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Abstract. In this paper, we have studied the second covariant derivative of Riemannian
curvature tensor. Some new identities for the second covariant derivative have been
given. Namely, identities obtained by cyclic sum with respect to three indices have
been given. In the first case, two curvature tensor indices and one covariant derivative
index participate in the cyclic sum, while in the second case one curvature tensor index
and two covariant derivative indices participate in the cyclic sum.
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1. Introduction

The Riemannian curvature tensor R;mn is very important in Riemannian mani-
fold, especially when studying the theory of general relativity and quantum gravity
(see [1, 8, 23]). Knowledge of the properties of curvature tensor is of great impor-
tance when studying the manifolds mentioned. Some other geometric object can
be defined using curvature tensor, for example Ricci curvature tensor, scalar curva-
ture, Weyl tensor, etc. In the articles [2, 3, 20], the curvature tensor was studied at

various mappings and transformations (see also the monographs [4] and [7]).
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Initially, the idea was to use three indices in cyclic sum, and thus some of the
properties of the Riemannian curvature tensor were proved (the first and the second
Bianchi identities). The idea of a cyclic sum was continued in the paper [6], but
in the summation four indices were used: two indices of curvature tensor and two
indices of covariant derivative. In the present aricle we have given the new identities
for cyclic summing of the second covariant derivatives with respect to three indices.
We will see that one of these identities implies Lovelock differential identity.

2. Preliminaries

Let us consider the Riemannian manifold (M, g), where My is N-dimensional
manifold and g is a symmetric metric tensor. The Christoffel symbols of the first
kind I'; ;. and the Christoffel symbols of the second kind F; , of Riemannian mani-
fold are defined as

(2.1) Lok = (g” 9k T gki,j) )

N)M—l

(22) ik = 9" Tpju = 597 (Gpik = iy + Iipi) »

where g;; and g% is the covariant and contravariant metric tensor, respectively.
Hereinafter, the coma (, ) denotes partial derivative.

In the general case, the partial derivative of a tensor is not always a tensor, and
therefore the term covariant derivative is introduced. We will use the semicolon (;)
for a covariant derivative in a Riemannian manifold. The covariant derivative with
respect to the Christoffel symbols I' Gk 18 defined as

B

11 1.4 za 1pza+1 AL, i1...%4 p
(2.3) t; ]Bk =t ]B,kJF E t Fpk E :t Ja—1Pjat1-- JBFjak’
p=1

where t" ‘; is an arbitrary tensor. The Riemannian curvature tensor R of a

Rlemanman manifold is obtained based on Ricci identity
(2.4)

1...14 _ 11 la 1Pla+1---1A . D
tjl...js;mn t Js,nm Zt Rpmn E:t ]a 1PJa+1-- jBRjamn’

where

(2.5) R =T¢ —Ti  4TP i _TP i

jmn jm,n jn,m jm= pn jn= pm-*

Also, the Riemannian curvature tensor can be expressed in the form

(2.6) R = Dy + T D

Jjmn [m—n
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where [ij] denotes alternation without division with respect to the indices i and j
(for example, ) = Gij — aji). For Ricci identity, we will use the notation below

(2.7) pia-ia _ t§1~‘-iA — i

J1...iB;mn 1jBinm j1...jB;[mn]’

The Riemannian curvature tensor has the following properties

1. R}, = —Rj,,,, (anti-symmetry)

2. Cycl R}, = 0, (the first Bianchi identity)
jmn

3. Cycl R},,,..,, = 0, (the second Bianchi identity)

where Cycl is the cyclic sum by indices j, m, n.
jmn
The covariant curvature tensor of a Riemannian manifold is defined as

RP

jmn’

and has the following properties:

1. Rijmn = _Rjimn = _Rijnm7

2. Rijmn = Rmnij’

3. C:gcl Rijmn =0, {a, 8,7} C {3, j,m,n},
aBy

4. Cyc Ry = 0.

Oswald Veblen showed that the following identity

(29) R;mn,u - R;Lnju;n + R;nm;j - R, = 07

nuj;m

is correct [21].

Theorem 2.1. [6] For the curvature tensor R:, . the identity

gmn

(2.10) Cyel Rhpniws = Cyel R RE — R RBY 4 RY L RY

jnu Jmu’
mnuv mnuv

is valid.

By contracting by indices ¢ and v in equation (2.10), one obtains the Lovelock
differential identity (see [6])
(2.11) Cycl R =-Cyc R}, R

Jmn;pu pu?
mnu mnu

. . . P
where R;,, is the Ricci curvature tensor, ie. R, = R;, .



522 M.D. Maksimovié¢ and M.S. Stankovié

Theorem 2.2. [22] The covariant curvature tensor of a Riemannian manifold
satisfies the identity

Definition 2.1. The Riemannian manifold (M,,g) is symmetric Riemannian
manifold if a curvature tensor satisfies

(2.13) R: =0.

jmn;u
The Riemannian manifold (M, ¢) is semi-symmetric if a curvature tensor satisfies

(2.14) R

gmmn;[uv]

=0.

3. Results

In this section, we will present new results for the cyclic sum of the second
covariant derivatives of Riemannian curvature tensor.

Let us consider the second Bianchi identity

(3.1) Cycl R} =0.

Jmn;u
mnu
By covariant derivative of this equation by index v we get the equation

(3.2) Cycl R =0.

jmn;uv
mnu
In the same way, we have the following identities

Summing the obtained expressions (3.2) and (3.3), we have equation

0= CyCl R;'mn;uv + CyCl R;mu;vn + CyCl R;'mv;nu

3.4 _ i i i i i i
( ) - ijn;uv + Rjnu;mv + Rjum;nv + iju;vn + Rjuv;mn + ijm;un
i % %
+ ijv;nu + ijn;mu + Rjnm;vu'

From here, using every third addend from the previous equation, we get the identity

(3.5) Cycl R;mn;uv + Cycl R;nu;mv — Cycl R;mn;w =0,
nuv nuv nuv

(3.6) Cyel (Rt + B ) = 0

nuv
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If we consider the Ricci identity (2.4) for R¢

s mns[uv]> TOM equation (3.6) we obtain

(3.7) Cycl (R, R, — R, R”

gmn= puv pmn=vjuv
nuv

- R;angr)mw - R;mpRguv + R}nu;m'u) =0.

Since that Cycl RE,,,, = 0 (the first Bianchi identity), it follows

nuv
nuv

(38) Cy;ggl R;'nu;mv = C’;ggl (R;;mnR;mv - R;manuu - R;anfnuv) ’
i.e.
(3.9) Cycl R oy = Cycl (Rp RS,y + R RE, 0 — RE L RYL) -

After changing the indices n — m, u — n, m — u, we obtain

- R, R

Jum™ “pnv
and with this we have proved the following theorem.

Theorem 3.1. Let (My,g) be a Riemannian manifold. The Riemannian curva-
ture tensor satisfies the identity
(3.11) Cycl R = Cycl (R}, R, + R}, .Rh,, — R R Y,

jmn;uv pum=“jnv Jpm= tunv jum™ “pnv
mnuv mnuv

where Cycl is the cyclic sum with respect to the indices m, n, v.
mnuv

Corollary 3.1. Contraction by indices i and u in equation (3.11) gives the Love-
lock differential identity (2.11).

Proof.
?n:%?;l R;;mn;pv = ?rgf}l (R;me j‘nv + R?st;)nv - ;me;znv)
= Cycl (—Rgmp ;M) + Cycl (Rpst;m — jmegm)
(3 12) mnuv mnuv J
= - ?n?iz?}l Rst;nv + %%Lf)l (Rﬁst;nv - Rfst;nv)
- - ?nz;lzf)l Rsm ?mn
i.e.
(3.13) Cn‘gf)l R e = — g}ﬁl RY Ry
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If we add an expression — Cycl R% = 0 to the equation (3.6), then we have

Jnus;vm
nuv

the following consequence.

Corollary 3.2. The Riemannian curvature tensor satisfy the identity

(3.14) Cyel (Ri

Jmn;
nuv

fwo] T Rﬁ'nu;[mw) =0,
where [ij] denotes alternation without division with respect to the indices i and j.

After applying Ricci identity, the previous equation takes the form

Cycd(R® R' —R RP —R. RP ~+RP R

Jgmn= “puv pmn=Yjuv Jpn= tmuv Jnu’ pmu
(315) mnuv

— Rt RP

jnp- tumuv

- R RP _ R RP

pnusvjmu jpu’nmu

)=0.
Based on Theorem (3.1) we have the consequence.

Corollary 3.3. In a semi-symmetric Riemannian manifold the following identity

(3.16) Cycl (R}, RY

jnu
mnuv

+R. L RE.,—RP ORI ) =0.

jpm Jum = “pnvu

holds.

Proof. Given the fact that in semi-symmetric Riemannian manifold the following is
valid

(3.17) R =R

Jmn;uv Jmn;ovud
i.e.
1 _ g
(318) CyCl ijn;uv - CyCl ijn;mu
mnuv mnuv

and since Cycl R:

jmn;vu
mnuv

hand side of equation (3.11) is equal to zero, thus completing the proof. O

= 0 (the second Bianchi identity), it follows that the left

Corollary 3.4. The equation (3.16) is valid in symmetric Riemannian manifold.

Below we present the result obtained by cyclic sum of the second covariant
derivatives of curvature tensor, when one curvature tensor index and two covariant
derivative indices participate in the cyclic sum.
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Theorem 3.2. Let (My,g) be a Riemannian manifold. The Riemannian curva-
ture tensor satisfy the following identity

Cyd Rgmn juv Cyd (C;mnuv R;mn uv + Rzmn prﬁ'u + R;;mnrzw P

nuv nuv
(3.19) —fﬁmanp+f%mJﬁiw—FRQHB§;J+I¥W B om

Rp S’L
: : j p]g ]BU'U .]15]3 jﬁguvp ’

where
A =T, T T+ T8 T
Bf:mw Fg’mF}w + anFﬁnu,
Chmnuo = Cimnuo T Chmnul oo~ Comnul jo = Cipnul o = Chmpul ho=ClmnpL v
ijnu = R;mn w T R]mu o J1 =0y Jo =m, j3=mn,
and Cycl is the cyclic sum with respect to the indices n, u, v.
nuw
Proof. First, we have identity
Cyel Ry = Bimnsuo + Bmuson + Rjmoina
(R;mn u) (R;mu v) (R;mv n)
Further, we get the following equation
(Bnss) sy + Rynsss) o+ (B, =
= ( jmn; u) + R?mn wlpo Rzzmm u J’U Répn ) R;mp Lo R;mnp uv
( jmu; v) + Rﬁmu ;v Pn o R;mu v Jn R;Pu oL R;mzw un R;mup vn

i P 1 % % %
(ijv n) u + R]mv n pu Rpmv m ju R]pv n mu ijp sn vu R]mv 2 nu

After developing the remaining covariant derivatives on the right hand side of equal-
ity and grouping expressions using basic operations for the Ricci calculus, we get

7 P 7 7 7
Cyd ijn UV Cyd (ijn,uv + C]mnu pv Cpmnu jv ijnu muv ijpu nv

nuv nuv

RZ Fp + Rp ]_—‘7' R_Z;mTLR’ZU"Up + R;JmnA;ju'u + RlpnAfnuv

jmp,n- uv jmn= uv,p
g p D s _ pp s P s % sp
+ ijpAnuv Rsmn B]uvp R]sanuvp R_]manuvp + Rpsanuv]

+ R;stBZZz)wg + R;psBZva>

where
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i _ T P 1 P i DL _ 1P i P T
Ajmn - ij,n + anrpm + anij’ Bjmnu - FJanu + anquﬂ
i — i %
ijnu - ijn,u + iju,n'

If we introduce notation

C' =" +c? ¢ i TP _Ci TP —CiL TP —Cl TP

jmnuv jmnu,v jmnu™ pv pmnu= jou jpnu- muv jmpu™ nv jmnp= uvo

the previous equation takes the form

i _ i _ Pl i P _ Pt D D 7
CyCl ijn;uv - CyCl (ijnuu iju,nv + ijnpru'u ijp,nru'u + ijnru'u,p
nuv nuv

—R R4 R AP L RLAP L RL AP _ RP RS

gmn’ tuvp pmn‘ = juv jpn*imuv jmp*nuv smn~ juvp

jsn muvp jms psn=muvj nuvj jps

— R} Binuop = RimsBrtwop + Bpsn Bomioj + Ryms B + R Biﬁvm>
and, from here, after rearranging, we obtain identity (3.19). This ends the proof. [

4. Conclusion

The first part of the Results section was devoted to the result we obtained by
cyclic sum with respect to two indices of curvature tensor and one index of covari-

ant derivative, i.e. Cycl R;-mn;w. Due to anti-symmetry property of Riemannian
mnuv

curvature tensor R% . the result we got has a simple form. Following the identity

(3.11) obtained, we also listed three consequences implied by Theorem 3.1. In the

second part of Results section, we present the cyclic sum Cycl R;mn;w over known

nuv
quantities, i.e. Riemannian curvature tensor and Christoffel symbols of the second
kind.

For further research, one can observe cyclic sum of the second covariant deriva-
tives in other manifolds, as the curvature tensor is an interesting geometric object
in other manifolds [25], as well as in studying various mappings and transformations
in other manifolds (see [5, 7, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 24, 26, 27]).
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