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Laboratoire Mathématiques Fondamentales et Appliquées

Hassan II University of Casablanca, B.P 5366 Mâarif, Morocco

Abstract. In this paper, we study two estimates useful in applications and proved for
the generalized Dunkl transform in the space Lpα,Q(R) where 1 < p ≤ 2 and α > −1

2
, as

applied to some classes of functions characterized by a generalized modulus of continuity.
Also, we extend two interesting E.C. Titchmarsh’s theorems with the higher order at
same space.
Key words: Generalized Dunkl transform, differential operator, Spaces of measurable
functions.

1. Introduction and preliminaries

Consider the first order singular differential difference operator on the real line

(1.1) Λα,Qf(x) = f
′
(x) +

(
α+

1

2

)(
f(x)− f(−x)

x

)
+ q(x)f(x)

where α > −1
2 , q is a C∞ real valued odd function on R andQ(x) = exp

(
−
∫ x

0
q(t)dt

)
.

Q is an even function. For q = 0, we obtain the classical Dunkl operator:

(1.2) Λαf(x) = f
′
(x) +

(
α+

1

2

)(
f(x)− f(−x)

x

)
.
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© 2022 by University of Nǐs, Serbia | Creative Commons License: CC BY-NC-ND



32 A. Akhlidj et al.

We denote by Λ∗α,Q the dual operator of Λα,Q given by (see[4])

(1.3) Λ∗α,Qf(x) = f
′
(x) +

(
α+

1

2

)(
f(x)− f(−x)

x

)
− q(x)f(x).

Lpα(R) = Lp(R, |x|2α+1dx) the space of measurable functions f on R such that

(1.4) ‖f‖p,α =

(∫
R
|f(x)|p|x|2α+1dx

) 1
p

< +∞

Lpα,Q(R) the space of measurable functions f on R for which

(1.5) ‖f‖p,α,Q = ‖Qf‖p,α < +∞.

The map defined by MQ(f) = Qf is an isometric isomorphism from Lpα,Q(R) onto
Lpα(R) (see[4]).
For each λ ∈ C, there is differential-difference equation:

(1.6) Λα,Qu = iλu

with the initial condition u(0) = 1 admits an unique C∞ solution on R, denoted by
ψλ given by

(1.7) ψλ(x) = Q(x)eα(iλx)

where

(1.8) eα(z) = jα(iz) +
z

2α+ 2
jα+1(iz), z ∈ C

is the kernel Dunkl function.
jα being the normalized spherical Bessel function given by

(1.9) jα(z) = Γ(α+ 1)

∞∑
n=0

(−1)n

n!Γ(n+ α+ 1)

(z
2

)2n

, z ∈ C

The function jα is infinitely differentiable and even.

Definition 1.1. (see [4]) The Dunkl transform for a function f ∈ L1
α(R) is defined

by

(1.10) FDα (f)(λ) =

∫
R
f(x)eα(−iλx)|x|2α+1dx

The generalized Dunkl transform for a function f ∈ L1
α,Q(R) is defined by

(1.11) FDα,Q(f)(λ) =

∫
R
f(x)ψ−λ(x)|x|2α+1dx
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Lemma 1.1. (see [4]) We have the formulas

i) MQ ◦ Λ∗α,Q = Λα ◦MQ

ii) FDα,Q = FDα ◦MQ where FDα be the classical Dunkl transform.

Definition 1.2. (see [4]) Let p
′

such that 1
p + 1

p′
= 1. The generalized translation

operator is defined in Lp
′

α, 1
Q

(R) by

(1.12) Th,α,Q = Q(h)M−1
1
Q

◦ τh,α ◦M 1
Q
,

where τh,α is the translation operator associated to the classical Dunkl harmonic
analysis.

Remark 1.1. The generalized dual translation operator is defined in Lpα,Q(R) and is
given by

(1.13) T ∗
h,α,Q = Q(h)M−1

Q ◦ τ−h,α ◦MQ

From [7, Theorem 2.1] we have the analog V.A. Abilov, F. V. Abilova and M. K.
Kerimov’s theorem for the Dunkl transform proved by M. El Hamma, R. Daher and
M. Boujddaine.
Let us first recall the first and higher order finite difference which is defined as
follows:
Let f ∈ Lpα(R) and k = 0, 1, 2...

∆0
h,αf = f

∆h,αf = τh,αf − f = (τh,α − I)f

∆k
h,αf = ∆h,α

(
∆k−1
h,α

)
f = (τh,α − I)kf

the kth order modulus of continuity of a function f ∈ Lpα(R) is defined as

(1.14) Ωk,α(f, δ) = sup|h|≤δ‖∆k
h,αf‖p,α

We denote by

Wr,k
p,Ψ(Λα) =

{
f ∈ Lpα(R)/∀j ∈ {1, 2, .., r}(Λα)jf ∈ Lpα(R)

and Ωk,α((Λα)rf, δ) = O(Ψ(δk) as δ → 0
}

The Sobolev space constructed by the operator Λα, where Ψ is any nonnegative
function given on [0,+∞[.

Theorem 1.1. [7] Let f ∈ Lpα(R) in the class Wr,k
p,Ψ(Λα)∫

|λ|≥N
|FDα (f)(λ)|p

′

|λ|2α+1dλ = O
(
N−rp

′

(Ψ)p
′ (

(
c

N
)k
))

as N → +∞

where r = 0, 1, ...; k = 1, 2, ...; c > 0 is a fixed constant, 1
p + 1

p′
= 1 and Ψ is any

nonnegative function defined on the interval [0,+∞[.
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From [11, Theorem 84], we have E.C. Titchmarsh’s theorem for the Fourier trans-
form

Theorem 1.2. [11] Let f ∈ Lp(R) (1 < p ≤ 2), and let

(1.15)

∫ +∞

−∞
|f(x+ h)− f(x− h)|p = O(hγp) as h→ 0; (0 < γ ≤ 1).

Then F(f) ∈ Lβ(R) for p
p+γp−1 < β ≤ p

p−1 where F(f) stands for the Fourier
transform of f .

From [6] we have an analog of E. C. Titchmarsh’s Theorem for the Dunkl trans-
form on the real line proved by M. El Hamma and R. Daher.

Theorem 1.3. [6] Let f ∈ Lpα(R), and let

(1.16) ‖∆h,αf‖p,α = O(hγ) as h→ 0 (0 < γ ≤ 1)

Then FDα (f) ∈ Lβα(R) for

(1.17)
2pα+ 2p

2p+ 2α(p− 1) + γp− 2
< β ≤ p

p− 1

From [5] we have the generalized E. C. Titchmarsh’s theorem.

Theorem 1.4. [5] Let f ∈ Lpα(R) such that for all j ∈ {1, 2, ..., r} we have Λjαf ∈
Lpα(R) and ‖∆k

hΛrαf‖p,α = O(hγ) as h → 0 (0 < γ ≤ k). Then FDα (f) ∈ Lβα(R)
for

(1.18)
2α+ 2p

2p+ 2α(p− 1)− 2 + γp+ rp
< β ≤ p

p− 1

From [11, Theorem 85], E.C. Titchmarsh’s characterized the set of functions in
L2(R) satisfying the Cauchy Lipschitz condition by means of an asymptotic estimate
growth of their Fourier transform’s norm, we have

Theorem 1.5. [11] Let 0 < γ ≤ 1 and assume that f ∈ L2(R). Then the following
are equivalents:

1) ‖τhf − f‖2 = O(hγ) as h→ 0

2)
∫
|λ|≥s F(f)(λ)dλ = O(s−2γ) as s→ +∞

From [10] M. El Hamma and R. Daher generalized the E. C. Titchmarsh’s theorem
see ([11], theorem 85) for the Dunkl transform on the real line.
We first need to define the k-Dunkl Lipschitz class.
Let Wr

2,α (r ∈ {1, 2, ...}) be the Soblev space constructed by the Dunkl operator
Λα.

Wr
2,α = {f ∈ L2

α(R)/Λjαf ∈ L2
α(R) for all j ∈ {1, ..., r}}
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Definition 1.3. [10] Let 0 < γ ≤ 1. A function f ∈ Wr
2,α is said to be in the

k-Dunkl Lipschitz class, denoted by DLip(γ, 2, k), if

(1.19) ‖∆k
h,αΛrαf‖2,α = O(hγ) as h→ 0

Theorem 1.6. [10] Let f ∈ Wr
2,α. The following are equivalents

1) f ∈ DLip(γ, 2, k)

2)
∫
|λ|≥s |λ|

2rFDα (f)|λ|2α+1dλ = O(s−2γ) as s→ +∞

2. Main results

Our main results are inspired by the work of V.A. Abilov, F. V. Abilova, M.K.
Kerimov and E. C. Titchmarsh (see [1], [2], [3],[5], [6], [7]). Briefly, we show the
Hausdorff-Young inequality in the space Lpα,Q(R) where 1 < p ≤ 2 and we give new
estimates for the generalized Dunkl transform of a class of function f in a Sobolev
space that will be defined later.

Proposition 2.1. (Hausdorff-Young inequality) Let be 1 < p ≤ 2, 1 ≤ p
′ ≤ +∞

such that 1
p + 1

p′
= 1 and f ∈ Lpα,Q(R). Then, M−1

Q ◦FDα,Q(f) ∈ Lp
′

α,Q(R) and there

exists a constant C > 0 satisfying

(2.1) ‖M−1
Q ◦ F

D
α,Q(g)‖

p′ ,α,Q
≤ C‖g‖p,α,Q for all g ∈ Lpα,Q(R)

Proof. Let f ∈ Lpα,Q(R) then, MQ(f) ∈ Lpα(R) and by the Hausdorff-Young in-
equality tied to the classical Dunkl harmonic analysis (see ([6], [7])), we have

FDα ◦MQ(f) ∈ Lp
′

α (R) and, there exists a constant positive C > 0 such that

‖FDαMQ(g)‖
p′ ,α
≤ C‖MQ(g)‖p,α for all g ∈ Lpα,Q(R)

therefore

‖M−1
Q ◦ F

D
α,Q(g)‖

p′ ,α,Q
≤ C‖g‖p,α,Q for all g ∈ Lpα,Q(R)

Let f ∈ Lpα,Q(R) and k = 0, 1, 2, . . . put

∆0
h,α,Qf = f

∆h,α,Qf = T ∗h,α,Qf −Q(h)f = (T ∗h,α,Q −Q(h)I)f

(2.2) ∆k
h,α,Qf = ∆h,α,Q

(
∆k−1
h,α,Q

)
f = (T ∗h,α,Q −Q(h)I)kf



36 A. Akhlidj et al.

the kth order generalized modulus of continuity of a function f ∈ Lpα,Q(R) is defined
as

(2.3) Ωk,α,Q(f, δ) = sup|h|≤δ‖∆k
h,α,Qf‖p,α,Q

We denote by

Wr,k
p,Ψ(Λ∗α,Q) =

{
f ∈ Lpα,Q(R)/∀j ∈ {1, 2, .., r}(Λ∗α,Q)jf ∈ Lpα,Q(R)

and Ωk,α,Q((Λ∗α,Q)rf, δ) = O(Ψ(δk) as δ → 0
}

that the Sobolev space constructed by the dual operator Λ
∗

α,Q, where Ψ is any
nonnegative function defined on [0,+∞[

Lemma 2.1. Let f ∈ Lpα,Q(R) we have

i) Ωk,α,Q(f, δ) =
(
sup|h|≤δQ(h)k

)
Ωk,α(MQf, δ)

ii) Wr,k
p,Ψ(Λ∗α,Q) =M−1

Q

(
Wr,k
p,Ψ(Λα)

)
Proof. i) Let f ∈ Lpα,Q(R)

Ωk,α,Q(f, δ) = sup|h|≤δ
∥∥∆k

h,α,Qf
∥∥
p,α,Q

= sup|h|≤δ

∥∥∥(T ∗h,α,Q −Q(h)I
)k
f
∥∥∥
p,α,Q

= sup|h|≤δ

∥∥∥∥(Q(h)M−1
Q ◦ τ−h,α ◦MQ −Q(h)I

)k
f

∥∥∥∥
p,α,Q

=
(
sup|h|≤δ (Q(h))

k
)
sup|h|≤δ

∥∥∥M−1
Q ◦∆k

−h,α ◦MQf
∥∥∥
p,α,Q

=
(
sup|h|≤δ (Q(h))

k
)
sup|h|≤δ

∥∥∆k
−h,α ◦MQf

∥∥
p,α

=
(
sup|h|≤δ (Q(h))

k
)

Ωk,α (MQf, δ) .

ii) It is equivalent to prove that

f ∈ Wr,k
p,Ψ(Λ∗α,Q)⇔MQf ∈ Wr,k

p,Ψ(Λα)

Consider f ∈ Lpα,Q(R)

f ∈ Wr,k
p,Ψ(Λ∗α,Q) ⇔ for all j ∈ {0, 1, ..., r}(Λ∗α,Q)jf ∈ Lpα,Q(R)

and Ωk,α,Q((Λ∗α,Q)rf, δ) = O
(
Ψ(δk)

)
as δ → 0

⇔ for all j ∈ {0, 1, ..., r}M−1
Q ◦ (Λα)j ◦MQf ∈ Lpα,Q(R)

and Ωk,α,Q(M−1
Q ◦ (Λα)r ◦MQf, δ) = O

(
Ψ(δk)

)
as δ → 0

⇔ for all j ∈ {0, 1, ..., r}(Λα)j ◦MQf ∈ Lpα(R)

and Ωk,α(ΛrαMQf, δ) = O
(
Ψ(δk)

)
as δ → 0

⇔ MQf ∈ Wr,k
p,Ψ(Λα)
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Theorem 2.1. For all f ∈ Wr,k
p,Ψ(Λ∗α,Q) where 1 < p ≤ 2 we have,∫

|λ|≥N
|FDα,Q(f)(λ)|p

′

|λ|2α+1dλ = O
(
N−rp

′

(Ψ)p
′ (

(
c

N
)k
))

as N → +∞

where c is a positive constant, r = 0, 1, 2...; k = 1, 2, ...; p
′

is the conjugate exponent
of p and Ψ is a nonnegative function given on [0,+∞[.

Proof. By ii) of Lemma 2.3 we have f ∈ Wr,k
p,Ψ(Λ∗α,Q) is equivalent to MQf ∈

Wr,k
p,Ψ(Λα). Then, by Theorem 1.5 (see [7]) we have∫
|λ|≥N

|FDαMQ(f)(λ)|p
′

|λ|2α+1dλ = O
(
N−rp

′

(Ψ)p
′ (

(
c

N
)k
))

as N → +∞

By ii) of lemma 1.2 we have FDα ◦ MQ = FDα,Q. Therefore, we obtain the
result.

Corollary 2.1. Let Ψ(t) = tβ and f ∈ Wr,k
p,tβ

(Λ∗α,Q) where β > 0 and 1 < p ≤ 2.
Then, ∫

|λ|≥N
|FDα,Q(f)(λ)|p

′

|λ|2α+1dλ = O
(
N−rp

′
−p
′
kβ
)

as N → +∞

The next theorem is devoted to establish the E.C. Titchmarsh’s theorem ([5],
[6]) in the generalized Dunkl operator setting by means of the differences of higher
orders.

Theorem 2.2. Let 0 < γ ≤ k, f ∈ Lpα,Q(R) such that for all j ∈ {1, 2, ..., r},
(Λ∗α,Q)jf ∈ Lpα,Q(R) and

‖∆k
−h,α,Q(Λ∗α,Q)rf‖p,α,Q = O(Q(h)khγ) as h→ 0

Then

M−1
Q ◦ F

D
α,Q(f) ∈ Lβα,Q(R)

for
2αp+ 2p

2p+ 2α(p− 1)− 2 + γp+ rp
< β ≤ p

p− 1

Proof. Let f ∈ Lpα,Q(R) such that for all j ∈ {1, 2, ..., r}, (Λ∗α,Q)jf ∈ Lpα,Q(R) by i)

lemma 1.2 and by the remark 1.4 we have for all j ∈ {1, 2, ..., r}, (Λα)j ◦MQf ∈
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Lpα(R) and ∥∥∆k
−h,α,Q

(
(Λ∗α,Q)rf

)∥∥
p,α,Q

=
∥∥∥(T ∗−h,α,Q −Q(−h)I

)k ◦ (Λ∗α,Q)r(f)
∥∥∥
p,α,Q

= ‖(Q(h))k
(
M−1

Q ◦ τh,α ◦MQ − I
)k
◦M−1

Q ◦ Λrα ◦MQ(f)‖p,α,Q

= Q(h)k‖M−1
Q ◦∆k

h,α ◦ Λrα ◦MQ(f)‖p,α,Q
= Q(h)k‖M−1

Q ◦∆k
h,αΛrα ◦MQ(f)‖p,α,Q

= Q(h)k‖∆k
h,α ◦ Λrα ◦MQ(f)‖p,α.

Since we have by hypothesis

‖∆k
−h,α,Q

(
(Λ∗α,Q)rf

)
‖p,α,Q = O

(
Q(h)khγ

)
as h→ 0

we obtain
‖∆k

h,α ((Λα)r(MQf)) ‖p,α = O (hγ) as h→ 0

Then by Theorem proved in [5] we deduce FDα ◦MQ(f) ∈ Lβα(R) where

2αp+ 2p

2p+ 2α(p− 1)− 2 + γp+ rp
< β ≤ p

p− 1

Therefore,
M−1

Q ◦ F
D
α,Q(f) ∈ Lβα,Q(R).

Let Wr
2,α,Q (r ∈ {1, 2, ...}) be the Soblev space constructed by the dual Dunkl

operator Λ∗α,Q.

Wr
2,α,Q = {f ∈ L2

α,Q(R)/(Λ∗α,Q)jf ∈ L2
α,Q(R) for all j ∈ {1, ..., r}}

Definition 2.1. Let 0 < γ ≤ 1. A function f ∈ Wr
2,α,Q is said to be in the

k-Q-Dunkl Lipschitz class, denoted by DLip(γ, 2, k,Q), if

(2.4) ‖∆k
−h,α,Q(Λ∗α,Q)rf‖2,α,Q = O((Q(h))khγ) as h→ 0

Lemma 2.2. Let 0 < γ ≤ 1 and k ∈ {0, 1, 2, ...} we have

(2.5) DLip(γ, 2, k,Q) =M−1
Q (DLip(γ, 2, k))

Theorem 2.3. Let f ∈ Wr
2,α,Q. The following are equivalents

1) f ∈ DLip(γ, 2, k,Q)

2)
∫
|λ|≥s |λ|

2rFDα,Q(f)|λ|2α+1dλ = O(s−2γ) as s→ +∞

Corollary 2.2. Let f ∈ DLip(γ, 2, k,Q). Then

(2.6)

∫
|λ|≥s

FDα,Q(f)|λ|2α+1dλ = O(s−2γ−2r) as s→ +∞
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3. Conclusion

In this work, via the isometric isomorphism operatorMQ from Lpα,Q(R) onto Lpα(R),
and from the formulas of the generalized Dunkl transform and the generalized dual
Dunkl translation given as follows:

FDα,Q = FDα ◦MQ

where FDα be the classical Dunkl transform and

T ∗h,α,Q = Q(h)M−1
Q ◦ τ−h,α ◦MQ

where τ−h,α is the translation operator associated to the classical Dunkl harmonic
analysis, we were able to establish, without using calculations, the generalization
Theorem 2.1 in [7], Theorem 2.2 in [5] and Theorem 2.3 in [10].
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