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FRACTIONAL OSTROWSKI INEQUALITIES FOR
(s,m)-GODUNOVA-LEVIN FUNCTIONS
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and Muhammad Uzair Awan

Abstract. In this paper, we introduce some new classes of s-Godunova-Levin functions,
which are called (s,m)-Godunova-Levin functions of first and second kinds. We show
that these classes contain some previously known classes of convex functions. Finally,
we establish some new Ostrowski inequalities for (s,m)-Godunova-Levin functions via
fractional integrals. Some special cases are also discussed.
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1. Introduction

Over the years theory of convex functions has received special attention from
many researchers. Consequently, the classical concepts of convex functions have
been extended and generalized in various different directions using novel and
innovative ideas and techniques, see [1, 2, 3, 4, 5, 7, 9, 13, 16, 17, 18, 19]. Inspired
by this, Dragomir [2, 3] has introduced and investigated a new class of Godunova-
Levin functions which is called s-Godunova-Levin functions of second kind. Noor
et al. [19] extended the class of Godunova-Levin functions and introduced the
classes of s-Godunova-Levin functions of first kind, logarithmic s-Godunova-Levin
functions of first and second kinds.

The interrelationship between theory of convex functions and theory of in-
equalities led many researchers to extend various classical inequalities known in
the literature for these newly developed generalizations of classical convex func-
tions. For details readers are referred to [2, 3, 4, 5, 6, 9, 10, 11, 12, 13, 14, 15, 16, 17,
18, 19, 21, 23, 24, 25].

Let f : I ⊂ [0,∞) → R be a differentiable mapping on I, the interior of the
interval I, such that f ′ ∈ L[a, b], where a, b ∈ I with a < b. If | f ′(x)| ≤ M, then the
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following inequality,
∣∣∣∣∣∣∣∣ f (x) − 1

b − a

b∫
a

f (u)du

∣∣∣∣∣∣∣∣ ≤
M

b − a

[
(x − a)2 + (b − x)2

2

]
,(1.1)

holds. This result is known in the literature as the Ostrowski inequality [20].
Motivated by this ongoing research, we introduce new notions of (s,m)-Godunova-

Levin functions of first and second kind in this paper. We show that these classes
unify several other known classes of convex functions. We also derive some new
Ostrowski type inequalities for (s,m)-Godunova-Levin functions of second kind.
Some special cases are also discussed which can be derived from our results. The
ideas and techniques of this paper may stimulate further research.

2. Preliminaries

In this section, we recall some preliminary concepts. First of all, let I = [a, b] ⊂ R
be an interval and R be the set of real numbers.

Definition 2.1. [4] A nonnegative function f : I→ R is said to be P-function, if

f (tx + (1 − t)y) ≤ f (x) + f (y), ∀x, y ∈ I, t ∈ [0, 1].(2.1)

Definition 2.2. [7] A function f : I→ R is said to be Godunova-Levin function, if

f (tx + (1 − t)y) ≤ f (x)
t
+

f (y)
1 − t

,∀x, y ∈ I, t ∈ (0, 1).(2.2)

For some further details on Godunova-Levin type of functions, see [14, 22].
Using the idea of Noor et al. [19], we define a new class of (s,m)-Godunova-Levin
functions of first kind.

Definition 2.3. A function f : I→ R is said to be (s,m)-Godunova-Levin functions
of first kind or f ∈ Q1

(s,m), if ∀s,m ∈ (0, 1], we have

f (tx +m(1 − t)y) ≤ 1
ts f (x) +m

( 1
1 − ts

)
f (y), ∀x, y ∈ I, t ∈ (0, 1).(2.3)

We would like to mention that Definition 2.3 is also introduced and studied by LI
et al. [9] independently. It is obvious that for s = 1,m = 1 the definition of (s,m)-
Godunova-Levin functions of first kind collapses to the definition of Godunova-
Levin functions. For m = 1 in Definition 2.3 we have the definition of s-Godunova-
Levin functions of first kind, which is introduced and investigated by Noor et al.
[19].
Motivated by the idea of Dragomir [2, 3], we again introduce a new class of s-
Godunova-Levin function of second kind and derive some Ostrowski type in-
equalities. This is the main motivation of this paper.
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Definition 2.4. A function f : I→ R is said to be (s,m)-Godunova-Levin functions
of second kind or f ∈ Q2

(s,m), if s ∈ [0, 1],m ∈ (0, 1], we have

f (tx +m(1 − t)y) ≤ 1
ts f (x) +m

( 1
(1 − t)s

)
f (y), ∀x, y ∈ I, t ∈ (0, 1).(2.4)

It is obvious that for s = 0,m = 1, (s,m)-Godunova-Levin functions of second
kind reduces to P-functions. If s = 1,m = 1, it then reduces to Godunova-Levin
functions. For m = 1, we have the definition of s-Godunova-Levin function of
second kind introduced and studied by Dragomir [2, 3].
Now we discuss a preliminary definition from fractional calculus which will be
helpful in deriving our main results.

Definition 2.5. [8] Let a ≥ 0 and f ∈ L1[a, b]. Then Riemann-Liouville integrals
Jαa+ f and Jαb− f of order α > 0 are defined by

Jαa+ f (x) =
1
Γ(α)

x∫
a

(x − t)α−1 f (t)dt, x > a,

Jαb− f (x) =
1
Γ(α)

b∫
x

(t − x)α−1 f (t)dt, x < b,

where Γ(.) is the Gamma function.

Lemma 2.1. [25] Let f : [a, b] → R be a differentiable function on (a, b) with a < b. If
f ′ ∈ L1[a, b], then for all x ∈ [a, b] and α > 0, we have( (x − a)α + (b − x)α

b − a

)
f (x) − Γ(α + 1)

(b − a)

[
Jαx− f (a) + Jαx+ f (b)

]

=
(x − a)α+1

b − a

1∫
0

tα f ′(tx + (1 − t)a)dt − (b − x)α+1

b − a

1∫
0

tα f ′(tx + (1 − t)b)dt.

3. Main Results

In this section, we derive our main results.

Theorem 3.1. Let f : [a, b] → R be a differentiable function on (a, b) with a < b and
f ′ ∈ L1[a, b]. If | f ′| is (s,m)-Godunova-Levin function of second kind and | f ′(x)| ≤ M,
then, for α > 0, we have∣∣∣∣∣∣

( (x − a)α + (b − x)α

b − a

)
f (x) − Γ(α + 1)

(b − a)

[
Jαx− f (a) + Jαx+ f (b)

]∣∣∣∣∣∣
≤ min{ϑ1(a, b; m, α; x), ϑ2(a, b; m, α; x)},
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where

ϑ1(a, b; m, α; x)

=
M

1 + α − s

⎡⎢⎢⎢⎢⎣ (x − a)α+1 + (b − x)α+1

b − a

⎤⎥⎥⎥⎥⎦

+
mΓ(1 − s)Γ(α + 1)
Γ(2 + α − s)

⎡⎢⎢⎢⎢⎣ (x − a)α+1| f ′
(

b
m

)
| + (b − x)α+1| f ′

(
a
m

)
|

b − a

⎤⎥⎥⎥⎥⎦,
and

ϑ2(a, b; m, α; x)

=

⎡⎢⎢⎢⎢⎣ m
1 + α − s

| f ′(x/m)|+M
Γ(1 − s)Γ(α + 1)
Γ(2 + α − s)

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣ (x − a)α+1 + (b − x)α+1

b − a

⎤⎥⎥⎥⎥⎦.
Proof. Using Lemma 2.1 and the fact that | f ′| is (s,m)-Godunova-Levin function of
second kind, we have∣∣∣∣∣∣

( (x − a)α + (b − x)α

b − a

)
f (x) − Γ(α + 1)

(b − a)

[
Jαx− f (a) + Jαx+ f (b)

]∣∣∣∣∣∣
=

∣∣∣∣∣∣
(x − a)α+1

b − a

1∫
0

tα f ′(tx + (1 − t)a)dt− (b − x)α+1

b − a

1∫
0

tα f ′(tx + (1 − t)b)dt

∣∣∣∣∣∣

≤ (x − a)α+1

b − a

1∫
0

tα| f ′(tx + (1 − t)a)|dt+
(b − x)α+1

b − a

1∫
0

tα| f ′(tx + (1 − t)b)|dt

≤ (x − a)α+1

b − a

1∫
0

tα
[ 1
ts | f ′(x)| + m

(1 − t)s

∣∣∣ f ′( a
m

)∣∣∣]dt

+
(b − x)α+1

b − a

1∫
0

tα
[ 1
ts | f ′(x)| + m

(1 − t)s

∣∣∣ f ′( b
m

)∣∣∣]dt

≤ M
1 + α − s

[ (x − a)α+1 + (b − x)α+1

b − a

]

+
mΓ(1 − s)Γ(α + 1)
Γ(2 + α − s)

[ (x − a)α+1| f ′
(

b
m

)
| + (b − x)α+1| f ′

(
a
m

)
|

b − a

]
.(3.1)

Similarly ∣∣∣∣∣∣
( (x − a)α + (b − x)α

b − a

)
f (x) − Γ(α + 1)

(b − a)

[
Jαx− f (a) + Jαx+ f (b)

]∣∣∣∣∣∣
≤
[ m
1 + α − s

| f ′
( x
m

)
| +M

Γ(1 − s)Γ(α + 1)
Γ(2 + α − s)

][ (x − a)α+1 + (b − x)α+1

b − a

]
.(3.2)
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This completes the proof.

Note that for α = 1, Theorem 3.1 collapses to following result for (s,m)-Godunova-
Levin function of second kind.

Corollary 3.1. Let f : [a, b] → R be a differentiable function on (a, b) with a < b and
f ′ ∈ L1[a, b] for all x ∈ [a, b]. If | f ′| is (s,m)-Godunova-Levin function of second kind and
| f ′(x)| ≤M, then∣∣∣∣∣∣∣∣ f (x) − 1

b − a

b∫
a

f (u)du

∣∣∣∣∣∣∣∣ ≤ min{ϑ1(a, b; m, 1; x), ϑ2(a, b; m, 1; x)},(3.3)

where

ϑ1(a, b; m, 1; x)

=
M

2 − s

⎡⎢⎢⎢⎢⎣ (x − a)2 + (b − x)2

b − a

⎤⎥⎥⎥⎥⎦

+
m

(1 − s)(2 − s)

⎡⎢⎢⎢⎢⎣ (x − a)2| f ′
(

b
m

)
| + (b − x)2| f ′

(
a
m

)
|

b − a

⎤⎥⎥⎥⎥⎦,
and

ϑ2(a, b; m, 1; x) =

⎡⎢⎢⎢⎢⎣ m
2 − s

| f ′(x/m)|+ M
(1 − s)(2 − s)

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣ (x − a)2 + (b − x)2

b − a

⎤⎥⎥⎥⎥⎦.
Theorem 3.2. Let f : [a, b] → R be a differentiable function on (a, b) with a < b and
f ′ ∈ L1[a, b]. If | f ′| is (s,m)-Godunova-Levin function of second kind and | f ′(x)| ≤ M,
then, for α > 0, we have∣∣∣∣∣∣

( (x − a)α + (b − x)α

b − a

)
f (x) − Γ(α + 1)

(b − a)

[
Jαx− f (a) + Jαx+ f (b)

]∣∣∣∣∣∣
≤ min{ϕ1(a, b; m, α; x), ϕ2(a, b; m, α; x)},

where

ϕ1(a, b; m, α; x)

=
( 1
pα + 1

) 1
p

⎡⎢⎢⎢⎢⎣
( Mq

1 − s
+

m
1 − s

| f ′
( a
m

)
|q
) 1

q (x − a)α+1

b − a

+
( Mq

1 − s
+

m
1 − s

| f ′
( b
m

)
|q
) 1

q (b − x)α+1

b − a

⎤⎥⎥⎥⎥⎦,
and

ϕ2(a, b; m, α; x) =
( 1
pα + 1

) 1
p

⎡⎢⎢⎢⎢⎣ m
1 − s

| f ′(x/m)|q + Mq

1 − s

⎤⎥⎥⎥⎥⎦
1
q [ (x − a)α+1 + (b − x)α+1

b − a

]
,

respectively.
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Proof. Using Lemma 2.1, the Hölder inequality and the fact that | f ′| is (s,m)-
Godunova-Levin function of second kind, we have

∣∣∣∣∣∣
( (x − a)α + (b − x)α

b − a

)
f (x) − Γ(α + 1)

(b − a)

[
Jαx− f (a) + Jαx+ f (b)

]∣∣∣∣∣∣
=

∣∣∣∣∣∣
(x − a)α+1

b − a

1∫
0

tα f ′(tx + (1 − t)a)dt− (b − x)α+1

b − a

1∫
0

tα f ′(tx + (1 − t)b)dt

∣∣∣∣∣∣

≤ (x − a)α+1

b − a

( 1∫
0

tpαdt
) 1

p
( 1∫

0

| f ′(tx + (1 − t)a)|qdt
) 1

q

+
(b − x)α+1

b − a

( 1∫
0

tpαdt
) 1

p
( 1∫

0

| f ′(tx + (1 − t)b)|qdt
) 1

q

≤ (x − a)α+1

b − a

( 1∫
0

tpαdt
) 1

p

⎛⎜⎜⎜⎜⎝
1∫

0

( 1
ts | f ′(x)|q + m

(1 − t)s | f ′
( a
m

)
|q
)
dt

⎞⎟⎟⎟⎟⎠
1
q

+
(b − x)α+1

b − a

( 1∫
0

tpαdt
) 1

p

⎛⎜⎜⎜⎜⎝
1∫

0

( 1
ts | f ′(x)|q + m

(1 − t)s | f ′
( b
m

)
|q
)
dt

⎞⎟⎟⎟⎟⎠
1
q

≤
( 1
pα + 1

) 1
p

⎡⎢⎢⎢⎢⎣
( Mq

1 − s
+

m
1 − s

| f ′
( a
m

)
|q
) 1

q (x − a)α+1

b − a

+
( Mq

1 − s
+

m
1 − s

| f ′
( b
m

)
|q
) 1

q (b − x)α+1

b − a

⎤⎥⎥⎥⎥⎦.
Similarly

∣∣∣∣∣∣
( (x − a)α + (b − x)α

b − a

)
f (x) − Γ(α + 1)

(b − a)

[
Jαx− f (a) + Jαx+ f (b)

]∣∣∣∣∣∣
≤
( 1
pα + 1

) 1
p

⎡⎢⎢⎢⎢⎣ m
1 − s

| f ′(x/m)|q + Mq

1 − s

⎤⎥⎥⎥⎥⎦
1
q [ (x − a)α+1 + (b − x)α+1

b − a

]
.

This completes the proof.

For α = 1, Theorem 3.2 collapses to following result for (s,m)-Godunova-Levin
function of second kind.

Corollary 3.2. Let f : [a, b] → R be a differentiable function on (a, b) with a < b and
f ′ ∈ L1[a, b]. If | f ′| is (s,m)-Godunova-Levin function of second kind and | f ′(x)| ≤ M,
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then, we have

∣∣∣∣∣∣ f (x) − 1
b − a

b∫
a

f (u)du

∣∣∣∣∣∣ ≤ min{ϕ1(a, b; m, 1; x), ϕ2(a, b; m, 1; x)},

where

ϕ1(a, b; m, 1; x) =
( 1
p + 1

) 1
p

⎡⎢⎢⎢⎢⎣
( Mq

1 − s
+

m
1 − s

| f ′
( a
m

)
|q
) 1

q (x − a)2

b − a

+
( Mq

1 − s
+

m
1 − s

| f ′
( b
m

)
|q
) 1

q (b − x)2

b − a

⎤⎥⎥⎥⎥⎦,
and

ϕ2(a, b; m, 1; x) =
( 1
p + 1

) 1
p

⎡⎢⎢⎢⎢⎣ m
1 − s

| f ′(x/m)|q + Kq

1 − s

⎤⎥⎥⎥⎥⎦
1
q [ (x − a)2 + (b − x)2

b − a

]
,

respectively.

Theorem 3.3. Let f : [a, b] → R be a differentiable function on (a, b) with a < b and
f ′ ∈ L1[a, b]. If | f ′| is (s,m)-Godunova-Levin function of second kind and | f ′(x)| ≤ M,
then, for α > 0, we have∣∣∣∣∣∣

( (x − a)α + (b − x)α

b − a

)
f (x) − Γ(α + 1)

(b − a)

[
Jαx− f (a) + Jαx+ f (b)

]∣∣∣∣∣∣
≤ min{ρ1(a, b; m, α; x), ρ2(a, b; m, α; x)},

where

ρ1(a, b; m, α; x)

=
( 1
α + 1

)1− 1
q

⎡⎢⎢⎢⎢⎣ (x − a)α+1

b − a

( Mq

1 + α − s
+

mΓ(1 − s)Γ(α + 1)
Γ(2 + α − s)

| f ′
( a
m

)
|q
) 1

q

+
(b − x)α+1

b − a

( Mq

1 + α − s
+

mΓ(1 − s)Γ(α + 1)
Γ(2 + α − s)

| f ′
( b
m

)
|q
) 1

q

⎤⎥⎥⎥⎥⎦,
and

ρ2(a, b; m, α; x)

=
( 1
α + 1

)1− 1
q

⎡⎢⎢⎢⎢⎣
( (x − a)α+1 + (b − x)α+1

b − a

)

×
( m
1 + α − s

| f ′
( x
m

)
|q + MqΓ(1 − s)Γ(α + 1)

Γ(2 + α − s)

) 1
q

⎤⎥⎥⎥⎥⎦,
respectively.
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Proof. Using Lemma 2.1, the power mean inequality and the fact that | f ′| is (s,m)-
Godunova-Levin function of second kind, we have

∣∣∣∣∣∣
( (x − a)α + (b − x)α

b − a

)
f (x) − Γ(α + 1)

(b − a)

[
Jαx− f (a) + Jαx+ f (b)

]∣∣∣∣∣∣
=

∣∣∣∣∣∣
(x − a)α+1

b − a

1∫
0

tα f ′(tx + (1 − t)a)dt− (b − x)α+1

b − a

1∫
0

tα f ′(tx + (1 − t)b)dt

∣∣∣∣∣∣

≤ (x − a)α+1

b − a

( 1∫
0

tαdt
)1− 1

q
( 1∫

0

tα| f ′(tx + (1 − t)a)|qdt
) 1

q

+
(b − x)α+1

b − a

( 1∫
0

tαdt
)1− 1

q
( 1∫

0

tα| f ′(tx + (1 − t)b)|qdt
) 1

q

≤ (x − a)α+1

b − a

( 1∫
0

tαdt
)1− 1

q

⎛⎜⎜⎜⎜⎝
1∫

0

tα
( 1
ts | f ′(x)|q + m

(1 − t)s | f ′
( a
m

)
|q
)
dt

⎞⎟⎟⎟⎟⎠
1
q

+
(b − x)α+1

b − a

( 1∫
0

tαdt
)1− 1

q

⎛⎜⎜⎜⎜⎝
1∫

0

tα
( 1
ts | f ′(x)|q + m

(1 − t)s | f ′
( b
m

)
|q
)
dt

⎞⎟⎟⎟⎟⎠
1
q

≤
( 1
α + 1

)1− 1
q

⎡⎢⎢⎢⎢⎣ (x − a)α+1

b − a

( Mq

1 + α − s
+

mΓ(1 − s)Γ(α + 1)
Γ(2 + α − s)

| f ′
( a
m

)
|q
) 1

q

+
(b − x)α+1

b − a

( Mq

1 + α − s
+

mΓ(1 − s)Γ(α + 1)
Γ(2 + α − s)

| f ′
( b
m

)
|q
) 1

q

⎤⎥⎥⎥⎥⎦.
Similarly

∣∣∣∣∣∣
( (x − a)α + (b − x)α

b − a

)
f (x) − Γ(α + 1)

(b − a)

[
Jαx− f (a) + Jαx+ f (b)

]∣∣∣∣∣∣
≤
( 1
α + 1

)1− 1
q

⎡⎢⎢⎢⎢⎣
( (x − a)α+1 + (b − x)α+1

b − a

)

×
( m
1 + α − s

| f ′
( x
m

)
|q + MqΓ(1 − s)Γ(α + 1)

Γ(2 + α − s)

) 1
q

⎤⎥⎥⎥⎥⎦.
This completes the proof.

When α = 1 in Theorem 3.3, we have the following result.

Corollary 3.3. Let f : [a, b] → R be a differentiable function on (a, b) with a < b and
f ′ ∈ L1[a, b] for all x ∈ [a, b]. If | f ′| is (s,m)-Godunova-Levin function of second kind and
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| f ′(x)| ≤M, then, we have

∣∣∣∣∣∣ f (x) − 1
b − a

b∫
a

f (x)dx]

∣∣∣∣∣∣ ≤ min{ρ1(a, b; m, 1; x), ρ2(a, b; m, 1; x)},

where

ρ1(a, b; m, 1; x) =
(1
2

)1− 1
q

⎡⎢⎢⎢⎢⎣ (x − a)2

b − a

( Mq

2 − s
+

m
(1 − s)(2 − s)

| f ′
( a
m

)
|q
) 1

q

+
(b − x)2

b − a

( Mq

2 − s
+

m
(1 − s)(2 − s)

| f ′
( b
m

)
|q
) 1

q

⎤⎥⎥⎥⎥⎦,
and

ρ2(a, b; m, 1; x)

=
(1
2

)1− 1
q

⎡⎢⎢⎢⎢⎣
( (x − a)2 + (b − x)2

b − a

)( m
2 − s

| f ′
( x
m

)
|q + Mq

(1 − s)(2 − s)

) 1
q

⎤⎥⎥⎥⎥⎦,
respectively.

Remark 3.1. Note that for x = a+b
2 in all above results, we have mid-point inequalities and

for x = a and x = b, we have further new results.

Remark 3.2. We would like to mention here that using the same analysis one can prove the
similar results for (s,m)-Godunova-Levin functions of first kind. We leave the details for
interested readers. For some recent investigations on (s,m)-Godunova-Levin functions of
first kind see [9].
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