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Abstract. In this paper, we have introduced generalized («, 1), p)-contractive maps
and proved the existence and uniqueness of fixed points in complete S-metric spaces.
We have also proved that these maps satisfy property (P). The results presented in
this paper extend several well known comparable results in metric and G-metric spaces.
We have provided an example in support of our result.
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1. Introduction and Preliminaries

Over the past two decades the development of fixed point theory in metric spaces
has attracted considerable attention due to numerous applications in various areas.
Finding the existence of fixed points of a self map by considering more general
ambient spaces is an interesting aspect. In this course of development, some authors
have tried to give generalizations of metric spaces in various ways. In 2005, Mustafa
and Sims [13] introduced a new structure of metric spaces which are called G-metric
spaces as a generalization of metric spaces to develop and introduce new concepts on
contraction maps and proved the existence of fixed points of various mappings in this
new space. For more works on G-metric spaces, we refer [3, 14, 21]. In 2007, Sedghi
[18] introduced D*-metric spaces which is a probable modification of the definition
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of D-metric spaces introduced by Dhage [7] and proved some basic properties of
D*-metric spaces [17, 18]. In 2012, Sedghi, Shobe and Aliouche [19] introduced a
new concept on metric spaces, namely S-metric spaces and studied some properties
of these spaces. Sedghi, Shobe and Aliouche [19] asserted that S-metric space is a
generalization of G-metric space. But, very recently Dung, Hieu and Radojevic [8]
have verified by example (Example 2.1 and Example 2.2) that S-metric space is
not a generalization of G- metric space or vice versa. Therefore, the classes of G-
metric spaces and S- metric spaces are different. Recent papers dealing with fixed
point theorems for mappings satisfying certain contractive conditions on S-metric
spaces can be referred in [1, 2, 8, 12, 15, 16, 20].

Now we provide some preliminaries and basic definitions which we use throughout
this paper. We start with a G- metric spaces introduced by Mustafa and Sims [13].

Definition 1.1. [13] Let X be a non-empty set, G : X3 — [0,00) be a function
satisfying the following properties:

(Gl) G(z,y,2) =0ifx =y =z,

(G2) G(z,z,y) >0 for all z,y € X with z # y,

(G3) G(z,z,y) < G(z,y,2) for all z,y,z € X with y # z,

(G4) G(z,y,2) =Gz, z,y) = G(z,z,y) = ... (symmetry in all three variables),
(G5) G(z,y,2) < G(z,a,a)+G(a,y, 2) for all x,y,z,a € X (rectangle inequality).

Then the function G is called a generalized metric (G-metric) and the pair (X, Q)
is called a G-metric space.

Definition 1.2. [11] A mapping ¢ : [0,00) — [0,00) is said to be an altering
distance function if it satisfies: (i) 1 is continuous (i) @ non-decreasing and
(#i) (t) =0 if and only if ¢ =0.

We denote the class of all altering distance functions by ¥

We denote @ = {¢ : [0,00) — [0,00) ¢ is continuous and non-decreasing}.

Remark 1.1. [4] If ¢ € ¥ and ¢ € & with the condition () > ¢(¢) for all ¢ > 0, then
»(0) = 0. Therefore ¢ € .

Definition 1.3. [9] Let X be a non-empty set and T be a self map of X. We
denote the set of all fixed points of T' by F(T'), where F(T) # @. Then, T is said
to satisfy property (P) if F(T) = F(T") for all n € N.

Here we note that even though, a map f : X — X has a unique fixed point, it
may not have property (P).

In [4] Bousselsal et.al proved the existence and uniqueness of fixed points and
property (P) in G-metric spaces.
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Theorem 1.1. [4] Let (X, G) be a complete G-metric space and f: X — X be a
mapping. If there exists v € ¥ and ¢ € ® with the condition ¥(t) > (t) for all
t > 0, such that

(1.1) V(G (fx, fy, [2)) < o(max {G(z,y,y),G(z, fz, fz),G(y, fy, fy),

G(z, fz, f2),aG(fx, fr,y)+(1-a)G(fy. fy. 2), BG(z, fz, fa)+(1=B)G(y. fy. fy) })

for all z,y,z € X, where o, 3 € (0,1).
Then f has a unique fized point (say u) and f is G-continuous at u. Further, f has
property (P).

Note: In view of Remark 1.1, we can choose ¢ € ¥ in Theorem 1.1.
Remark 1.2.
Since max {G(z,y, 2), G(z, fz, fx), G(y, fy, fy), G(2, f2, [2), aG(fz, fz,y)

+(1 - Oé)G(fy7 fy7 Z)a /QG(I7 f‘r7 fCL‘) + (1 - IB)G(y7 fy> fy)}
=max {G(z,y,2),G(w, fz, f),G(y, fy, fy), Gz, [z, f2),aG(fx, fz,y)
+(1 - ()Z)G(fy, fya Z)}

so that we need not consider the § terms in the inequality (1.1).
In 2012, Sedghi, Shobe and Aliouche [19] introduced S-metric spaces as follows:

Definition 1.4. [19] Let X be a non-empty set. An S—metric on X is a function
S : X3 — [0,00) that satisfies the following conditions: for each x,y,2,a € X

(1) S(z,y,2) >0,
(S2) S(x,y,2z) =0if and only if x =y =2 and
(S3) S(x,y,2) < S(z,z,a) + S(y,y,a) + S(z, z,a).
The pair (X, S) is called an S-metric space.

Example 1.1. (Example 2.4 [19]). Let (X, d) be a metric space. Define S : X* — [0, 00)
by S(z,y,2) = d(z,y) + d(z,z) + d(y,z) forall z,y,z € X. Then S is an S-metric on X.
This S-metric is called the S-metric induced by the metric d.

Example 1.2. (Example 1.9 [8]). Let X = R and let S(z,y,2) = |y + z — 2z| + |y — 2|
for all z,y,2z € X. Then (X, S) is an S-metric space.

Example 1.3. (Example 2.2 [8]). There exists an S-metric which is not a G-metric.
Let (X, S) be the S-metric space in Example 1.2. We have

S(1,0,2) = [0+2—2[+]0 -2/ =2,5(2,0,1) = [0+1— 4| + [0 — 1] = 4.

Then S(1,0,2) # S(2,0,1). So that (G4) fails. Hence S is not a G-metric.
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Example 1.4. (Example 2.1, [8] ). There exists a G-metric which is not an S-metric.
Let X = {a,b}. Define G : X* — [0,00) by G(a,a,a) = G(b,b,b) = 0, G(a,b,b) =
2, G(a,a,b) =1 and extend G to all X® by using (G4). Then G is a G-metric but not
an S-metric. Since 2 = G(a,b,b) £ 1 = G(a,a,b) + G(b,b,b) + G(b,b,b). This shows that
G is not an S-metric on X.

Remark 1.3. From Example 1.3 and Example 1.4, we can conclude that the class of
S-metrics and the class of G-metrics are distinct.

The following lemmas are very useful in our subsequent discussions in proving our
main results.

Lemma 1.1. [19] In an S-metric space, we have S(z,x,y) = S(y,y,x).

Lemma 1.2. [8] Let (X,S) be an S-metric space. Then
(1) S(z,x,2) < 25(x,2,y) + S(y,y,2) and
(i1) S(2,7,2) < 28(2,2,9) + 5(2:2,1).

Definition 1.5. [19] Let (X, S) be an S-metric space. We define the following:

(i) A sequence {z,} in X converge to a point x € X if S(xp,xn,z) = 0
as n — oo. That is, for each € > 0, there exists nyg € N such that for all
n = ng, S(xn,Tn,x) < e and we denote it by lim z, = z.
n—oo
(ii) A sequence {z,} in X is called a Cauchy sequence if for each ¢ > 0, there
exists ng € N such that S(xy,, Ty, ) < € for all n,m = ng.

(iii) The S-metric space (X, S) is said to be complete if each Cauchy sequence in
T is convergent.

Definition 1.6. [12] Let (X,S5) and (Y,S’) be two S-metric spaces. Then the
function f: X — Y is S-continuous at x € X if it is S-sequentially continuous at
x, that is, whenever {z,} is S-convergent to x, we have f(x,) is S’-convergent to

f().

Lemma 1.3. [19] Let (X,S) be an S-metric space. If the sequence {x,} n
X converges to x, then x is unique.

Lemma 1.4. [19] Let (X, S) be an S-metric space. If there exists sequences {xy}

and {yn} in X such that lim z, =z and lim y, =y, then
n—oo n—oo

lim S(mnaxnayn) = 5($7337y)~

n—oo

Lemma 1.5. [1] Any S-metric space is a Hausdorff space.

In 2012, Sedghi [19] proved an analogue of Banach’s contraction principle in
S-metric space.
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Definition 1.7. [19] Let (X,S) be an S-metric space. A map f: X — X is
sald to be an S-contraction if there exists a constant 0 < A < 1 such that

S(f(@), f(x), f(y)) < AS(x,2,y) for all 7,y € X.

Theorem 1.2. [19] Let (X,S) be a complete S—metric space and f : X — X be
a contraction. Then f has a unique fized point uw € X. Furthermore, for any x € X
we have lim f"(z) = u with S(f™(z), f*"(x),u) < %(Sx,x,f(x)).

n—oo

We now introduce the following definition.

Definition 1.8. Let (X,S) be an S-metric space. Let f: X — X be a self map
of X. If there exists « € (0,1) and ¢, v € ¥ such that

(1.2) V(S(fx, fy, f2)) < o(max {S(z,y,2),S(z,z, fz),S(y,y, fy),

S(z,z,fz),aS(fx,fx,y) + (1 _a)S(fyafyaz)})

for all z,y,z € X. Then we say that f is a generalized (a9, ¢)-contractive map
on X.

Remark 1.4. We note that S-contraction map is a generalized («, ¥, p)-contraction map
with (t) =¢, for allt >0 and ¢(t) = At, for all t > 0 where A is an S-contraction
constant. But its converse is not true (Example 3.1). Thus the class of S-contraction map
is a proper subset of the class of all generalized (a1, ¢)-contraction map.

Hence we study the existence of fixed points of generalized (o, 1, ¢)-contractions in
S-metric spaces.

2. Main Results

We start this section with following lemma which is useful in proving our main
results.

Lemma 2.1. Let (X,S) be an S-metric space and {x,} be a sequence in X such
that

(2.1) lim S(zp,Zn, Tny1) = 0.

n—oo

If {z,} is not a Cauchy sequence, then there exists an € > 0 and two sequences
{my} and {ny} of positive integers with my > ny, > k such that

(2.2) S(Tomgs Tmgs Tng) = €8(Tmy—1, Tmyp—1,Tn,,) < € and

(l) klingo S(ITYLk- k) xmk ) 'Ink) = 6?

(%) khﬁrgo STy Ty Tny—1) =€,
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(444) klirrgo S(Tmp—1,Tmp—1,Tny—1) = €.

Proof. Let {x,} C X be not Cauchy. Then there exists an ¢ > 0 and two sequences
{my} and {ny} of positive integers with my > ny > k such that

(2.3) S(Tmys Tmps Tny) = €

We choose my, the least positive integer satisfying (2.3). Then my > ng > k
with S(Zm,, Tmy s Tny) = € and S(Tmy—1, Timy—1, Tn,) < €. Hence (2.2) holds.

From (2.2), we have
(2.4) € < S(Tmy,s Ty, s Ty, )-
On taking the lower limit in (2.4), we get

(2.5) e < liminf S(Xm, , Tmy, Tny)-

k—o0

By Lemma 1.2, we have

S(xmkal'mkamnk) < QS(xmkamemmkfl) + S(l'nk,l'nkammkfl)
= 2S($mkaxmk7$mk—1) +S(xmk—1axmk—1aznk)

(2.6) < 25Ty, s Ty, Tmp—1) + €.
From (2.4), (2.6) and on taking the upper limit as & — oo, we have

(2.7) lim sup STy, , Ty s Ty, ) = €
k— o0

From (2.5) and (2.7), we obtain

(2.8) kli_)rgo S(Tmys Tmys Tny ) = €.

Hence (7) is proved.

Again, from (2.2), by Lemma 1.1 and Lemma 1.2, we have

e < S(xmk7$mk’x"k) = S(mnkaxnkaxmk)
g 2S($nkaxnk7xnkfl) +S(xnk717$nk717xmk)
(2.9) = 25(@n,, Tng, Tng—1) + S (Tmy s Tmgs Trgo—1)-

From (2.9) and on taking the upper limit as k — oo, we obtain

(2.10) € < lmsup S(Zm,, s Tmy,s Tng—1)-
k—o0

Once again, by Lemma 1.2 and (2.3), we get

S(wmk;xmkaxnk—l) = S(af'nk—laxnk—lammk)
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< QS(xnk—l7xnk—laxnk) + S(mnk;xnka xmk)
(2.11) = 25(Xn,—1,Tnp—1,Tny) + S (Tmys Ty Tny)-

Now, on taking the upper limit as k — oo in (2.11), we obtain

(2.12) lim sup S(Zm,, s Tmy, s Tnj—1) < €.

k— o0

By (2.10) and (2.12), we get

(2.13) lim sup S(Zm,, s Tmy, s Tny—1) = €.
k—o0

From (2.9), we obtain
(2.14) STy Tmgy Tnp—1) = € — 28(Xn, , Ty, Ting—1)-
Hence on taking the lower limit as k — oo in (2.14), we get

(2.15) e < liminf S(@m, , Tm,» Tny—1)-

k—o0

Therefore from (2.13) and (2.15), we obtain

(2.16) Um S(zpm,, Ty Tnp—1) = UM S(Zp,—1, Tng—1,Tm,, ) = €.
k— o0 k—o0

So, (i) is proved.

Again, from (2.2), by Lemma 1.1 and Lemma 1.2, we have

S(xmkammkamnk) = S(xnkyxnkawmk)

QS(xnkaxnkaxnkfl) +S($nk71,$nk717$mk)
2S(znkaxnkaxnk—l) + S(fbmmxmmxnk—l)
2

S(xnkaxnkaxnk—l) + QS(l'mk,l'mk,l‘mk_l) + S(xmk—lammk—hxnk—l)-

/AN

IN

(2.17)

From (2.17) and on taking the upper limit as k — oo, we obtain

(2.18) € < limsup S(Tmy—1, Tmp—1, Tngp—1)-
k— o0

Again, by Lemma 1.1 and Lemma 1.2, we have
(219) S(xmk—17 Tmy—15 xnk—l) S 2S(xmk—17 Tmy—1 xmk) +S(xmk » LTy, s J"nk—l)~
On taking the upper limit as k¥ — oo in (2.19) and by using (2.16), we have

(2.20) lmsup S(Zmy,—1; Tmg—1, Tnp—1) < €

k—o0 o
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From (2.17), we obtain
(2.21) S(Tmp—1sTmp—1sTnp—1) > € — 25(Tmy, Ty s Tmp—1)-
Hence on taking the lower limit as k — oo in (2.21), we get

(2.22) e < lminf S(@m, , Tmy s Tny—1)-

k—o0

Therefore by combining (2.18), (2.20) and (2.22), we obtain

(2.23) kl;r& S(Tomp—1sTmy—15 Tnj—1) = €.

So, (#it) is proved. Hence the lemma follows. [

In the following we prove the main result of this paper.

Theorem 2.1. Let (X,S) be a complete S-metric space and let f be a generalized
(a0, 1, p)-contractive map. If there exists ¥, p € U with the condition (t) >
o(t) for allt > 0, then f has a unique fized point (say u) and f is S-continuous at
U.

Proof. Let xg € X be arbitrary. We define a sequence {z,} by z,41 = fax, for
n=0,1,2,.... If x,, = x,41 for some n, then z, is a fixed point of f and we are
through.

Now, we assume that x,, # z,41 for all n. By (1.2) and substituting © =y =
Tp_1,2 = I, we have

V(S (Tny Ty Tng1)) = V(S(fxn_1, frn_1, fTn)) < <p(max {S’(mn,l,xn,l,mn),
S(Tn-1,Tn-1, fTn-1),S(@Xn-1,Tn-1, fTn), S(Tn,ZTn, fTn),
aS(frn—1, frn—1,2n-1) + (1 —a)S(fon_1, fTn_1,20)}),

= <p(max {S(mn,l,xn,l,xn), S(Tn-1,Tn-1,%n), S(Tn_1,Tn_1,Tn),
S(Tn, Tn, Tnt1), @S (Tn, Tn, Tn—1) + (1 — @) S (x4, xn,xn)}),
= np(max{S(xn_l,a:n_l,acn),S(xn,xn,xn+1),aS(xn,xn,xn_l)}),
(2.24) = go(max {S(xn,hxn,l,xn), S(xp, zp, xnﬂ)}).
If S(zn,xn,Tnt1) > S(Tn-—1,Tn—1,Ts,), then (2.24) becomes

(2'25) ¢(S(xnvxnvxn+1)) < @(S($nvxnaxn+1)) < VJJ(S(wmffn»an)),

a contradiction. Hence S(x,—1,Zn—1,%,) is the maximum. Therefore

(226) ¢(S($n»$n,$n+1)) < 2 ( S(-rn—laxn—lvxn) )<"/}(S(xn71»xn717$n))~

By using the property of ¢, ¢ and from (2.26), we obtain

S(Tny Tny Tnt1) < S(Tp-1,Tn-1,xy,) for all n.
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Hence {S(zn,Zn,znt1)} is a decreasing sequence of positive real numbers. Then
there exists » > 0 such that

(2.27) lim S(zpn,Zn, Tny1) =7

n—0o0

On letting n — oo in (2.26) and using (2.27), we have ¥(r) < ¢ (r) < ¥(r),
a contradiction. Hence r = 0.

We now prove that {z,} is an S-Cauchy sequence. If possible {z,} is
not S-Cauchy. By Lemma 2.1, there exist an € > 0 and two sequences {my} and
{nr} of positive integers with nj > my > k such that S(z,, Tm,, Tn,) = €,
S(Tmyp—1sTmy—1,Tn,, ) < € and the identities (i)-(i¢) of Lemma 2.1.

Putting z =y = Ty, —1,2 = Tn,—1 and applying (1.2), we get

V(S (@Tmys Ty > Tny,)) = V(S(fTmy—15 fTmp—1, fTni—1))
< <p(max{S(mmk,l,xmk,l,xnk,l),S(mmk,l,xmk,l, fTme—1),
ST —1, Trmg—15 [Tmp—1)5 S(Trg—15 Ty —15 fTny—1),
aS(frm, -1, fTmy—1, Tmp—1) + (1 — oz)S(f:z:mk_l,f:vmk_l,:cnk_l)}),
= @(max{S(a:mk,hxmk,l,xnk,l),S(mmk,xmk,aﬁmk,l),
S(Tmps Tmps Tmp—1)s 9 (Tng s Tngy Trg—1),
aS(Tmy, s Ty, s Timyo—1) + (1 — a)S(xmk,xmk_,znk_l)})
= (p(max{S(xmk,l,xmk,l,xnk,l),S(Jcmk,xmk,wmk,l),S(xnk,xnk,xnk,l),

(2.28) S (T, s Ty s Trmgo—1) + (1 — a)S(mmk,xmk,xnk,l)}).

On letting k — oo in (2.28), using (2.27) and Lemma 2.1, we obtain

P(e) < go(max{e, 0, 0, (1- a)e}) = ¢(€) < Y(e),

a contradiction.
Hence {z,} is an S-Cauchy sequence. Since (X,S) is complete, there exists
u € X such that z, — u.

We now show that u is a fixed point of f. Here by Lemma 1.4, we note that

lim S(zn,xn, fu) = S(u,u, fu).

Suppose that f(u) # u and we consider
O(S(fu, fu,20)) = V(S (fu, fu, fen—1)) < o(max {S(u, u, z, 1), S(u,u, fu), S(u, u, fu),
S(In—lv Tn—1, fxn—l)a OLS(fU, fuv u) + (1 - OL)S(f’LL, fuv In_l)})
= iﬂ(max {S(U, u, -’L'nfl)a S(u7 U, fu)a S(,Tn,l, Tn—1, LUn),
(2:29)  aS(fu, fu,u) + (1 - a)S(fu, fu,xn-1), S(fu, fu,u)}).

On letting n — co in (2.29), we have

Y(S(fu, fu,u)) < <p(maX{S(u,u,u),S(u,u,fu),S(u,u,u),
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aS(fu, fu,u) + (1 = @)S(fu, fu,u)}) = @(S(fu, fu,u)) < O(S(fu, fu,u)),

a contradiction. Hence fu = w.
Next we prove uniqueness of fixed point. Suppose v and v are two distinct fixed
points of f. Now, we consider

Y(S(u,u,v)) = P(S(fu, fu, fv))
< ap(max {(S(u7 u, U>7 S(ua U, f’LL), S(u7 u, f’LL), S(U, v, fv)a
OtS(f’U,,f’U,,U) + (1 - Ot)S(f’U,7f’u,7U)})
= ¢(max {S(u,u,v), (1 — a)S(u,u,v)})
= o(S(u,u,v)) < Y(S(u,u,v)),
a contradiction. Therefore u = wv.
Finally we prove that f is S-continuous at u. Let {x,} be a sequence in X

such that x, — u as n — oo. We show that fz, — fu as n — oo. For this
purpose, we consider

Y(S(u,u, frn)) = P(S(fu, fu, fr,))
Lp(maX{S(u,u, Zn), S(u,u, fu), S(u,u, fu),S(xn, Tn, fr,),
aS(fu, fu,u) + (1 = a)S(fu, fu,,)}),
= <p(max{S(u,u,xn),S(u,u,u),S(ﬂcn,xn,xn+1),
(2.30) = aS(u,u,u)+ (1 —a)S(u,u,z,)}).

N

By taking the limit on both sides of (2.30), and using the continuity of ¢, we have
lim (S (fu, fu, fra)) = 0.
By the continuity of 1, we have ( li_>m S(fu, fu, fr,)) =0.
n oo
ie, ¢¥(lim S(fz,, fe,, fu) =0 (by Lemma 1.1).
n—oo

Again, by property of ¢ we have lim S(fx,, fx,, fu)) =0.

n—oo
Hence by the definition of continuity of f, it follows that fz, — fu as n — oc.
Therefore, f is S-continuous at u. []

Theorem 2.2. Under the hypotheses of Theorem 2.1 [ has Property (P).

Proof. In view of the proof of Theorem 2.1, f has a fixed point. Therefore F(f") #
. Now, we fix n > 1 and assume that « € F(f™). That is f"u = u. We show
that u € F(f). Assume f(u) # u, we consider

D(S(u,u, fu)) = D(S(fMu, fru, [ ) = (SO, fF* 7, f )
< p(max {S(F" 7 u, [ ), SO T f1 T e £ ),

SO £, fF T ), SO T f ),

S, £ 17 )

Q
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H(L =) S(f ", fF u, fu) }),
= cp(max{S(f"flu,fnflu,u),S(u,u, f"flu),S(u,u,f”Au),
S(u,u, fu), aS(u,u, f”flu) +(1- a)S(u,u,u)}),
(2.31) = cp(max{S(u,u,f"flu),S(u,u,fu)}).

If S(u,u, fu) is the maximum, then from (2.31), we have

P(S(u,u, fu) < (S(fu, fu,u)) = ©(S(u,u, fu)) < P(S(u, u, fu)),
a contradiction. Consequently, S(u,u, f"'u) is the maximum. Therefore, from
(2.31) and Lemma 1.1, we obtain

W(Stuu fw) = V(S fru, ) < (S, )
= (p(S(f"’u,, fnu, f"_lu)) < ’(/J(S(f"u’ f"u7 fn—lu))
(2.32) _ w(S(fnflu, f”*1u7 ).

Since 1) is non decreasing, from (2.32), it follows that
S(f™u, fu, [P ) < S, £, fu).

Hence {S(f™u, f"u, f**1u)} is a decreasing sequence of positive real numbers.
Then, there exists r > 0 such that

(2.33) li_>m S(f™u, fMu, f" ) = 1.

On letting n — oo in (2.32) and using (2.33), we get (1) < @(r) < ¥(r),
a contradiction. Therefore r = 0.
Hence ¥(S(u, u, fu)) = li_>m (W (S(f™u, fhu, f*1u)) = 0. Thatis, fu = u. Therefore,

u € F(f). Hence f has property (P). O

In Section 3 we draw some corollaries from our results and provide a supportive
example.

3. Corollaries and an Example

If 4 is the identity mapping on [0,00) in Theorem 2.1, we have the following

Corollary 3.1. Let (X,S) be a complete S-metric space and f: X — X be a
mapping. Assume that there exists « € (0,1), ¢ € U satisfying ¢(t) < t for
t > 0 such that
S(fxvfyvfz) < go(max{S(x,y,z),S(m,x,fx),S(yw,fy),S(z,z,fz),
aS(fz, fo,y) + (1 — a)S(fy. fy.2)}),

forall z,y,z € X. Then f has a unique fized point (say u) and f is S-continuous
at u.
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Here we observe that the ¢ that is used in the inequality (3.1) is a Boyd-Wong [5]
type contraction.

Corollary 3.2. Let (X,S) be a complete S-metric space and f: X — X be a
mapping. Assume that there exist A\, € (0,1), such that

S(fz, fy, f2z) < Amax {S(z,y,2), S(z,z, fx), S(y,y, fy). S (2, 2, f2),

forall z,y,z € X. Then f has a unique fized point (say u) and f is S-continuous
at u.

Proof: By choosing ¢(t) = At, for all ¢ > 0 in Corollary 3.1, then the conclusion
follows.

Corollary 3.3. Let (X,S) be a complete S—metric space and [ : X — X be
a mapping. Assume there exist a constant 0 < A < 1, a € (0,1),%, such that
S(fx, fy, fz) < AS(x,y,z) for all z,y,z € X. Then f has a unique fized point
ueX.

If & = % in the inequality (1.2), we have the following corollary.

Corollary 3.4. Let (X,S) be a complete S-metric space and f: X — X be a
mapping. Assume that there exist ¥, ¢ € U satisfying p(t) < ¥ (t) for allt > 0 such
that

W(S(fx, fy, f2)) < p(max {S(x,y,2), S(z,, fx), Sy, y, fy), S(z, 2, 2),
(3.2) sIS(fx, fz,y) + S(fy. fy,2)]}),

forall x,y,z € X. Then [ has a unique fized point (say u) and f is S-continuous
at u.

In the following, we provide an example in support of our result.
Let Ma(m, y7 Z) = max {S(:’I;? y7 Z)? S(x7 x’ f‘/L.)ﬂ S(y? y7 fy)7 S(z7 Z’ fz)7
aS(fx, fr,y) + (1= a)S(fy, fy,2)}.

Example 3.1. Let X = [0, 7]. We define S: X® — [0,00) by
S(z,y,2z) =|r—2z|+|y—=z| [19] and f: X — X by

f(x):{ = ifpe (4,7,

We define v, ¢ :[0,00) — [0,00) by

4 L iftelo,?d]
= > = 271 )
P(t) 3 for all ¢ > Oand »(t) { (SR
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We now show that f satisfies the inequality (1.2)

Case (i): Let ,y,z € [0, 1]. Here we consider

WS fu, F2)) =6l — 2 — (L =)+ 1T~y = (E =2 = (e 2l +]z )

1
= 5(lz—al+]z—g)) <

epoToL
2~ 16
= @(S(z, 2, fz)) < p(Ma(z,y,2)).
Case (ii): Let z,y,z € (3,%].
Sub-case (i): |z —z|+ |y —z| €[0,1]. Therefore
1 1 1 1
WS fy, F2) = 0|t~ T L E g (2l ly - )

= {0z =2l +ly—2l) < 2 (o~ 2l +ly—2l) ~ gl 2| +ly - =)?
= ¢(S(z,9,2)) < p(Ma(z,y,2)).

|z — 2|+ |y — 2| > 5 . In this case

w(s(fz,fy,fz)):¢\x+1,z+1|+|y+1 z+1

= Jlz—zl+ly—2 <3

Sub-case (ii):

1
Sz =zl +ly—=2l) -

16
= p(S(x,y,2)) < o(Ma (fz7 y:2))-
Case (iii): Let z €[0,1] and z,y € (3, 3]

D(S(fz, fy, f2)) = (S, 5
=v(5 -G -2l + 1% = (- 2))
2 +2-3+[¢+2-3)) <2z -1 - &
= @(8(2,2, f2)) < o(Ma(2,y,2)).
Case (iv): Let z,y €[0,3] and z € (3,1].
b(S(fz, fy, f2)) = ¢ (S (Z—w Tt

i-oi—v ) =i e - T+ -y - )
_w(lf—x—f|+| -3 =s(f-e—5l+1i-y-3) <1
<2z %] - 15 = % — 22 = o(S(x, 7, f2)) < o(Ma(z,y,2))

= ¢(S(2, 2, f2)) < p(Ma(z,y, 2)).
Hence f, 1, ¢ satisfy all the hypotheses of Theorem 2.1 and f has a unique
fixed point u = 1.
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4. Summary

In our result, the concept generalized (a, ¥, ¢)-contractive map was introduced with
the proof of the existence and uniqueness of fixed points in complete S-metric
spaces. The new idea, property (P), was also introduced and we proved that these
maps satisfy property (P). The results presented in this paper extend several well
known comparable results in metric and G-metric spaces. We derived corollaries
and provided an example to show the validity of our result.
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