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Abstract. This paper is devoted to investigating some system of mixed coupled gener-
alized Sylvester operator equations. The block operator matrix decomposition is used
to find the necessary and sufficient conditions for the solvability to these systems. The

solutions of the system are expressed in terms of the Moore—Penrose inverses of the
coefficient operators.
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1. Introduction and Preleminaries

The generalized Sylvester matrix equations have been attracting much attention
from both practical and theoretical importance. The Sylvester matrix equation
AX — X B = C or generalized Sylvester matrix equation AX —Y B = C has massive
applications in control theory [16, 15], singular system control [11], and widely used
in many other fields such as signal and color image processing, orbital mechanics,
robust control, neural network, computer graphics.
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Wimmer in [15] gave a necessary and sufficient condition for the existence of a
simultaneous solution of

w1) A X +YDB =0y,
: Ay X +Y By = Cs.

Kégstrom in [7] obtained a solution of (1.1) by using generalized Schur methods.
Recently, some mixed Sylvester matrix equations have been investigated in some
papers (see [12]). Lee and Vu [8] gave some solvability conditions to mixed Sylvester
matrix equations

(1.2) { A X+YDB, =0,

AsZ + Y By = O,

The general solution of systems of coupled generalized Sylvester matrix equations
to (1.2) was established by He and Wang in [1, 2, 3, 4, 5, 13, 14].

In this paper, by using the block operator matrix decomposition, we present
a new approach to find the necessary and sufficient conditions for the solvability
of mixed generalized coupled Sylvester operator equations. We obtain an arbitrary
solutions of these systems that it is expressed in terms of the Moore—Penrose inverses
of the coeflicient operators.

Throughout this paper, we use H and H; for denote Hilbert spaces. Also,
L(H;, H;) instate the set of all bounded Linear operators from H; to H;. For any
A € L(H;,H;), the null and the range space of A are denoted by ker(A) and ran(A),
respectively. In the case H; = H;, L(H;, H;) which is abbreviated to £(H;). The
identity operator on H is denoted by 14 or 1 if there is no ambiguity.

Definition 1.1. Let H be Hilbert space and A € L(H). The Moore-Penrose
inverse At of A is an element X € £(H) which satisfies

(DAXA=A, (2)XAX =X, (3) (AX)" = AX, (4) (XA)* = XA.

From the definition of Moore-Penrose inverse, it can be proved that the Moore-
Penrose inverse of an operator (if it exists) is unique and A4 and AA' are orthog-
onal projections, in the sense that they are self adjoint and idempotent operators.
More precisely A € L£L(H;,H;) have a closed range. Then AAT is the orthogonal
projection from H; onto ran(A) and AT A is the orthogonal projection from H; onto
ran(A*).

Clearly, A is Moore-Penrose invertible if and only if A* is Moore-Penrose invert-
ible, and in this case (A*)" = (A")*. By Definition 1.1, it is concluded ran(A) =
ran(AAT), ran(AT) = ran(ATA) = ran(A*), ker(A) = ker(ATA) and ker(A") =
ker(AAT) = ker(A*). For more related results, we refer the interested readers to [6]
and [9] and references therein.

2. Solutions for the mixed Sylvester operator equations

In this section, by using some block matrix technique we find the conditions for
solvability of the linear system equations (1.2) where A;, B; (i € {1,2}) are given
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matrices, X, Y and Z be arbiterary. First, we establish necessary and sufficient
conditions for the solvability of (1.2) and the expression of the general solutions to
the system when it is solvable.

When A;,B; (i € {1,2}) are invertible operators. It can straightforward be
seen that the proof of the following Theorem is valid in rings with involution.

So let A;, B; (i € {1,2}) be Moore-Penrose invertible operators.

Theorem 2.1. Suppose that {H;}}_, are Hilbert spaces and B; € B(H1,Ha) and
A; € B(Ha,H3); i € {1,2} are invertible operators and Cy,Cy € B(H1,Hs). Then
the following statements are equivalent:

(a) There exists solutions X,Z € B(Hi,Ha) and Y € B(Ha,H3z) of the system
(1.9)

(b) C1 = CoB; ' By.

In which case, the general solutions X,Y, Z to the system (1.2) are of the form

1

(2.1) X = 5(A;lclJerBl),
1

(2:2) Y = J(GBy' + A7),
1 — *

(2.3) Z = 54 'Cy — Z3 By),

where Zy € B(Ha,Ha), Zo € B(Ha, Ha) satisfy Zo = —ZF A (As5) L.

Proof. (a) = (b) It is clear.

(b) = (a): By matrix representations, the system (1.2) become into the following
form

A0 0 x], [0 Y][4 o0])_[0 G

0 B: ||y o z5 0 0 B | | o |
Let X,Z € B(H1,H4) and Y € B(Ha,Hs) be the general solutions to the system
(1.2). Then

0
i (;[Aél (B;?)-IHCO; %H(A%) BO]
SEREREN)
<% 5= % e lla T
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=GOS e e e VI )
-5 w2 DI A
1Azt 0 0
- 2{ 0 <B§>*HO§ 0} -
1 (E | R RSN =Rl | P )
A3 0
) [OAllBl]Q 0 (& 1 0 A A2 0
- 2{ 0 (B;)—ch; 0} 2[22 OHO Bl}
1 0 AT'Cy + ZB
- 2[(3;)105+ZQA; ST 1}

Where, Z,, Z5 take in the following matrix

0 Z1 ] 0 X (457t 0 ] [ A! 0 0 Y
Zy 0 Yyt oo 0 B! 0 (B3t X* 0
_ 0 XBi' - ATy
YA - (B XY 0 '
Then,
1
(2.4) X = SA'Ci+ZiBy),
1 — *
(2.5) Y = 5(02321+,4222).
Also,
0o Y] _ 0 C (AH)~Y 0
zZc 0| — |0y 0 0 B!

and
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We have,

a

S PRCrS

(5 BIGIT wbe)[& S A

1w (s S s ])

“ala ST s [T s
sl S [ w2 7))

2 A )

L8 I S0 g

_ Ci1Byt — A7y
C3(A3)™" — B3 2, 0
Therefore,
1 —1 *
(2.6) Z = §(A2 Cy — Z3Bs),
1
(2.7) Y = 5(ClB;l - A 7).

835

Since C; = CoBy By and Zy = —Z; A% (A5)~" imply that Eqs. (1.2) and (2.7)

coincide with other. This completes the proof. [

Theorem 2.2. Let {H;}}_, be Hilbert spaces and B; € B(Hi,Hz) and A; €
B(H4,Hs3); i € {1,2} be invertible operators and C1,Cy € B(H1,Hs). Then the

following statements are equivalent:

(a) There exists solutions X € B(H1,Ha) andY € B(Ha, Hs) of the system (1.1),

(b) Cy = CyBy ' By, and Cy = Ay AT'CY.
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If (a) or (b) is satisfied, then any solutions of the system (1.1) has the form
(2.8) X = JA7C+ 4B,

(2.9) Y o= LGBy + A,

where Zy € B(Ha, Hy),Zo € B(Ha, Ha) satisfy Zo = —Z;A;(A5)~" and Z; =
—Z3ByBy .

Proof. The proof is quite similar to the proof of the previous theorem. []

Theorem 2.3. Let {H;}} , be Hilbert spaces and A; € B(Hs, H3) and B; €
B(Hi1,H2) (i€ {1,2}) have closed range operators such that ran(Bf) = ran(B3),
ran(B;) = ran(B3) and ran(A;) = ran(Ag). If C1,Cy € B(Hi,Hs) such that
(1— B]B1)C\ Bl = (1 — BIB,)CyB], then the following statements are equivalent:

(a) There exists solutions X,Z € B(Hi,H4) and Y € B(Hz,Hs3) of the system
(1.9)

(b) (1 —A4,ANC;(1—BIB;) =0 (i € {1,2}) and B{B,C, A, Al = BIB,C, BB,
If (a) or (b) is satisfied, then the general solutions to the system (1.2) has the form
L jto Bt Lt i t
X = *5141013131 + §A1A1ZlBl +ACL+ (1 — AlA1)Zs,
Ly ateoBt 4+ LA, 7228, BT f f
= 7§A1A102.BQ + §A2Z231B1 + C2BY + Z4(1 — B1B;),
L toupt Lota g f i
zZ = —§A2023232 — §A2A2ZQBQ + ALCy + (1 — AL As) Zs,
where Z1 € B(Ha, Ha), Zo € B(Hy, Ha) satisfy
BB Z,A1 A1 = —B, B Z; A (43)1,
and Zs, Zs € B(H1,Ha) and Zy € B(Ho, Hs) are arbitrary.

Proof. (a) = (b) It is clear.

(b) = (a) In view of [10, Corollary 1.2.] we can consider the matrix forms of the
operators as follows

= [0 [l
w5 0] [mn - [ ]
N Fo -l vt B el



Solutions for the mixed Sylvester operator equations

VA

By

By

Y

where Ay1, A1, B11 and By are invertible.

A;ANCi(1 - BIB;) =

AP

Il

i | |

7 oy
o )7Ltz | |z |
o |+t ] - [ nian |
vt ) [ ] L) |

ran(A

837

|

In addition, conditions (1 —
0, ( € {1,2}) in (b) implies that C14 = Ca4 = 0. Therefore,

c = Ci1 Cia ] | ran(BY) ran(
1= 013 0 ] ker Bl I(
C _ 021 022 | . ran ran(
2 - Cozs 0 ker B1 ker( A* ’
Hence, the mixed Sylvester operator equations (1.2) obtain as follow.
AuXn AuXio 4 [ Y11B1i1 0 Ci1 Ci2
0 0 I YlgBll 0 013 0 ’
A21Z11 Ao Zis n [ Y11Ba1 0 _ | O Co
0 0 | Yi3B21 0 Coz 0 .

Then, the following relations hold.

[10, Corollary 1.2.]

AnXn + Y B = Chy,
A21Z11 + Y11 Bo1 = Co.

{

A1 X2 = Cho,
A1 212 = Coy,
Y13B11 = Ci3,
Y13B21 = Cos.

implies that A;1, B;; for ¢ € {1,2} are invertible and also

condition BIBlClAlAJ{ = BIBlOQB;Bl and their matrix representations on the

following forms

Namely,
1 0 Cl 1
0 0 Cis

Il

BIB,C1 A A}

Cia

0

— B{B1C,BiB.

| =1

0
0

Ik
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which is implies that C7; = C’21B2_11B11.
Now, by applying Theorem 2.1, general solutions of the system (2.10) can be
stated as

1,

X1 = 5(14111011“1‘(21)11311)»
1 _ *

Y = 5(0213211+A21(Z2)11)’
1, _ *

Zn = (A5 Co = (Z3)1Bx),

Where, (Zl)ll and (Z2)11 satisfy (22)11 = —(Zik)llAikl(Azl)il.
Condition By B} Z,ATA; = —ByB{ Z; A}(A3)T is equal to
(Z2)11 = —(Z7)11 A5, (A5) 7,
where Z1 S B(H27H4)7ZQ S B(H4,H2).

Since with rewrite their matrix representations on the following forms

BB Z, Al Ay = B, B Z7 A7(A3)1.

In fact,
o o[ e 0] - -[o o] & G
<o
Thus,
[(Z%)u 8] _ _[(ZT)HATOl(A%)_l 8}

Egs. (2.11) and (2.12) imply that X195 = A7}'Cia and Zj5 = Ay Cao.

Also, the condition (1— B]B;)C1 B} = (1— BIB,)C,B} ensures that C13By;' =
Ca3Bs;'. Therefore, Eqs. (2.13) and (2.14) are solvable and Vi3 = C13By;' =
Co3Byy'

Hence,

v _ [ A0 Cu+(ZouBn) A Cr ]

i X3 X4

v - [ 3(Co1Byi' + A21(Z3)11) Yia }

L O3Byt Yia |’

and

7 = [ %(A2_11021 - (ZS)IIBM) A2_1lc22 ]
Z13 Z14 ’
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X3, X14, Y12, Y14, Z13 and Z14 can be taken arbitrary.

By using the matrix forms, we get

1 (AT Cyy + (Z0)11B11) 0
§(A]{C1BIB1 +AJ{A1Z131) = { 2( 11 “~11 "B( 1)1 Bn) L
-1
Alcy(1- BiB)) = 0 A G |
0 0
~ _ | Zs1 Zs2 | | ran(Bj) ran(A%)
By takmg Z3 = |: X3 Xu :| : |: ker(Bl) — keI‘(A1> we conclude (1 _
t . 0 0
AVA1)Z3 = [ X153 Xu ] Then

1
X = 5(A}ClBIBl + ATA 1 ZBy) + AlCy (1 — BIBy) + (1 — ATAy) Zs

Also,

1 . L(Cy Byt + A0 (Z3 0
§(A1AIC'23§+A222313D = [2( 2o 0 21(Z5)n) 0}7

_ f b 0 0
(- mapeasi=| o 5 g |
By taking Z, = {

0 Yio
0 Yiu

Zy Yo ] ) [ ran(B1) } { ran(A;)

Zyz Yia ker(B7) ker(A?) ], we derive Z4(1 —

B Bl) = { . Then

1
= 5 (M A[CoBL + A Z3B1BY) + (1 = A1 A})CoBY + Za(1 = BuB)).

By using the matrix forms, we get

1 L *
5 (ALCaBLBy — AJA2Z3By) = { 2 (a1 Con (ZQ)“B”) 8 } ,
'C
AlCy(1 - BIBy) = [ A 22}.

. _ | Zs1 Zsz | | ran(By) ran(A7) _

By taking Z5 = [ Zis Zia ] : [ ker(By) — ker(Ay) | we conclude (1
; [ o o

AQAQ)Zg, = |: 213 Zl4 :l Then

1
= 5(,4;023;32 — AL 4375 By) + ALCo(1 — BiBy) + (1 — Al Ag) Zs
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In the following theorem, consider the solvability and the expressions of the
general solutions to the following systems of four coupled one sided Sylvester-type
operator equations.

Theorem 2.4. Suppose that H is Hilbert space and where A;, B;,C; € B(H)
(i€ {1,2,3,4}) are given operators such that Cs = AQCQBgl and X1,...,X5 €
B(H) are unknowns operator A;, B; (i € {1,2,3,4}) are invertible operators. Then
the following statements are equivalent:

(a) The system

A1 Xy + XoBy = Cy,
Az X3 + XoBy = Cy,
A3Xy + X3B3 = (3,
Ay Xy + XsBy = Cy,

(2.15)

is solvable,
(b) Cy = C3By ' By and C; = C5(A%)~1Aj.

In which case, the general solution to the system (2.15) are of the form

X = %(Al_lcl—FZlBl),
X, = %(0332_1+A2ZZ),
X5 = (A7'Cs - ZiBy)
X, = %(A;lCQ—ngB;),
X; = %(C4B;1+A4Z§),

where Z1,2, 43,74 € B(H) satzsfy 3 = —Z;B4B??1, Zy = —ZTA’{(AE)_l and
Zy = A;'Z;Bs.

Proof. By taking Ty = A 0 , Ty = 4y 0 , S = 43 0 , Sy =
0 0 B
A; O _ 0 i _ 0 Cs .
[ 0 B, ], U, = [ cro0 ] and U; = { c;o0 that are given operators
0
X*

_ 0 X; _ 0 Xs _
andX—{Xg O]’Y_[Xjf 0},Z—{

tors. Hence system (2.15) get into

:| are unknowns opera-

. (axevs-u

1072 +Y Sy =Us,
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Condition (b) is equal to

0 4 _ 0 Cs (Ag)—l 0 AZ 0 .
[ cr o0 } = [ c; 0 ] [ 0 (By)~! 0 B | By applying Theo-
rem 2.1, implies that system 2.15 are solvable, then any solutions have the following

form
D ST I P I 0 0 G A; 0
x: o |~ 3 0 (B HC4 0 ]*Wl[ 0 Bl})’
0 Xs - 1 [ Cs 71 0 Aq 0
x5 o0 | 2(_ 02 0 ] [ B | Tl 0 By |2
[0 X3 | _ 1('A— 0 0 Cs] s[4 0 )
| X5 0 | — 2 0 (By)! c; 0 210 By |7
_ 0 Z1 o 0 ZS
where Wy = [ Zy 0 ] and Wy = [ 7 }

Which is satisfy that Wy = —W} T} (T5) ™! that is,

0 Zs | 0 Z; At 0 (A3)~1 0 b
[24 0]“{21 oHo B4H 0 (133)1]tat
Zy = —Z3ByBy " and Z, = —Z;AL(A5)~!. Since, C3 = A,CyB; ' and Z3, Z,
satisfy Z3 = A3 ' Z} By. Therefore,

X, = %(A;101+ZIB1)7
X, = %(03351+A221),
X3 = %(A5103—ZZB2)7
X5 o= (BT - Z545),
Xi = S(O5A9)7 4 ByZ),
X5 = S(BD7Ci+ 247

3. Conclusion
We have used the block operator matrix decomposition to find the general solutions
of mixed Sylvester operator equations with three unknowns (1.2) and five unknowns
(2.15) . We have provided some necessary and sufficient conditions for the existence
of a solution to this system based on matrix representation. We have also derived
the general solution to this system when it is solvable.
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