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LINEAR SYSTEMS OF DIFFERENTIAL EQUATIONS
IN ARROWHEAD FORM

Ivana Jovovié

University of Belgrade, School of Electrical Engineering, 11000 Belgrade, Serbia

Abstract. This paper deals with different approaches for solving linear systems of the
first order differential equations with the system matrix in the symmetric arrowhead
form. Some needed algebraic properties of the symmetric arrowhead matrix are proposed.
We investigate the form of invariant factors of the arrowhead matrix. Also the entries of
the adjugate matrix of the characteristic matrix of the arrowhead matrix are considered.
Some reductions techniques for linear systems of differential equations with the system
matrix in the arrowhead form are presented.
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1. Introduction

Arrowhead matrices are an important type of matrices occurring in wide area
of applications. They are popular subject of research related with mathematics,
physics and engineering. Some important problems like computing eigenvalues and
eigenvectors of arrowhead matrices [9, 2, 21], solving inverse eigenvalue problems
[15, 28, 25, 24], computing the inverse of arrowhead matrices [7, 26, 4], and solving
symmetric arrowhead systems [5] have been considered by various authors over the
last four decades. Arrowhead matrices are often an essential tool for the computation
of the eigenvalue problems for large and sparse or tridiagonal matrices [22, 6, 8, 29, 23].
Arrowhead matrices arise in the description of modelling of radiationless transitions
in isolated molecules [1], oscillators vibrationally coupled with a Fermi liquid [3]
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and quantum optics [19]. One can also find arrowhead matrices in the models of
telecommunication systems (MIMO) [27, 14] and neural networks [18], as well as in
robotics and in modern control theory. Motivated by wide applications of arrowhead
matrices we are interested in solving linear system of differential equations with the
system matrix in the symmetric arrowhead form.

In our previous papers we have considered a partial and a total reduction of non-
homogenous linear systems of the first order operator equations with system matrix
in an arbitrary form. In [16] the idea was to use the rational canonical form to reduce
such a system to an equivalent partially reduced one. The partially reduced system
obtained in this fashion consists of higher-order linear operator equations in one
variable and first-order linear operator equations in two variables. Another method
for solving a linear systems of operator equations, which does not require a change of
basis, is discussed in [17]. Obtained totally reduced system consists of higher order
operator equations which only differ in the variables and in the non-homogeneous
terms. In [12] and [11] we have considered a partial and a total reduction of linear
systems of operator equations with the system matrix in the companion form. Papers
[12, 11, 10] and [13] expand our research to non-homogeneous linear systems of
operator equations involving more than one operator.

This paper deals with both types of reductions, a partial and a total, of linear
systems of the first order differential equations with the system matrix in the
arrowhead form. We will look more closely at the form of invariant factors of the
arrowhead matrix, which we will use for partial reduction. The adjugate matrix of
characteristic matrix of the arrowhead matrix presented as polynomial with matrix
coefficients will be used to establish the form for the totally reduced system.

In what follows we propose some important properties of arrowhead matrices,
and we will start with definition of the arrowhead matrix.

2. Some properties of symmetric arrowhead matrices

A matrix B € R"*" is called a symmetric arrowhead matrix if it has a form

a1 by b3 bp—1 bn
bg ag 0 O 0
bs 0 as 0 0
(2.1) . L
bn_1 0 0 Ap—1 0
L b, 0 0 0 an |

It is a symmetric matrix obtained by bordering the diagonal matrix with a row and
a column with the same elements. The characteristic polynomial of the arrowhead
matrix B is

n n n
(2.2) Ap(\) =det\ —B) = [[(A—a) = >_ b7 [ (A—ay).
i=2 =2

i=1 j=
j#i



Linear Systems of Differential Equations in Arrowhead Form 559

This formula can be easily derived by expanding the determinant of the matrix
Al — B by the first row. The proof of this can be found in [20] and therefore it is
omitted here. We denote by di, 0 < k < n, the coefficient of the term of degree
n — k of the characteristic polynomial Ag(\). Therefore, we have

d():l, dlz—iai, dgzZaiaj—ib? and
i=1 =2

1<i<j<n

n
dk = (—1) Ajp Qg - v« Ay, — bj Qi Qg « oo Ay
1<i1<i2<... <1 <n j=2 2<i1 <i2<...<ixp—2<n
11,82, ... 01 # J

for 3 <k <n.

Suppose that as > a3 > ... > a, and b; # 0, for 2 < i < n. Then by Cauchy’s
Interlacing Theorem the eigenvalues A; of the matrix B, 1 < i < n, are distinct.
Moreover, if A\ > Ay > ... > A,, then Ay > as > Ay > a3 > ... > a, > \,. For
more details, we refer the reader to [24]. If for some i, 2 < i < n, b; = 0, then q; is
eigenvalue of the matrix B. If the number of repetition of the element a; along the
diagonal except on the position (1, 1) of the matrix B is k;, then the element a; is
an eigenvalue of the matrix B with algebraic multiplicity at least k; — 1. The result
follows directly from the equation (2.2), since (A — a;)*~! is a factor of Ag(\). If
the matrix B is of the form

i ay b2 N bi,1 bil N blkl biJrk;i . bn,1 bn T
bz_l 0 (o7 0 PN 0 0 ‘e 0 0
biki 0 0 0 a; 0 0 0
bivk, O 0 0 0 @itk 0 0
b1 O 0 0 0 0 an—1 O
L bn 0 0 0 0 0 0 an |
fora; #a;,2<j<i—-1,i+k; <j <n, we will say that elements biys s biy,

correspond to the diagonal element a;. According to Corollary 4 in [27] we have
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Ap(A) = (A —a;)" 1A 5(N), where

ay b2 . bi,1 Z] 1 b% bi+ki e bn,1 bn
b2 as ... 0 0 0 N 0 0
_ bi,1 0 . ;1 0 0
B = S0 0 a; 0o ...
bl_;'_ki 0 e 0 0 Aty e 0 0
bn—l 0 .o 0 0 0 P ¢ 7o | 0
i b, 0 ... 0 0 0 ... 0 a|

Characteristic polynomial of the matrix Bis polynomial

i n n+1—k; n

350 = T 0005 % T 0o [ 0-a0
j=1 j=i+k; k=2 =
k#j ksé

wheregj:bjfor2§j§z’—1,ﬂl;i:1/zj 1612 and bj_p, 11 = bj for i+ k; < j <n.

We would like to investigate under what condition a; is an eigenvalue of the matrix
n

B. We have Ag(a;) = —b2 H — ag) H (a; — ax), and since a; # a; for
k=it+k;
2<j<i—1landi+k; <j <n we deduce that a; is an eigenvalue of B if and only
ifgf = ,/Z] 1bf =0, i.e., if and only if b;;, = 0 for all j, 1 < j < k;. Therefore,
a; is an eigenvalue of B if and only if all corresponding elements to the diagonal
element a; in B are zeros. So, in this case algebraic multiplicity of the element a;
in the matrix B is k;. If there is at least one non-zero corresponding element to a;,
algebraic multiplicity of a; is k; — 1. Let a;,, as,, ..., a;, be different elements along
the diagonal with corresponding elements all equal to zero and let aj, ,a,,,...,a;,
be different elements along the diagonal with at least one corresponding element
different from zero. Let k;, and k;,, 1 <t < p, 1 < s < ¢, be the numbers of
repetition of the elements a;, and a;, along the diagonal except on the position

(1,1) and define m;, by m;, = { L Ky, >1

0 ko =1 Then the minimal polynomial of
y Rje = 1.
the matrix B is of the form

W) =TT = a) [T —ai)™=a500),

s=1
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where B is completely reduced arrowhead matrix, i.e., it is a matrix of the form

ar by, bj,
le Qjy 0
b;, 0 aj,

bj. = 4/ 5511 bit and b;, are corresponding elements of the element a;, in the

matrix B, 1 < s < ¢q. If the elements as,as,...,a, are all different, then the
minimal and characteristic polynomials of the matrix B are the same. Otherwise,
since matrix B is symmetric the number of its invariant factors is equal to k£ =
max{ki,, ... ki, kj kj, —1}. The k-th invariant factor of the matrix B is

up(A). The m-th 1nvar1ant factor of the matrix B, 1 <m < k — 1 is the polynomial

p
:H — a;, guH —a;,)%

. 1, k:is—(k—m)>0 . 1, kjs—(k‘—m)>1
where g;, = { 0, otherwise and - g;, = 0, otherwise.
From now on we will be concern with the coefficients of the adjugate matrix of
the characteristic matrix of the symmetric arrowhead matrix B. Suppose that the
adjugate matrix of the characteristic matrix AI — B is written in the form

adj()\l — B) = An_lBo + An_QBl + ...+ /\Bn_g + Bn—l-

Let us determine the coefficients By using recurrences By = B - By_1 + di I, for
1<k<n-—1,and By = I. The recurrences are obtained by equating coefficients at
the same powers of A on both sides of the equality adj(A\I —B) - (A\I - B) = Ag(\)L

Lemma 2.1. The coefficient By, = [b Jnxn, 2 < k <n—1, of the matriz adj(A\I—B)
s matriz with entries

k ) . . k _1)k—1p. . ) .
bll_(_1> Z Aiy iy - - - Wy, blj ( 1) b] Z Qiy Qg - - - Wy
2<ii<izg<...<ip<n 2<i1 <ip<...<ip_1<n
01,92,y 0k—1 # J

k k—1 g . . X . k _ (_1\k—2p. . . X i
by = (=1) bj > @iy iy...ai b =(-1) bibj > ai Giy ... Qi
2<i1 <i2<...<ig-1<n 2<i1 <ia<...<ig—2<n
11,42, s ik—1 £ J 81,82, ... 0k—2 F 1,]

n
k _ k § § 2 §
bjj = (—1) gy Qjy v v Qg — bz Ay Qjg v o Qo
1<ii<ia<...<ip<n 1=2 2<i1 <i2<...<ig—2<n
01,92, .., 0k £ J 1F£ ] 01,92,y 0k—2 £ 1, ]

for2<i,j<nandi#j.
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Proof. The proof proceeds by induction on k. We have By = I. For coefficient
B;j holds By =B-1+dil,ie.,

— i a; bz . bn,1 bn
=2 n
bg — Z a; ... 0 0
i=1,i#2
By = : :
bn-1 0 - > a0
i=1,#n—1 1
L 1=1 i

Coefficient By is also arrowhead matrix. Let (B)_,; stand for the j-th row of the
matrix B, and let (Bg_1);; denote the j-th column of the matrix Bx_1, 1 < j <n.
Assume that coefficients of the matrix Bj_1 satisfy required form. Then we have

n
i = (B)o1-(Broy)y +di=an byt + > b b+ di
Jj=2
n
= (—1)’671&1 Zail Qi -+ Qjy T+ (—1)]6722()? Zail iy -+ - iy
2<i) <ia<...<ip_1<n J=22< i1 <ia <. . <dg—2 51
01,82, .y ik—2 £ J
n
+ (71)’62 Ajy Qjy v v v Qg + (71)kilzb? Zail Qi oo Ay o
1<ii <ig<...<ig<n J=22< 1 <iz<...<ig25n
i1,82, ..., 0k—2 £ ]

= (71)]C Z iy Agy -+ - Ay,

2<i1 <2< ... <k <n

koo _ o k=1, k-1
bji = (B)=j- (Brk—1)11 =0b; bi; +a; bj;
k-1 E : k—2
= (—1) bj iy Qjo o - Qg+ (—1) a; bj E Ajy Qg o - Qg
2<i; <ig<...<ip_1<n 2<i1 <2< ... <ig-2<n

01,02,y ik—2 # J

— k—1 §
= (71) bj Ay Qjy oo Qg
2< i1 << ... <ig-1<n
01,82, s ik—1 £ J

(B)i - (Br—1)yj = bi b5 " +a; 05"
= (—1)k_2bi bj Z iy Ajg v+ - Ay + (—1)’“_3@- bl bj Z iy Ajy « v - Ay _g

2<i) <ip < ... <ins<n 2< iy <is < ... <ips<n
01,92, ..., ig—2 # J i1,82, ..., 0k—3 £ 1,7

_ k—2 2 :
= (—1) bl bj iy Qjy v v o Qy_y
2<i1 <2< ... <ig-2<n
1,42, ..., 0k—2 # 1,

bk

)
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n
b, = (B)o1- (Beo1)y = ably '+ bibk 4008
=2
iF]
n
= (—1)k_2a1 bj Zail aiz...aikd—l—(—l)k_:iz b?bj Zail iy« - Ay _y
2<i1 <t < ... <ig—2<n =2 2<i1 <i2<...<ip-3<n
11,82, ..., lg—2 # J iF£] 01,92, ., 0k—3 £ 1, ]
n
—+ (71)k71bj Z Qi Qjy « oo Gy, + (71)19 Z b? bj Z iy Qjy « oo Gy, _g
1<i1 <iz<...<ip1<m i=2 2<i1<iz<...<ip_3<n
01,82, .., ik—1 #J iF£ ] 01,02, ... ,0k—3 # 1,7

= (—1)k_1bj Z Ay Qi+« - Ay

2<i1<i2<...<ik-1<n

11,82, .-, lk—1 #F J
k _ . . _ . pk—1 pk—1
Vi, = (B)sj- (Bro1)yy +di = bjby; " +a;bi; " +dy
k—272 E k—1 E
= (71) bj Ajy Qi+« - Agp o + (71) a; Ajy Qg+« - Ay
2< i) <ig < ... <ino<n 1<i1 <iz<...<ip1<m
1,42, .., ik—2 # J Q1,42 .., ik—1 # J
n
k—2 2 k
+ (—1) E bz a; E ailab...aik%—i—(—l) Eailaiz...aik
1=2 2<11<i2<...<ig-3<n 1< <ia<...<ix<n
1F£ ] 11,82, ., 0k—3 £ 1,
n

—+ (71)’671 Z bf Z ail aiQ Ce aik72
=2

2<i1<i2< ... <ik—2<n

11,92, .., 0k—2 # 1
n
k—1§: 2 E k§:
= (—1) bz Ay A+« - Agp_y + (—1) Qg gy - - - Ay,
1=2 2<i1<i2<...<tp_o<mn 1<i1<iea<... < <n
1F# ] 11,92, .., 0k—2 F 1§ 11,82, ... ,0 £ J
n
k72§ 2 E
+ (—1) b1 Qj Qjy Qg v Qg _ g
=2 2<i1 <2< ... <ig-3<n
iF] i1,42, .., ik—3 £ 1,]
n
k—1§ : 2 § : k§ :
= (—1) bz Ay Qi+ - - Agp_y + (—1) Qg Ajy - - - Ay,
1=2 2<i1<i2<...<tp_o<mn 1<i1<ieg<... < <n
i#] 1,42, ..., 0k—2 # 1, 1,42, ...,%k #J

Therefore, we have shown that coefficients of the matrix By are of the required
form. O

3. The reduction formulas for linear systems of differential equations
with the system matrix in the arrowhead form

Let C*°(R) be a vector space of all infinitely differentiable functions and let
D : C*(R) — C°°(R) be a differential operator on the vector space C*°(R). We will
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consider non-homogeneous linear system of differential equations with the system
matrix in the symmetric arrowhead form

D(x) = a1x1+baxo +b3x3+ ...+ bpo1Tp_1 F bpTn + 01
D(x2) = boxi + a2 + P2
D(x3) = b3xi +azrs + @3
(3.1)
D(xnfl) = bn,1$1 +ap-1Tpn-1+ Pn—1

D(JC”) = bpzi +apTy, + ©Pn,

for a;,b; € R, p; € C*(R), 1 <i<n.

Since symmetric arrowhead matrix is diagonalizable, we can find a general solution
of our system by rewriting it in a basis formed by eigenvectors. The obtained system
is completely decoupled, so we get a system of n linear differential equations of
the first order in one variable. This method is very convenient theoretically, but in
actual calculations usually requires quite a few steps. Furthermore, while there are
some approaches for finding eigenvalues and eigenvectors of arrowhead matrix it can
be a difficult job.

Applying Theorem 3.7 from the paper [16] and taking into consideration the
form of the invariant factors of the symmetric arrowhead matrix we obtain the
partially reduced system. Partially reduced system consists of k& subsystems, where
k is a number of invariant factors of system matrix. Every subsystem corresponds
to one invariant factor. The first equation of subsystems is non-homogeneous linear
differential equation in one unknown, with the characteristic polynomial equal to the
invariant factor and with the non-homogenous term equal to the sum of principal
minors of some doubly companion matrices obtained by replacing the first column
of the companion matrix of the invariant factor by a column of the first and higher
order derivatives of non-homogeneous terms involved in subsystem. Remaining
equations are linear differential equations of the first order in two variables. This
method also requires the change of basis.

The simple form of our system matrix inspire us to try to derive partial reduction
formulas directly. In this manner we state following theorem, a direct method for
transforming system (3.1) into partially reduced system.

Theorem 3.1. The linear system of the first order differential equations (5.1) can
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be transformed into the partially reduced system

(D —aj)( —|—sz

3

Ap(D)(z1) =11 (D —aj)(ps)
j=2 =2 =2
JjFi
(3.2) (D — as)(x2) = baz1 + 2

(D —a3)(z3) = bgwy + @3

(D= ap—1)(Tn-1) = bp_171 + n_1
(D - an)(mn) = bnxl + on,

where the linear operator Ag(D) is define by replacing X\ by D in (2.2).

n
Proof. Let us denote by H(D — a;) composition of operators D — a;, for
i=2

n
2 <4 < n. The partially reduced system (3.2) is obtained by acting H(D —a;) on
i=2
the first equation of the system (3.1) and by substituting expressions (D — a;)(z;)
appearing on the right sides of equality with b;xy + ¢;, for 2 < ¢ < n. Mind that
operators D — a; and D — a; commute, for every ¢ and j such that 2 < 4,5 < n.
Thus we have

[0 =) = Y0 [T - a)w) + T[]0~ a)n) =
= nbin(D—a])bxl—kgol ﬁ D —a;j)( =
=2 ji=2 j=2
J#
= Zb?H(D—aJ)(xl)
=g
+ Y b [[(0 = aj)e) + (D = aj) ().
i=2 j=2 =2
JF#

Ap(D)(er) = [0 = a)e) + b (D= a)e.
Jj=2 =2 ]];3

O

Finally we are considering total reduction of our arrowhead form system. As an
immediate consequence of Theorems 4.1 from the paper [17] we can transform the
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system (3.1) into the totally reduced system

Zzb(k)Dn k

k=1j=1

2) =Y > 05 D" M)

(3.3) k=1 j=1
AB( xn Z Z b(k)Dn k
k=1j=1
where the linear operator A g (D) is define by replacing A by D in (2.2) and coefficients

bgf) are calculated in Lemma 2.1.

4. An example

We will illustrate the previous results by the example. Consider the system of the
differential equations

D(zy) = 21 + To + 223 + 224 + 18€t
D(xz2) = a1+a
(4.1)
D(z3) = 2x1+uas
D(zs) = 2z +24

The vector form of the system (4.1) is D(Z) = BZ+ @, where & = [v1 x5 3 4]" and

1 1 2 2
= [18¢' 00 O]T. The system matrix is arrowhead matrix B = ; (1) (1) 8 )
2 0 0 1

the reduced form of the matrix B is B = { ; i) } , the characteristic polynomial of

A—1 3
3 A—1
the characteristic polynomial of the matrix B

the matrix B is Az(\) = ‘ =A=12-9=(A—4)(A\+2), and for

Ap(N) = (A =12A5N) = (A =1)(A=4)(A+2) = 2 —4X3 =302 + 14X - 8

holds. Coefficients of the characteristic polynomial of the matrix B are dy = 1,
di = —4, do = =3, d3 = 14 and d4s = —8. The eigenvalues of the matrix B are
A1 = Ay =1, \3 = —2 and Ay = 4. Corresponding eigenvectors are v; = [0 —2 1 0]7,
ve =100 =201, v3 =[-3122]7 and vy = [3 1 2 2]T. The Jordan normal
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1 0 0 O
. . 01 0 0 . ..
form of the matrix B is J = 00 -2 0l the transformation matrix is P =

00 0 4

0 0 -3 3 0 —4 10 -8

-2 =2 1 1 . . . 11 0 —4 -8 10

1 0 9 9 and its inverse is matrix P~ = 8| _3 1 9 9

0 1 2 2 3 1 2 2

The system (4.1) can be transformed to equivalent system D (§) = Jy + 1/7, where
- T 1= e 1=
¥=[y1 y2 y3 y4] = P~ 'Z and ¢y = P71, i.e., we have

D(y1) = Y1
D(y2) = Y2
D(ys) = —2y3— 3¢
D(yy) = 4yq+ 3e.
Solution of the previous system is
() Cie’
Y2 Cye!
Ys - Cae2t — ¢t
Ya Cyelt — ¢t
and the solution of the system (4.1) is
1 —3C5e™2t + 30 e
T2 —2(C1 + Cy + 1)et + Cze 2 + Cyett
Z3 - (C1 — 4)et +2C3e7 2 + 2C, et
T4 (Cy — 4)e! 4+ 2C3e~ 2 + 20, e

The arrowhead matrix B has two invariant factors 71(A) = A — 1 and 72(\) =
pp(A) = (A= 1)(A+2)(A —4) = A3 — 3X2 — 6\ + 8. The rational normal form

1 0 0 O
. . 0 0 1 0 . .
of the matrix B is C = 00 o0 1l the transformation matrix is T =
0 -8 6 3
0o -3 6 -3 0 -2 —4 5
1 |—18 =13 -7 2 . . o1 1| 3 =2 5 —4
9 0 14 -4 —1 and its inverse is matrix T~ = 3|3 _5 —1 —10
9 6 —6 0 -30 -8 -7 -—16

The system (4.1) can be transformed to equivalent system D (2) = CZ + U/, where
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S T 1o . 1o
7=z 2023 24) =T '%Fand ¥ =T, i.e., we have

D(z1) = 21
D(z) = z3 — Ge
D(z3) = 24 — b€t
D(z4) = —829+ 623 + 324 — 60e’.
Previous system can be transformed into equivalent partially reduced system
D(z1)—= = 0
D3(23) —3D?(29) —6D(22) + 822 = 0
z3 = D(z)+6et
zg = D(z3)+ 6e.
Solution of the previous system is
21 Ciet
29 Caet + Csze™ 2t + Cyuet
23 - Caet — 2C3e7 2 + 4C et + 6et
24 Chet + 4052t + 16C e* + 12¢?

and the solution of the system (4.1) is

x —3C5e~ % — 3C,e*

29 —2(C1 + Cy + 1)et + Cze 2t — Cyett
T3 (Cq — 4)e! + 203672t — 2C, et

T4 (C1 — 4)e! +2C3e2 — 20, et

By Theorem 3.1 system (4.1) can be transformed into the system

D*(z1) — 4D3(x1) — 3D*(z1) + 14D(x1) —8z1 = 0
D(xg) —z0 = a1
D(z3)—xz3 = 21
D(xy) — x4 = 21.

Solution of the reduced system is

C’let + Cgtet + 036_2t + C464t

Z1

T2 Cse! + Cret + Qe — Grem2 4 Caett
. 3 - Cgel + 2C et + Cotet — %e_% + %647:

T4 Cre' +2C €' + Cate' — %6_2’5 + %e‘“
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To obtain the solution of the system (4.1) we need to find connection between
constants C;, 1 < i < 7. Substituting (4.2) into (4.1) we obtain

(Cl + Cz)et + Cgtet — 26’36721E + 4C4€4t =
Cre! + Cotel + Cze 2t + Cret! + (C + Cs)e + %tet — %e*% + %e“—&—
(4C1 +2C6)e! + 2Cotet — 4Cae=2t 4 4Caclty
4Cy + 207)et + 2Cstet — 4Ca =2t 4 AC o4t 4 gt
3 3

(C1+ Cs + L)t + S2tel + a2t 4 2aplt =
(Cy + Cs)et + %tet — %67% + %64t + Ciet + Cstet + Cye™ 2 4+ Cyett
2C) + Cy + Cg)e! + Cate! + 15ze72t + 8Cagdt —
3 3
(201 + Cg)et + Cotet — 2%6_2’5 + %e‘“ +2C1 et + 205tet + 2C5e™2t + 2C, et
20, + Co + Cr)et + Cotet + <32t 4 8Cacdt —
3 3
(201 + Cq)et + Cotet — 2%6_% + %e‘“ + 2C et + 205tet + 2C5e™2t + 2C,e™.

Comparing both sides of the equalities, we have C; = 0, Co = 0 and Cy =
9C, + Cs + 2Cs + 2C7 + 18, i.e., we get the solution of the system (4.1)

1 Cze™2t + Cyett

2 —2(Cs + C7 +9)et — %e*% + %64:&
3 - Coet — 2ae=2t 4 2aelt

T4 Cret — %e—% + %eu

From now on, we will focus on the total reduction method. We will start
with calculation of the coefficients of the matrix adj(Al — B): By = I, By =

-3 1 2 2 3 -2 -4 -4
1 -3 0 0 -2 =5 2 2
B+diI = 9 0 -3 o0 , By =B By +d] = 4 9 _9 4
2 0 0 -3 -4 2 4 =2

-1 1 2 2
1 7T =2 =2
2 -2 4 -4
2 -2 —4 4

from the system (4.1) is completely decoupled homogenous system of four fourth

and B3 = BBy +d3l = . Totally reduced system obtained
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order differential equations which differ only in variables
(1) —4D3(x1) — 3D*(21) + 14D(21) — 831 =
(1) — 4D3(x9) — 3D*(x2) + 14D(29) — 8x3 =
D*(x3) — 4D? )
( )

o o o o

) (1) (
) (22) (
x3) — 3D?%(23) + 14D(x3) — 8x3 =
D*(z4) — 4D3(x4) — 3D*(x4) + 14D (z4) — 874 =

Solution of the totally reduced system is

1 Cret + Cstet + Cze 2t + Cye*t

To Cse! + Cgte + Cre™2t + Cge*t

Z3 - Coet + Cyptet + Crre™2t + Crae™t
T4 Chset + Ciatet + Cize™2t + Crge®

Our last task is to find relations between constants C; for 1 <¢ < 16. As we have
seen in the previous consideration, we can do that by plugging the solution of the
totally reduced system into the original system (4.1). We obtain

(C1 + Cy)et + Oygtet —2C3e7 2 + 4C, et =

Cret + Cotel + Cze™2t + Cye + Cxel + Cotel + Cre 2t 4+ Cge' +
2Cget + 20 ptet + 2C 1172t + 2C e+

2C13€t + 20 4tet + 2C 52 + 2C et + 18¢t

(C5 + C(;)et + Cgtet — 2076721‘/ + 408€4t =
C’let + Cgtet + 036_2t + C4€4t + C56t + C’Gtet + C7€_Qt + Cg€4t

(Cg + Clo)et + Clotet — 2C11672t + 401264t =
2C, et + 205tet + 2036_2t + 204€4t + Coel + Cotet + 0116_2t + 01264t

(Clg + 014)6t + C14tet - 201567% + 4C16€4t =
QClet + QCgtet + 2036_2t + 20464t + Clget + Cl4t€t + 0156_2t + 01664t.

Combining like terms for each equation yields

Cy—C1 = Cs5+2Cy +2C13 + 18 0 = Cg+2C10+2C14
—3C3 = Cy +2C; +2Cq5 3Cy = Cg+2C12+2Cq5
Ce = C} Cy =0 -3C7 = Cs 3Cs = (4
Cro = 2C4 Co =0 —-3C11 = 2C5 3C1, = 2Cy

014 = 201 02 =0 —3015 = 203 3016 = 204.
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By substituting Cs = Cq, Ci9 = 2C;1 and Cq4 = 2C, into Cg + 2C19 + 2C14 =
0, we obtain that C; = 0. Together with Cy; = 0 the first equation becomes
Cs5 4+ 2Cy 4+ 2C13 + 18 = 0. The equation —3C5 = C7 + 2C1; + 2C45 is direct
consequence of equations —3C7 = C3, —3C11 = 2C3 and —3C45 = 2C'3. Same holds
for equations 3C4 = Cg + 2C12 4+ 2C4g, 3Cs = Cy, 3C15 = 2Cy and 3C1g = 2C}y.
Therefore, we get C; = Cy = Cg = C1g = C1y = 0, C5 = —2(Cy + C13 + 9),
Cr; = —%, Ci1=C15 = —%, Cs = % and Ci3 = Cig = % Hence, solution of
the system (4.1) is

xq 036727& + C464t

To —2(Cy + Ch3 + 9)et — See™2t 4 Caett

T3 Cget _ 2§3 e 2t 4 2g4 et

Z4 C’lget - 2§3 e—2t + 2?4 elt
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