%1), (z2,92), (x3,93) € X1 X X2 and t,s € R,

() Since for all 1,22 € X1,y1,y2 € Xa, p1(z1,x2,t) > 0 and p2(y1, y2,t) > 0, we have

Tnin(p) ((z1,91)
s (l‘g,yg),t) > 0.

(i) Tmin(p)((z1,91), (w2,92),t) = 1 if and only if Tmin(p1 (w1, 2,t), p2(y1,y2,t)) = 1
if and only if p1(x1,x2,t) = p2(y1,y2,t) = 1 if and only if (z1,y1) = (z2,y2).

(#47) It is clear that Tmin(p) is a commutative map.

(iv)

S

Tonin(p)((z1,91), (22, Y2), 1), Trmin (p) (w2, y2), (23, Y3), 5))
Tonin(pr (21, T2, 1), p2(y1, Y2, 1)), Trnin (p1 (2, 3, 5), p2(y2, Y3, 5)))
in(T(p1(z1, 22, 1), p1(22,23,5)), T (p2(y1, Y2, 1), p2(y2, Y3, 5)) )
in(p1(z1,x3,t + ), p2(y1,y3,t + 5))

in(p)(z1,91), (x3,¥3),t + ).

I
)

(
(

IN A
REAE

Thus (X1 X X2, Tmin(p),T) is a fuzzy metric space. [

Example 4.2. (i) Consider X; = X» = [0,1]. For all z,y € [0,1] and ¢t € R*, define
pi(x,y,t) = pa(z,y,t) =1 — |z —y|. It is easy to check that (X1, p1,7T1.) and (X2, p2, i)
are fuzzy metric spaces and by Theorem 4.5, (X1 X X2, Timin(p), Tiu) is a fuzzy metric
space.

(ii) Let t € RT. Then (R, p1,Tpr) and (N, p2,Tpr) are fuzzy metric spaces, where

. " .
min(z,y) +1 M Applying Theorem 4.5, (RT x
max(z,y) +t
N, p, Tpr) is a fuzzy metric space, where

p1($7y7t) = and 02(4157?!:75) =

max(z, y)

min(x1,22) +t min(y1,y2)
max(z1,z2) + ¢ max(y1,y2) "

p((-’l?l, yl)v (m27 y2)7 t) = min{

Let X1NXy =0, (X1, p1,T) and (Xs, p2,T) be fuzzy metric spaces, x,y € X1 U
X5 and t € R*. Consider €(x,y,t) = /\ (p1(z,u,t) A p2(y,v,t))), define p; U ps :

r,ueX
y,v€X2

pl(x,y,t), T,y € le

(Xl UX2)2 x RY — [071] by (Pl Upg)(x,y,t) = pg(x,y,t), z,y € X27 - So
e(z,y,t), z€Xi,ye Xo,

we have the following theorem.

Theorem 4.6. Let (X1,p1,T) and (X2, p2,T) be fuzzy metric spaces. Then (X1 U
Xo,p1 Upa,T) is a fuzzy metric space, where X1 N Xo = Q.

Proof. Let x,y,z € X; UX5 and t € RT. We only prove the triangular inequality
property and other cases are immediate.

Let z,y € X;(for x,y € X5 is similar), then

T((p1 U p2)(z,y,t), (p1 U p2)(y, 2, 8)) = T(p1(,y,t), (p1 U p2)(y, 2, 5)).
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If z € X1, then

T((pl U p2)(xa y,t), (pl U P2)(y, Z, S)) = T(p1(x,y,t),,01(y,z, S))
< T(pl(x,y,t),m(y,z,s)) < p1(x,z,t—|— S) = (Pl U pQ)(xvzvt + 5)'

If z € X5, then
T((pl U P2)($7yat)7 (pl UPQ)(y7Z, S)) = T(p1($7y7t),6) <e= (Pl U p2)(xvzvt+ S)'
Let x € X1,y € Xo. Then

T((p1 U p2)(z,y,t), (p1 U p2)(y, 2,5)) =T (€ (p1 Up2)(y, 2, 5)).

If z € Xy, since x € X; and y € Xo, we get that (p1 U p2)(x, 2,t + s) = € and so

T(ea (pl U pg)(y,z,s)) = T(E, PQ(y,Z, 5)) Se= (pl U p2)(xazat + S)'

If z € Xy, since x € X; and y € Xo, we get that (p1 U p2)(x, z,t + s) # € and so

T(e, (p1Up2)(y,z,5) =T(e,€) <e<pi(x, 2,t+5)) = (pr Up2)(@,2,t + 5).

It follows that (X1 U Xa, p1 U p2,T) is a fuzzy metric space. [

Example 4.3. Consider X; = {a,b,c¢} and X2 = {d,e}. Then (Xi,p1,Tmin) and
(X2, p2, Tmin) are fuzzy metric spaces as follows:

pl(aaaat) = pl(ba b7t) = pl(@ &) t) =1,
and p1(a,c,t) = _t

t+4’ t+2’

pa(dy d,t) = pa(e, e,t) = 1 and pa(d, e,t) = —

t+1°

Using Theorem 4.6, (X1 U X2, p1 U p2, Tmin) is a fuzzy metric space as follows:

(pl U pg)(a,a, t) = (Pl U p2)(b7 b, t) = (Pl Upz)(c, &) t) = (Pl Upz)(d, d, t) =

(pl U pg)(e,e,t) =1,

(p1 U p2)(a,b,t) = (p1 U p2)(b,c,t) = (p1 Up2)(b,d,t) = (p1 U p2)(d,c,t) =

(prUp2)(a,e,t) = (p1 Up2)(e,c,t) = (pr U p2)(byet) = (p1 Up2)(a,d,t) = 154%4
and (p1 U p2)(a,c,t) = t-i—%

Corollary 4.4. Let (X1,p,T) and (Xa,p,T) be fuzzy metric spaces, where X1 N
Xo=0. Then (X1 U Xo,p,T) is a fuzzy metric space.
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4.3. Fuzzy metric manifolds

In this subsection, we introduce the concept of fuzzy metric topological space and
investigate its properties.

Definition 4.2. Let (M, p,T) be a fuzzy metric space and F(M) = {u : M —
[0,1]}. Then (M, p, T, F;) is called a fuzzy metric topological space, if

(i) Fr is a fuzzy topology on M;
(1) for all z,y € M, t € RT and uy # p € Fr, we have T(u(z), u(y)) < p(z,y,t).

Example 4.4. Let M = R. Then (M,Tpr,p) is a fuzzy metric space, where for all
min{z,y} +¢

,y € Rand t € RT, p(z,y,t) =
T,y an p(z,y,t) |maX{x7y}+t

. It is easy to see that (M, p,T,F;) is a
Yy P

fuzzy metric topological space, where Fr = {u1, 1 | where p; = % and i € N*}.
i+

Theorem 4.7. Let (M, 7)) be a topological space and T be a t-norm on M. Then
there exists a fuzzy subset p : M? x RY — [0,1] such that (M, p,T,F,) is a fuzzy
metric topological space.

Proof. Let u € Fr,t € RT and z,y € M. Define

plx,y,t) = { T(p(x), uly)  ifx#y,

1 otherwise.

Now, we show that H = (M, p, T, F;) is a fuzzy metric topological space. By defini-
tion, for allz € M, p(z,z,t) =1 and for ally € M, p(z,y,t) > 0. Let z,y,z € M.
Then for all t,s € RT

T(p(x,y,t), plx,y,5)) = T(T(p(x), mly), T(u(y), n(z)))
< T(u(2), 1(2)) = plz, .t + ).
So (M, p,T) is a fuzzy metric space. Let x,y € M,t € RT and p; # po € Fr.

Hence T(p(z), p(y)) = plx,y,t) < p(z,y,t). Therefore, (M,p,T,F: is a fuzzy
metric topological space. [

Theorem 4.8. Let (M, p,T,F;) be a fuzzy metric topological space, x,y € M and
a € [0,1]. Then

(i) If = py, then T(u(z), u(y)) < p(x,y,t) implies that x = y.

(ii) For anyi € I, i € Fy, we have T((|J ni)(@), (1) (9)) < pla,y.1),
el el

(iii) For anyi € N, u; € Fr, we get T((ﬂ wi)(x), (m wi)(®) < p(z,y,t).
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Proof. (i) since for all x € M, p(z) = 1, we get T(u(z),pu(z)) = T(1,1) =1 <
p(z,y,t). Thus p(z,y,t) =1 and so z = y.
(i1) Let z,y € M. Then T((,ﬂ lh‘)(iﬁ)v(m i) (y)) = T(/\ pi (), /\Mz‘(y) <

T(pi(x), piy)) < p(,y,t).

(#it) Since (M, F;) is a fuzzy topological space, for all i € I and p; € Fr,p =
Jwi € 7. So
i€l

T((\J mi) (@), (\J 1) () = T(u(x), u(y)) < pla,y,1).

i€l i€l

O

Theorem 4.9. Let (M,p,T,F;) be a fuzzy metric topological space and a € [0, 1].
Then (M, p, T, F%) is a topological space.

Proof. 1t is similar to Theorem 3.1. O

Theorem 4.10. Let M be a non-empty set. Then there exists a t-norm T, a
fuzzy metric subset p : M? x RT — [0,1], and fuzzy topology F, on M such that
(M, p, T, F;) is a fuzzy metric topological space.

Proof. Let M be a non-empty set. Then there exists a topology 7 on M such that
(M, 1) is a topological space. Using Theorem 3.2, there exists a fuzzy topology F, on
M such that (M, F,) is a fuzzy topological space. We apply Theorem 4.4, so there
exists a fuzzy subset p : M? x RT — [0,1], such that (M, p, Tp,) is a fuzzy metric
space. Thus there exists a t-norm 7, a fuzzy metric subset p : M2 xR+ — [0,1], and
fuzzy topology F, such that (M, p, T, F,) is a fuzzy metric topological space. [

Theorem 4.11. Let M’ be a set where |M| = |M'| and (M, p,T,F;) be a fuzzy
metric topological space. Then there exists a topology F' on M' and fuzzy subset
p: M?*xRY —[0,1] in such a way that (M', p, T, F';) is a fuzzy metric topological
space.

Proof. Since |M| = |M’|, there is a bijection ¢ : M’ — M. Consider F', =
{piod | p; € Fr}, clearly (M’, F'.) is a fuzzy topological space. Based on Theorem
4.7, there exists a fuzzy subset p : M2 x R™ — [0,1] and a t-norm T such that
(M',p, T, F';) is a fuzzy metric topological space. [

Corollary 4.5. Let M be a set where |M| = |R|. Then there exists a fuzzy topology
Fr on M, a fuzzy subset p : M?>xR* — [0,1] and a t-norm T such that (M, p, T, F,)

is a fuzzy metric topological space.

In the following, results are similar to previous section.
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Definition 4.3. Let (M, p,T, F;) be a fuzzy metric topological space. A subfam-

ily FB, of F, is called a base if (i), for all x € M, we have \/ w(z) = 1 and
HEFB,
(i), p1, w2 € FB, implies that pg N pe € FB;.

Theorem 4.12. Let (M, p,T,F;) be a fuzzy metric topology space and FB; be a
base for F.. Then every element of F, is inclosed in union of elements of FB..

Definition 4.4. Let (M, p, T, F.) be a fuzzy metric topological space and FB,
be a base for F,. Define (FB,;) = {v € F;| I pe F., p C v} andit called by
generated topology by FB..

Theorem 4.13. Let (M, p, T, F;) be a fuzzy metric topological space. Then (FB.)
is a fuzzy topology on M.

Proposition 4.1. Let (M, p, T, F;) be a fuzzy metric topological space and FB,
be a base for (M, p, T, F;). Then .7-'B$+ is a base for topological space (M, .7-'7‘3‘+),

Definition 4.5. Let (M,p,T,F;) and (M/,p7 T, F_+) be fuzzy metric topological
spaces and f : (M, F;) — (M/,]:T/) be a homeomorphism, define f* : (M, ff+) —
(M, (Fr)o") by fo7 (z) = f(x), where z € M.

Theorem 4.14. Let (M, p,T,F,) and (M/,p7 T,F_r) be fuzzy metric topological
spaces. If f : (M,p,T,F,) — (M/,p,T,]-'T/) be a fuzzy continuous map, then
fo (M, FET) = (M (Fr)®") s a continuous map.

Definition 4.6. Let (M,p,T,F;) be a fuzzy metric topological space. Then
(M, p, T, F;) is called a fuzzy metric Hausdorff space if, for all z,y € M there
exist p1, p2 € Fr in such a way that « € supp(u1),y € supp(uz) and py Nps = O
where Supp(u) = {z | p(x) # 0} and py N pe = @ means that (ug N pe2)(x) = 0.

Definition 4.7. Let (M,p, T, F,) be a fuzzy metric Hausdorff space. Then

(M, p, T, F;) is called a fuzzy metric manifold if, for all z € M, there exists u € F,
and homeomorphism ¢ : supp(u) — R™ such that z € Supp(p).Each (i, @) is called
a fuzzy chart and A = {(u,¢) | p € Fr, ¢ : supp(p) — R} is called a fuzzy
atlas.Let (u, @), (v,v%) be two fuzzy chart of fuzzy atlas A. Then (u, ¢), (v,) are
called C*°-compatible charts if phi : supp(u) — R™ | 1) : supp(v) — R™ and ¢orp =" :
Y (Supp(u) N Supp(v)) — ¢(Supp(u) N Supp(v)) are a C*-fuzzy diffeomorphism.

Example 4.5. Consider the fuzzy Hausdorff space, which is defined in Example 4.4. It
is clear that for all z € R, and for all ¢ € N, we have x € Supp(u;) = R, we get that
x € Supp(ui). Define (Ln); : Supp(pi) — R, so A = {(ui, (Ln);) | i € N} is a fuzzy
min{z,y} +¢
max{z,y} +t
see that (M, p, T, F) is a fuzzy metric topological space, where F;r = {u1, p; | where p; =
ﬁ and ¢ € N*} and consequently (M, p, T, F) is a fuzzy metric manifold.

atlas. Now, define for all z,y € R and t € R™, p(z,y,t) = | |. It is easy to
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5. Conclusion

The current paper has introduced a novel concept of fuzzy Hausdorff space, fuzzy
manifold space. Also:

(i) Based on fuzzy metric spaces, every non empty set converted to a fuzzy metric
space.

(ii) It is showed that the product and union of fuzzy metric spaces is a fuzzy

metric space.

(iii) The extended fuzzy metric spaces are constructed using the some algebraic

operations on fuzzy metric spaces.

(iv) The concept of fuzzy Hausdorff space and fuzzy manifold space has been

defined and some of its properties have been investigated.

One of advantage of this work is approaches of manifolds based on fuzzy subsets
via fuzzy metric that any one based any welldefined fuzzy metric present a new
manifold. We hope that these results are helpful for further studies in theory of fuzzy
metric Hausdorff space fuzzy metric manifold space. In our future studies, we hope

to

obtain more results regarding instuitic metric Hausdorff spaces, neutrosophic

metric manifold spaces and their applications.
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