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Abstract. In the present paper, we introduce the concepts of ideal inner and ideal
outer limits which always exist even if empty sets for double sequences of closed sets
in Pringsheim’s sense. Next, we give some formulas for finding ideal inner and outer
limits in a metric space. After then, we define Kuratowski ideal convergence of double
sequences of closed sets by means of the ideal inner and ideal outer limits of a double
sequence of closed sets. Additionally, we give some examples that our result is more
general than the results obtained before.

Keywords: Double sequence of sets, ideal convergence, Kuratowski convergence.

1. Introduction

Convergence is one of the most vital concept in mathematics. In the analysis,
there are different approaches at the limit of the function sequences due to the
requirements. At the first pointwise convergence are studied. After that several
types of convergence of sequences of functions were studied according to the need.
The modes of convergence used in different areas of mathematics are uniform con-
vergence, almost everywhere convergence, continuous convergence, convergence in
measure, L, convergence, etc.
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In variational analysis pointwise limits are inadequate for mathematical pur-
poses. A different approach to convergence is required in which, on the geometric
level, limits of sequences of sets have the leading role. Motivation for the develop-
ment of this geometric approach has come from optimization, stochastic processes,
control systems and many other subjects. The theory of set convergence will pro-
vide ways of approximating set-valued mappings through convergence of graphs and
epigraphs. The concepts of inner and outer limits for a sequence of sets are due
to the French mathematician-politician Painlevé, who introduced them in 1902 in
his lectures on analysis at the University of Paris; set convergence was defined as
the equality of these two limits. Hausdorff [9] and Kuratowski [15] popularized such
convergence by including it in their books, and that’s how Kuratowski’s name ended
up to be associated with it. Recent years have witnessed a rapid development on ap-
plications of set-valued and variational analysis. For more information about inner
and outer limits of sequences of sets, we refer to [1, 2, 5, 16, 19, 21, 22, 24, 25, 26, 27].

In contrast to ordinary sequences, various types of convergence for double se-
quences can be defined due to order of elements of N2. The best known and well-
studied convergence notion for double sequence is Pringsheim [20] convergence.
Therefore, throughout the paper by the usual convergence of a double sequence we
refer to the convergence in Pringsheim’s sense.

Statistical convergence of sequences was introduced by Fast [7] and was extended
to the double sequences by Mursaleen and Edely [18] and Tripathy [28] indepen-
dently. The idea of Z-convergence was introduced by Kostyrko et al. [12] as a
generalization of statistical convergence [7, 23], which is based on the structure of
the ideal Z of subsets of the set of natural numbers. This approach is much more
general as most of the known convergence methods become special cases, but there
are many ambiguities about this convergence. So this type of convergence is studied
actively in summability in last several decades. These two types of convergence are
extended to double sequences(see [3, 4, 6, 8, 10, 11, 13, 14, 17, 18, 29, 30]).

In this paper we will study ideal inner and outer limits of a double sequence of
sets and give some characterization for them.

2. Definition and Preliminaries

A real double sequence (z;;) is said to be convergent to the limit p in Pringsheim’s
sense, written lim; ;o #;; = p, if for every € > 0, there exists an integer ny such
that |z;; — p| < € whenever 7,5 > ng. In case of this convergence the row-index 4
and the column-index j tend to infinity independently from each other.

Let £ C N? and E(m,n) = {(i,7) : i < m,j < n}. Then, the double natural
density of E is defined by

. E(m,n

if the limit on the right hand-side exists, where the vertical bars denote the cardi-
nality of the set E(m,n).
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A real double sequence z = (x;;) is said to be statistically convergent to the
number L if for every ¢ > 0, the set {(4,7) : |z;; — L| > €} has double natural
density zero.

The limit as k,l — oo with (k,l) € K C N? will be indicated by lim, e -

Let S be a non-empty set. A class Z of subsets of S is said to be an ideal on S if
for each A, B € Z we have AUB € Z, and for each A € 7 and each B C A, we have
B €Z. Anideal 7 on S is called non-trivial if Z # @ and S &€ Z. If the ideal Z of S
further satisfies {s} € Z for each s € S, then it is an admissible ideal. A non-empty
class F of subsets of S is said to be a filter on S if @ & F, for each A, B € F we
have AN B € F and for each A € F and each A C B, we have B € F. It is obvious
that Z on S is non-trivial if and only if F(Z) = {S\ A: A € T} is a filter on S.

Let S = N2 and let Z, be a ideal of subsets of N2. Then a nontrivial ideal
T, C 28N 5 called strongly admissible if {n} x N and N x {n} belong to Z, for
each n € N. It is evident that a strongly admissible ideal is also admissible. Let

Ir(f) ={A C N xN:(3Fm(A) e N)(i,j =2 m(A) = (i,j) € A)}-
Then Zy(f) is a nontrivial strongly admissible ideal and clearly an ideal Z; is strongly

admissible if and only if Zo(f) C Zs.

Let (X,d) be a metric space. A double sequence (x;;) in X is said to be Zy-
convergent to & € X, if for any € > 0 we have

Ae) = {(i,§) € N x Nid(zs;,€) > €} € Ty

and written Zo—lim; j_ o0 Ti5 = &.
If 7, ¢ 2%V is a strongly admissible ideal, then Pringsheim convergence implies
ZIs-convergence of double sequences.

An ideal is said to be an admissible ideal Z, C 28N satisfies the property (AP2),
if for every countable family of mutually disjoint sets {A;, As, ...} belonging to Zo,
there exists a countable family of sets {B1, B, ...} such that A;AB; € Zy(f), i.e.,
A;AB; is included in the finite union of rows and columns in N x N for each j € N
and B = J;2, Bj € T».

A double sequence (x;;) of elements of X is said to be Z5-convergent to £ € X if
there exists aset K' = {(¢,7) : 4,j = 1,2,3...} in F(Z) such that lim; jye  d(x;,§) =
0. It is denoted by Z5-1lim; j oo 7i; = .

Lemma 2.1. [3, Theorem 1] Let Ty C 2M*N be a strongly admissible ideal.
If I5- lim z;; =&, then Iy- lim x;; =&
1,] =00 i,j—00
Lemma 2.2. [3, Theorem 3] Let Ty C 2Y*N be an admissible ideal with property
(AP2), then To-1im; ;o0 ;5 = & tmplies T3 -1im; ;o0 xij = &.

A point A € X is called a Zy-limit point of (z;;) in a metric space (X,d) if
and only if there exist a set K = {(ki,1;):4,j € N} C N? such that K ¢ Z, and
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limy; oo T, 1, = A A point v € X is called a Zs-cluster point of (x;;) in a metric
space (X,d) if and only if for each € > 0 the set {(i,5) € N*:d(z;5,7) < e} & I».
The set of all Z,-limits points and Zp-cluster points of (z;;) will be denoted by
T>(A;) and Zo(T',), respectively. Obviously, for a strongly admissible ideal Zy we
have Ig (Ax) - IQ (Fx)

From now on Z, will be considered as a nontrivial strongly admissible ideal in
N2,

The concepts of ideal limit superior and inferior of double sequences of real
numbers were introduced in [4, 8], as follows:

Definition 2.1. Define the sets A, and B, by
A, = {CL eR: {(%])ir” > a} gIQ} and B, = {b € R: {(z,])x” < b} gIQ}
Then, Zo-limit superior and inferior of a real double sequence x are defined by

T,- limsupz = { sup A, , if A, #0,

—00 , A, =0
and
o [ infB, , if B, #0,
ZIo-liminf z = { o . ifB, =0
Lemma 2.3. Let x = (z;;) be a double sequence of real numbers. Then, the

following statements hold:

(a) Zo-limsupz = B < for anye >0, {(i,j):xs; > f—¢e} €L and {(i,7): zi; >

54‘5}612.
(b) Iy-liminfo = a & for any e >0, {(4,5): ;5 < a+e} €L and {(4,7): xi; <
OZ—E}EIQ.

Let (X, d) be a metric space and A C X, x € X. Then the distance from z to A
with respect to d is given by d(z, A) := inf,ec 4 d(z,a), where we set d(x, D) := co.
The open ball with center x and radius € > 0 in X is denoted by B(z,¢), i.e.,

B(wz,e) ={y € X:d(z,y) < €}

3. Main Results

In this section, we introduce Kuratowski ideal convergence of double sequences of
closed sets. For this purpose, we define the set

I = {NCN:N ¢ 1}

We now define ideal outer and inner limits of a double sequence of closed sets,
as follows.
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Definition 3.1. Let (X, d) be a metric space and let (Cy;) be double a sequence of
closed subsets of X. The ideal outer limit and the inner limit of a double sequence
(Cr1) are defined as

To-limsup Gy := {x:Vs >0, AN €Iy, V (k1) € N: Oy N B(z,€) # @},
k,l— o0
and
T-liminf Cy 1= {x:Vs >0, 3N € F(Tp), ¥ (k1) € N:Cy N Bz, ) # @}
Jl—00

respectively. When the ideal outer and inner limits are equal to the same set C,
this set is called to the ideal limit of double sequence (Cy;). In this case, we say
that the double sequence (Cy;) is Kuratowski ideal convergent to the set C' and we
denote

Io-liminf Cy; = Zo-limsup Cy; = Zo- lim Cy; = C.
k,l—o00 k,l—o00 k,l—o00

Furthermore, the inclusion

Zo-liminf Cy; C Zo-lim sup Cyy
k,l—o0 k,l—00

always holds. Hence, Ty-limy ;oo Ck; is equal to the set C' if and only if the
inclusion

To-limsup Cy; C C C Ig—llilln inf Cy;
J—o00

k,l—o0

holds.

Remark 3.1. Zo-limg ;00 Cr = C if and only if the following conditions are satisfied:

(i) for every x € C and for every & > 0 the set {(k,1) € N* : B(z,e) N Cyy # @} belongs
to ]:(Ig),

(ii) for every € X \ C there exists ¢ > 0 such that {(k,1) € N? : B(z,e) N Cy; = O}
belongs to F(Zz).

We will give two examples showing that our study is generalization of previously
studied works by means of the choice of the ideal.

(I) If IQ = IQ (f), then

IQ (f)— lim inf Ckl = liminf Ckl7
k,l—o00 k,l—o00

I(f)-limsupCy; = limsup Cyy
k,l—o0 k,l—o0

and Kuratowski Zy( f)-convergence coincides with the usual Kuratowski con-
vergence studied in [24].
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(I1) If Tp = To(8) = {A C N2 : 65(A) = 0}, then

Z5(6)-liminf Cy; = st-liminf Cy,
k,l—o0 k,l—o0

Z5(6)-limsup Cy; = st-limsup C
k,l—o0 k,l—00

and Kuratowski Z5(d)-convergence coincides with the Kuratowski statistical
convergence studied in [25].

Note that if 75 is a strongly admissible ideal, then Zs(f) C Z,. It is obvious that
the followings inclusion holds.

liminf C; C Zo-liminf Cy; C Zo-limsup Cy; C limsup Cy;.
k,l—00 k,l—00 k,l—oc0 k,l—oc0

Therefore, each Kuratowski convergent sequence is Kuratowski Z,—convergent, i.e.

lim Ckl =C= Io- lim Ckl =C.

k,l—o00 J—o0

However, the converse of this claim does not hold in general. The following example
illustrate this claim.

Example 3.1. Let A and B be two different nonempty closed sets in X. For any strongly
admissible ideal Z # Z>(f) we may take N € Z \ Zz2(f) and put Cy; = A for k,l € N and
Cri = B otherwise. Then Zo-1limy ;oo Cri = B. However lim SUDP, |00 Crxi = AU B and
lim infkyl*)oo Cu=ANB.

The following theorems give us characterization of ideal inner and outer limits
for double sequences of closed sets.

Theorem 3.1. Let (X,d) be a metric space and (Cyi) be a double sequence of
closed subsets of X. Then

ITI,&}PJ{}ECM: ﬂ o |J Cu and Iz_lizjgopc’“: ﬂ o |J Cu
Nezy (keEN ’ NeF(I) (kl)eN

Proof. We shall prove only the first statement, the proof of second one being analo-
gous. Let x € Zp-liminfy ;o Cp; and N € I;r be arbitrary. For each € > 0, there
exists Ny € F(Zz) such that for every (k,l) € Ny

CriN B(x,e) £ Q.

Since N N Ny # O, there exists (ko,lo) € N N Ny such that Ci,, N B(z,e) # O.
Therefore,

U Ckl) N B(z,¢e) # Q.

(k,1)eN
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This gives us = € clU(k Den Cpi. This holds for any N € Z;7. Consequently,

X € m cl U Cu-

NEI; (k,l)eN

For the reverse inclusion, suppose that = ¢ Ty — liminfy ; o, Ck;. Then, there
exists € > 0 such that

N ={(k,1) eN*:CuN B(x,e) # 0O} & F(I»)
and so, the set
N ={(k,l) eN*:Cry N B(z,e) = O} € ;.
Thus

U ckl) N B(z.¢) = 0.

(k,))EN

This implies that = ¢ clU(k DeN C which achieves the proof. O

According to Theorem 3.1, we conclude that both ideal outer and inner limits
of a double sequence (Cy;) are closed sets.

Theorem 3.2. Let (X,d) be a metric space and (Cyi) be a double sequence of
closed subsets of X. Then, we have

Tp-liminf Cy = {xzzg- lim d(:c,C’kl):O},
k,l—o0 k,l—o00

Io-limsupCy; = {QJ:Ig—liminfd(a:7 Cr) = O}.
k,l—oco k,l—o00

Proof. Assume that C be any closed set in X. Then we can write
(3.1) d(z,C)>e < CnNB(z,e)=0.
Suppose that Zo-limy, ;o0 d(x, Ciy) = 0. Then, for each ¢ > 0 we get the set
{(k,l) e N*:d(z,Cri) > €}
belongs to Zp. Taking into account (3.1), we have the set
{(k,1) e N*:Cy N B(z,e) = D}
belongs to Z,. This implies that

{(k,l) e N2 Cu N B(l‘,E) #* @}
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belongs to F(Zz). Thus we have x € Zp-liminfy ;o0 Ch.

Conversely, suppose that = € Zy-liminfy ;o Ck;, then for each ¢ > 0 there
exists N € F(Zy) such that Cy N B(x,e) # O for every (k,l) € N. Since

{(k,1) e N*:Cyy N B(z,e) =0} C N?\ N,
we have
{(k,l) e N*:Cjy N B(z,e) =0} € Tp.
By virtue of (3.1), the set
{(k,1) € N*:d(z,Cpi) > €}

belongs to Zy. This implies that Zo-limg ;00 d(x, Cry) = 0.

Similarly, for any closed set C' we have
(3.2) d(z,C) <e < CNB(x,e) # 0.
Assume that Zo-liminfy ;o0 d(x, C;) = 0. Then, for each € > 0 we can write
{(k,1) e N*:d(z,Cni) < €} € L.
By relation (3.2) for each £ > 0 we obtain
{(k,]) e N*:Cly N B(z,e) # D} ¢ Io.

This gives us x € Zo-limsupy, ;_, o, Cki. Now, we show the reverse inclusion. Let
x € Iy-limsupy, ;, o, Cki. Then, for every ¢ > 0

{(k,]) e N*:Cyy N B(z,e) # D} ¢ T».

We have from (3.2) and Lemma 2.3(b), Zo-liminfy ;o d(z,Cry) = 0. O

Theorem 3.3. Let (X,d) be a metric space and (Cyi) be a double sequence of
closed subsets of X. Then

(33) Io-liminf Cy; = {x: N (k,l) € N2, Elykl € Cri:Io- lim Ykl = {L'}
k,l—o00 k,l—o0

Proof. Let x € Zy-liminfy ;o Ck be an arbitrary. By Theorem 3.2, we obtain
To-limy o0 d(x, Ciy) = 0. Given an arbitrary € > 0,

{(k,1) € N%:d(z, Ciy) > %} € To.

Considering that Cy; is a closed set, for (k,1) € N? there exists yp; € Cy; such that
d(z,yr) < 2d(x,Cki). Then, we have To-limy, 00 Y1 = -
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Conversely, if x is an element of the set given by the right side of the equality
(3.3). Then, there exist {yr; | yxi € Ak, k,1 € N} such that Zo-limg ;00 Y = .
Then for every € > 0

{(k,1) € N*:d(z,yn) > €} € L.
The inequality d(x,yg;) > d(z, Cy;) yields the inclusion
{(k,1) € N d(z,Crt) > e} C {(k,1) € N*:d(z,yu) > €}
This implies that Zo-limy, ;—, o d(z, Cx;) = 0. By Theorem 3.2, we have
T € Ig—lg?jg Cu-
0

Theorem 3.4. Let (X,d) be a metric space and (Cy;) be a double sequence of
closed subsets of X. If I, is a strongly admissible ideal of N? having the property
(AP2). Then

(3.4) Zo-lim inf Gy = {x 3N € F(T:), (k1) € N, 3y € O lim g = x}

)

Proof. Assume that Z, is a strongly admissible ideal with the property (AP2). By
Lemma 2.2, 75 convergence is equivalent to Zy convergence. By Theorem 3.3 the
proof is straightforward. [J

We note that the property (AP2) in Theorem 3.4 can not be dropped. The following
example shows this fact.

Example 3.2. Let X = R equipped with the usual Euclidean metric and let the sets
(Nj)jen be a decomposition of N. We define

Aj; ={(m,n) : min{m,n} € N;} j=1,2,3...
Then {A;};en is a decomposition of N? and the ideal
T, = {A C N?: Ais included in a finite union of A;'s}

a strongly admissible ideal (see [3, Theorem 2]). Put Ay = {%} if and only if (k,1) € A;.
Then the sequence {yri: yr € Awi, (k,1) € N2} can be defined by yx; = % for (k1) € A;.
Let § > 0 be given. Choose g € N such that é < 4. Then

{(k,l) € N’y 25} CALUALU...UA,.

So IQ — limk,l_)oo Ykl = 0 and IQ — lim inka_)oo Akl = {0}
Suppose in contrary that 0 belongs to the right-hand side set of the equality (3.4).
Then there is a set M € F(Z2) such that for (m,n) € M, there exists ymn € Amn and

(3.5) lim  Ymn =0.

(m,n)eM
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By the definition of F(Z2) we have M = N? \ H, where H € Z,. By the definition of Z,
there is a p € N such that

e l)n
j=1

But then App1 € N2\ H = M. But from the construction of Ap41 it follows that for any
no €N, yr = p—il > 0 hold for infinitely many (k,[)’s with (k,1) € M and k,l > no. This
contradicts (3.5).

Corollary 3.1. Let X be a normed linear space and (Cy;) be a double sequence of
closed subsets of X. If the ideal Iy has property (AP2) and there is a set K € F(I2)
such that Cy is convex for each (k,l) € K, then To-liminfy ;o Cy; is convexr and
so, when it exist, is Ly—1limy ;o0 Chi.

Proof. Suppose that Zo-liminfy ;o Ciyy = C. If 21 and x2 belong to C', by Theo-
rem 3.4, we can find for all (k,1) € N in some set N € F(Z») points yi, and y2, in
Chi such that lim, ey iy = 21 and lim, ey vz = 2. Since K € F(I), we get
M € F(Zp) with M = N N K. Then, for arbitrary p € [0,1] and (k,1) € M, let us
define

Ui = (L= pyp + sy and @y = (1= @)1 + peo.
Therefore, limy 1)e Yy}, = «, is obtained. By Theorem 3.4, we have z,, € C. This

implies that the set C' is convex. []

Theorem 3.5. Let (X,d) be a metric space and (Cyi) be a double sequence of
closed subsets of X. Then, we have

(3.6) Zy-limsupCy = {z: V (k1) € N?, Ty € Cppiz € Ig(Fy)}.

k,l—o00

Proof. Let x be an arbitrary point in Zp-limsup,, ; , ., Cxi. By Theorem 3.2, we
have
Io-liminf d(z, Cy) = 0.
k,l—o0

By Lemma 2.3, for every € > 0 the set
{(k,1) € N2 d(a, C) < g} ¢ Io.

Since Cj; is closed for (k,I) € N? there exists yi; € Cp; such that d(z,yu) <
2d(z, Cyy). It is clear that « is an ideal cluster point of (yz;). That is, & € Zo(T'y).

On the other hand, if x is an element of the set given by the right side of the
equality (3.6), then there exists a sequence {yr;:yr € Chi, (k,1) € N?} such that
x € Io(T'y). That is, for every € > 0

{(k,1) € N2 d(z,yn) < e} ¢ Io.
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The inequality d(z,yg) > d(x, Cy;) yields the inclusion
{(k,1) e N? : d(z,y) < e} C{(k,]) € N* 1 d(z,Cly) < e}

So, the set N = {(k,l) € N? : d(v,Cy) < e} € Tp. That is, N' € Zf. By
(3.2), for every (k,l) € N' we obtain Cy N B(z,e) # @. This means that z €
Iy-limsupy ;oo Cri- O

From Theorem 3.3 and Theorem 3.5, we conclude that, when Cy; # @ for all
k,l € N, ideal outer and inner limit sets can be characterized in terms of the
sequences (Yx1)r1en by selecting a yg, € Cyy for each (k,1) € N?: the set of all Z-
cluster points of such sequences is Zo-limsupy, ;_, o Cki, while the set of all Z5-limits
of such sequences is Zy- liminfy, ;o Cy.

In Theorem 3.5 the set of Zy-cluster points can not be replaced by the set of
Z>—limit points, which is shown by the next example.

Example 3.3. Consider ideal Z3(d) and the sets
N, = {zj—l(zk— 1):ke N} (j=1,2,3...).
Now we define D;; = N; X N;. Then D;; N Dpq = @ for (i,j) # (p,q) and

d2(Diy) (i, =1,2,3...).

1
T 2195

Now we define a double sequence (Ag;) as follows

Akl: {1_%}7 (k7l)€Dij (17]:17273)

then
1
Zo(6)-limsup Ag = {1 ~ 5 ti,j = 172,3...} U{1}.

k,l—o00

If a sequence (yg;) is formed by selecting a yi; € Axi, then yi = 1 — % for (k,1) € Dyj
and 1 is not a Z»(d)—limit point of (yx;) (see [4, Example 2]) .
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