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AND TITCHMARSH’S THEOREM IN THE SPACE L” ,(R)
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Abstract. In this paper, we study two estimates useful in applications and proved for
the generalized Dunkl transform in the space Lz’Q(R) where 1 <p <2and o > %1, as
applied to some classes of functions characterized by a generalized modulus of continuity.
Also, we extend two interesting E.C. Titchmarsh’s theorems with the higher order at
same space.
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1. Introduction and preliminaries
Consider the first order singular differential difference operator on the real line

1) Aef@=f @+ (at3) (T2 L)

where a > 5!, ¢ is a C* real valued odd function on R and Q(z) = exp (— [; q(t)dt).
@ is an even function. For ¢ = 0, we obtain the classical Dunkl operator:

(1.2) Aaf(z) = f (2) + <a + ;) (W) '
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We denote by A, o the dual operator of A, g given by (see[4])

(13)  Alof@) =f(@)+ (a + 1) (W

- ) @)

LP(R) = LP(R, |z|***1dz) the space of measurable functions f on R such that

[0

1
(1) £l = ([ 176@PLePed ) < oo
L? o(R) the space of measurable functions f on R for which

(1.5) [fllp.ee = 1Qf

The map defined by Mq(f) = Qf is an isometric isomorphism from L[, ,(R) onto
L2 (R) (see[4]).
For each A\ € C, there is differential-difference equation:

lp,a < +00.

(1.6) Anqu =idu

with the initial condition u(0) = 1 admits an unique C'*° solution on R, denoted by
1) given by

(1.7) ¥Ya(z) = Q(z)eq (i)
where
(1.8) ea(2) = jal(iz) + ﬁ jas1(iz),z € C

is the kernel Dunkl function.
Jja being the normalized spherical Bessel function given by

. B o0 (_1)71 Z\ 2n
(1.9) ya<z>—r<a+1>§7w(2) 2t

The function j, is infinitely differentiable and even.

Definition 1.1. (see [4]) The Dunkl transform for a function f € L! (R) is defined
by

(110) FANO) = [ f@)cal-ire)lafdo
R
The generalized Dunkl transform for a function f € L;Q(R) is defined by

(1.11) FPo(H)(N) = / @) (@) |22+ da
R
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Lemma 1.1. (see [4]) We have the formulas
Z) MQ oA* a,Q — A 9] MQ
ii) F, Q = FP o Mg where FP be the classical Dunkl transform.

Definition 1.2. (see [4]) Let p’ such that %—l— p—l, = 1. The generalized translation

operator is defined in L? , (R) by
Q
(1.12) Tha@ = Q)M o mhao My,
@

where 73, o, is the translation operator associated to the classical Dunkl harmonic
analysis.

Remark 1.1. The generalized dual translation operator is defined in L%, ,(R) and is
given by

(1.13) Thag = QR)Mg' 0 T_h.a 0 Mg
From [7, Theorem 2.1] we have the analog V.A. Abilov, F. V. Abilova and M. K.
Kerimov’s theorem for the Dunkl transform proved by M. El Hamma, R. Daher and
M. Boujddaine.
Let us first recall the first and higher order finite difference which is defined as
follows:
Let f € L2 (R) and k£ =0,1,2...
Ahof=f
Ah,ozf = Th,af - f = (Th,a _I>f
Afof = Bna (A1) £ = (ha = D)
the k' order modulus of continuity of a function f € L2 (R) is defined as
(1.14) Vo (f,0) = supjj<sl| Ak o flp.a
We denote by
Wis(ha) = {f € LER)/V) € {1,2,.r}(Aa)’f € LE(R)
and Qi o((Aa)"f,8) = O(¥(6%) as § — 0}
The Sobolev space constructed by the operator A,, where ¥ is any nonnegative

function given on [0, 4o00].

Theorem 1.1. [7] Let f € LE(R) in the class W;fI,(Aa)

/WN FLAOF NN =0 (N7 (@) ((£)F)) as N = +00

where r = 0,1,...; k=1,2,...; ¢ > 0 is a fired constant, —I— i, 1 and ¥ is any

nonnegative function defined on the interval [0, +o00].
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From [11, Theorem 84], we have E.C. Titchmarsh’s theorem for the Fourier trans-
form

Theorem 1.2. [11] Let f € LP(R) (1 < p < 2), and let

+oo
(1.15) / lfx+h)— fz—h)IP=0hR"P)ash—=0; (0<y<1).

— 00

Then F(f) € LP(R) for T < B < By where F(f) stands for the Fourier
transform of f.

From [6] we have an analog of E. C. Titchmarsh’s Theorem for the Dunkl trans-
form on the real line proved by M. El Hamma and R. Daher.

Theorem 1.3. [6] Let f € LE(R), and let
(1.16) 1Anafllpa=0MR") as h—0 (0<y<1)
Then F2(f) € LE(R) for

2 2
po + 2p <B< p
2p+2a(p—1) +vp —2 p—1

(1.17)

From [5] we have the generalized E. C. Titchmarsh’s theorem.

Theorem 1.4. [5] Let f € LE(R) such that for all j € {1,2,....,r} we have AJ f €
LE(R) and ||AKAL fllpo = O(hY) as h—0 (0 <~y <k). Then FP(f) € LE(R)
for
2c0 + 2p p
<pf < —
Br2ap—1 -2+t S p-1

(1.18)

From [11, Theorem 85], E.C. Titchmarsh’s characterized the set of functions in
L?(R) satisfying the Cauchy Lipschitz condition by means of an asymptotic estimate
growth of their Fourier transform’s norm, we have

Theorem 1.5. [11] Let 0 < v < 1 and assume that f € L*(R). Then the following
are equivalents:

1) |mnf — flla=0O(R") as h — 0
2) [ixjzs F(NNA = O(s7%7) as s — +00

From [10] M. El Hamma and R. Daher generalized the E. C. Titchmarsh’s theorem
see ([11], theorem 85) for the Dunkl transform on the real line.
We first need to define the k-Dunkl Lipschitz class.
Let W3, (r € {1,2,...}) be the Soblev space constructed by the Dunkl operator
Aq.

Wi o ={f € LLR)/ALf € LZ(R) forall j € {1,...r}}
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Definition 1.3. [10] Let 0 < v < 1. A function f € W; , is said to be in the
k-Dunkl Lipschitz class, denoted by DLip(v,2, k), if

(1.19) ||Aha rfll2,a =O() ash — 0

Theorem 1.6. [10] Let f € W5 ,. The following are equivalents

1) f € DLip(v,2,k)
2) Jixse A FL(HIAP 1N = O(s727) as s — +00

2. Main results

Our main results are inspired by the work of V.A. Abilov, F. V. Abilova, M.K.
Kerimov and E. C. Titchmarsh (see [1], [2], [3],[5], [6], [7]). Briefly, we show the
Hausdorff-Young inequality in the space L?, ( ) where 1 < p < 2 and we give new
estimates for the generalized Dunkl tranbform of a class of function f in a Sobolev
space that will be defined later.

Proposition 2.1. (Hausdorfl-Young inequality) Let be 1 < p < 2,1 < p < +00

such that % + p% =1and f € L}, 5(R). Then, /\/151 oFLo(f) € L? o(R) and there
ezists a constant C' > 0 satisfying

(2.1) MG 0 FLo@ly g < Cligllp.ag for all g € LY, 4(R)

Proof. Let f € L}, o(R) then, Mq(f) € L5 (R) and by the Hausdorff-Young in-
equality tied to the classical Dunkl harmonic analysis (see ([6], [7])), we have

FPoMg(f) € Lg: (R) and, there exists a constant positive C' > 0 such that

17 M), o < ClIMe(9)llp.a for all g € LY, 5(R)

S
therefore
MG 0 F2o(@) s o o < Cllgllpag for all g € LI, o (R)
0
Let f € L}, o(R) and k =0,1,2,... put
A%,Q,Qf = f
Anaf = Traof = QM) = (Tyaq—QMI)S

(2:2) Afof = Bnae (B510) F = (Tiag — QUID S
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the k" order generalized modulus of continuity of a function f € LQ’Q(R) is defined
as

(2.3) U@ (£:0) = supp <sl| A .0 f e
We denote by
Wib(hag) = {Fe Ll o®)/vie (1,2, r}(8h o) f € IE o(R)
and Qa.q((A )" f,6) = O(¥(5") as § - 0}

that the Sobolev space constructed by the dual operator A;)Q, where W is any
nonnegative function defined on [0, +00]

Lemma 2.1. Let f € L? ,(R) we have
i) Qp,0,(f,0) = (supinj<5Q(h)*) Ao (Mq f.0)
ii) Wy (A5 o) = MG" (W (Aa)

Proof. i) Let f € L? ,(R)

Qi a0(f,0) = SUP|p|<s HAﬁanHp ,Q
= SUP|h\<5H 7;LCEQ Q(h f’
k
= Sup|h\§5 (Q(h)Mél OT—_h,a © MQ - Q(h)z) f
p,a,Q
= (sup|h\<5 ) SUP|n|<s HMQ oA, o MQf‘ I
= (sup|h‘<5 k) SUP|h|<8 ||A h,o MQfH
— (SUPIh\<5 ) Qk a MQf7 ) .

ii) It is equivalent to prove that
fEWSu(Ms Q) & Maf € Wiy (Aa)
Consider f € L?, 5(R)

FEWIL(AL) & forallje{0,1,..,rHAL Q) f € LD o(R)
and Qp.a,0((AL o) f.0) = O (¥(5%)) as 5 — 0
& for all j € {0, 1,...,r}MQ (Aa) o Mqf € Ly, o(R)
and Qg 0,0(Mg' 0 (Aa)" 0 Mqf,8) = O (¥(6%)) as 6 =0
& forall j €{0,1,....,r}(Ay)’ o Mg f € LE(R)
and Qi o (ALMof,6) = O (¥(5%)) as 6 — 0
& Mof e W,y (Aa)
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O

Theorem 2.1. For all f € W;’;,(AZQ) where 1 < p < 2 we have,

/AIZN |]:aD,Q(f)(/\)|pl IN2etaN = O (N—Tp/ (\1/)1)’ ((%)k)) es N — 4+ o0

where ¢ is a positive constant, r = 0,1,2..;k =1,2,...; p/ is the conjugate exponent
of p and ¥ is a nonnegative function given on [0, 4o0].

Proof. By ii) of Lemma 2.3 we have f € W;’;,(A’&Q) is equivalent to Mqf €
W;@(Aa) Then, by Theorem 1.5 (see [7]) we have

/|)\>N ‘]:(?MQ(JC)(/\NP/ IA2oTdA = O (N*rp' (\I/)”/ ((%)k)) as N o+ o0

By ii) of lemma 1.2 we have FP o Mg = FP,. Therefore, we obtain the
result. [J

C](;rollary 2.1. Let U(t) =% and f € W;Zfﬁ (A} o) where B> 0 and 1 <p < 2.
Then,

/ IFL (N AT = 0 (N-w'—f)’kﬁ) as N = + 0o
[A>N

The next theorem is devoted to establish the E.C. Titchmarsh’s theorem ([5],
[6]) in the generalized Dunkl operator setting by means of the differences of higher
orders.

Theorem 2.2. Let 0 < v < k, f € LZ’Q(R) such that for all j € {1,2,...,7},
(A;,Q)Jf € LQQ(R) and

pa@ = OQ(R)RY) ash —0

1AY ), ao(Ai )" f
Then
Mg o FDo(f) € LE o(R)

2ap + 2p p
<p<
2p+2a(p—1)—2+p+rp p—1

Proof. Let f € L%, 5(R) such that for all j € {1,2,...,7}, (A} o)’ f € L}, 5(R) by i)
lemma 1.2 and by the remark 1.4 we have for all j € {1,2,...,7}, (Ay)? o Mqgf €
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L

(03

(R) and
1A%, a0 (A2 I, 00
= |(Thag — QE-MT) o (AL Q) ()

P, Q

QU (MGt om0 o Mg —T) 0 MG' 0 Ao Mo(f)
= QUM IMG' 0 ALy o AL 0 Mo(Plaa

= Q)"|IMg" o A} AL o M(f)llp.ec

= QM) IAR 0 AL 0 Mo(Hlp.a-

Since we have by hypothesis
1A% ) 0.0 (A5Q)"F) llpa = O (Q(R)*AY) as h — 0

we obtain
1A% o (Aa)" (M@ f)) llpa = O (h?) ash =0

Then by Theorem proved in [5] we deduce F2 o Mq(f) € L2 (R) where

20p + 2p <B< D

2p+2a(p—1)—2+yp+rp p—1

Therefore,
MG o FPo(f) € L L (R).
O

Let W3, o (r € {1,2,...}) be the Soblev space constructed by the dual Dunkl
operator AZ’Q.
WQa,Q = {f € Li7Q(R)/( :;,Q)jf € Li,Q(R) for aH] € {L -“’7«}}

Definition 2.1. Let 0 < v < 1. A function f € W3 , 5 is said to be in the
k-Q-Dunkl Lipschitz class, denoted by DLip(y,2,k,Q), if

(24) 1A% 0.0(A5.0) fllzae = O(Q(R)*hY) as h = 0
Lemma 2.2. Let0<~y<1andk € {0,1,2,...} we have
(2.5) DLip(y,2,k, Q) = Mg (DLip(v,2,k))

Theorem 2.3. Let f € W3, 5. The following are equivalents

1) f € DLip(7,2,k,Q)
2) Jinzs MNP FLQUHINPAHIA = O(s727) as s — 400

Corollary 2.2. Let f € DLip(v,2,k,Q). Then

(2.6) / FRo(NIAPTN = O(s727%) as s — 400
IAI>s
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3. Conclusion
In this work, via the isometric isomorphism operator Mg from Lg,Q(R) onto L2 (R),

and from the formulas of the generalized Dunkl transform and the generalized dual
Dunkl translation given as follows:

where FP be the classical Dunkl transform and
771*,04,62 = Q(h)MEQI OT_h,a © MQ

where 7_j, o, is the translation operator associated to the classical Dunkl harmonic
analysis, we were able to establish, without using calculations, the generalization
Theorem 2.1 in [7], Theorem 2.2 in [5] and Theorem 2.3 in [10].
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