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Abstract. We classify almost Yamabe on nearly hyperbolic Sasakian manifolds whose
potential vector field is torse-forming admitting semi-symmetric metric connection and
quarter symmetric non-metric connection. Certain results of such solitons on CR-sub-
manifolds of nearly hyperbolic Sasakian manifolds with respect to such connection are
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1. Introduction

Much progress has been done in recent years in the study of soliton solutions
of the Ricci flow, the mean curvature flow and the Yamabe flow. Soliton solutions
correspond to self-similar solutions of the corresponding flow. The Yamabe flow,

(1) Sr9lt) = ~R(t)g(0),
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where R(t) is the scalar curvature of the metric g(t), was introduced by Hamilton
[14], as an approach to solve the Yamabe problem. In dimension n(= 2), the Yamabe
flow is equivalent to the Ricci flow. However, in dimension n > 2 the Yamabe and
Ricci flows do not agree, since the first one preserves the conformal class of the
metric while the Ricci flow does not in general.

A Yamabe soliton on a Riemannian manifold (M, g) of dimension n is a special
solution of the Yamabe flow. A triplet structure (g, x, A) satisfies

(1.2) S Eg(X,Y) = (- Ng(X,Y)

for all X, Y on M is known as a Yamabe soliton, where £, denotes the Lie derivative
of the metric g along the vector field «, 4 is the scalar curvature and X is a constant.
The beauty of such =soliton depends on the the flavor of A. The soliton is said to
be expanding, steady or shrinking, according as A < 0, A = 0 or A > 0 respectively.
If A € C°(M), then the metric satisfying (1.2) is called almost Yamabe soliton
[2]. Thus the almost Yamabe solitons are the generalization of Yamabe solitons.
Moreover, if k is the gradient of some function 5 on M then it is known as gradient
Yamabe soliton. In context of geometry, the Yamabe solitons are special solution
of Yamabe flow under some regulation. There are several geometers that light up
quite extensively on the beauty of Yamabe flow and Yamabe soliton (see,[9], [11],
12], [16)).

A vector field £ on a Riemannian manifold (M, g) is known as torse-forming
vector field [21] if it satisfies

(1.3) Vxk=vX +0(X)k, VX € x(M),

where ¢ € C*°(M) and 0 is a 1-form. The beauty of such vector field is as follows:

i) It is concircular if the 1-form 6 vanishes identically [20],
ii) For concurrent, ¢» = 1 and 6 = 0 [22],

iii) Tt is recurrent if ¢» = 0,

iv) For parallel if ¢ = 6 = 0.

In 2017, Chen [8] initiated a new type vector field known as torqued vector field if
the vector field x satisfying (1.2) with 6(x) = 0, where 1 is called torqued function
with the 1-form @ is the torqued form of .

Bejancu introduced the concept of C' R-sub-manifolds of Kdhler manifold as a gen-
eralization of invariant and anti-invariant sub-manifolds [3]. After that, C'R-sub-
manifolds of Sasakian manifold was studied by Hsu [15] and Kobayashi [17]. Yano
and Kon [23] studied contact C'R-sub-manifolds. As per this motivation, several ge-
ometers studied C' R-sub-manifolds of almost contact manifolds (see, [1],[4],[5],[18]).
The almost hyperbolic (f,&,n, g)-structure was defined and studied by Upadhyay
and Dube [19]. CR-sub-manifolds of trans-hyperbolic Sasakian manifold studied
by Bhatt and Dube [6]. Apart from that, Golab [13] introduced the idea of semi-
symmetric and quarter symmetric connections. Lovejoy Das et al. [10] studied
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C R-sub-manifolds of L P-Sasakian manifold with semi-symmetric non-metric con-
nection. C'R-sub-manifolds of a nearly hyperbolic Sasakian manifold admitting a
semi-symmetric semi-metric connection were studied by Siddiqi and Rizvi [1].

The sections of this paper are organized as follows. After introduction, Section 2
contains some definitions and basic results. In Section 3, we recall the notion of
semi-symmetric metric connection and quarter symmetric non-metric connection on
nearly hyperbolic Sasakian manifold. Section 4 is devoted to C R-sub-manifolds of
nearly hyperbolic Sasakian manifolds with respect to semi-symmetric metric connec-
tion and quarter symmetric non-metric connection. In Section 5, we study Yamabe
soliton whose potential vector field is torse-forming vector field on nearly hyperbolic
Sasakian manifold with respect to such connection. Section 6 is concerned with the
study of Yamabe soliton with a torse-forming vector field on CR-sub-manifolds
of nearly hyperbolic Sasakian manifolds. Furthermore, we study almost Yamabe
soliton with torse-forming vector field taking x* and x" as tangential and normal
components of such vector field on C'R-sub-manifolds of nearly hyperbolic Sasakian
manifolds admitting such connection in Section 7.

2. Preliminaries

Let M be an n-dimensional almost hyperbolic contact metric manifold with the
almost hyperbolic contact metric structure (¢, &,7, g) satisfying

and
(2.2) 9(¢X,9Y) = —g(X,Y) — n(X)n(Y),
for any vector fields X, Y tangent to M [7]. As per this consequences

where I is the identity of the tangent bundle TM, ¢ is a tensor field of (1, 1)-type,
1 is a 1-form, £ is a vector field and ¢ is Riemannian metric tensor of M. An almost
hyperbolic contact metric structure (¢,£,7,g) on M is called hyperbolic Sasakian
manifold if and only if

(2.4) (Vx)Y = g(X,Y)§ —n(Y)X,

(2.5) Vx&=¢X,

for all tangent vectors X, Y and a Riemannian metric g and Riemannian connection
V on M. With reference to (2.4), an almost hyperbolic contact metric manifold M
with (¢, &, n, g)-structure is called a nearly hyperbolic Sasakian manifold if

(2.6) (Vxo)Y + (Vy o)X =29(X,Y)E —n(X)Y —n(Y)X.
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Let M be a submanifold immersed in M, the Riemannian metric g mduced on M.
Let TM and T+ M be the Lie algebra of vector fields tangential to M and normal
to M respectively and V be the induced Levi-Civita connection on M , then the
Gauss and Weingarten formulae are given respectively by

(2.7) VxY =VxY +h(X,Y), VX,Y € TM,

(2.8) VxN=—AyX +VEN, VN eTHM,

where VxY and {h(X,Y),V%N} belong to TM and T+M, respectively. The
second fundamental form h and Weingarten map Ay associated with N as

(2.9) g(h(X,Y),N) = g(ANX.Y).

For any X € I'(TM) and N € I'(T+M), we can write

(2.10) X =PX +QX, PX €T(D), QX € T(D}),
(2.11) #N = BN +CN, BN €T(D*), CN €T (u).

3. Semi-symmetric Metric Connection and Quarter symmetric
non-metric connection

Firstly, we define a semi-symmetric metric connection [13]:

(3.1) VY = ViV +(Y)X — g(X, Y)E,
such that _
(3.2) (Vxg)(Y,Z) = 0.

With the help of (2.6) and (3.1), we get

(33) (Vxo)Y +¢(VxY) = (Vx¢)V + ¢(VxY) — g(X, Y )E.
On interchanging X and Y, equation (3.3) reduces to

(3.4) (Vy @)X +6(Vy X) = (Vyd) X + ¢(Vy X) — (¥, 6X)E,
Adding (3.3) and (3.4), we obtain

(V)Y + (Vy @)X + ¢(VxY = Vx¥) + ¢(Vy X — Vy X)
(3.5) = (Vx9)Y + (V)y¢)X — g(X, 0Y )¢ — g(Y, 0 X)¢.
Keeping in mind (2.1), (2.3), (2.6) and (3.1) above equation turn up
(Vx®)Y + (Vy )X

(3.6) =29(X,Y)§ = n(X)Y —n(Y)X —n(X)oY —n(Y)pX.
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Also from (2.5) and (3.1), we get
(3.7) Vxé=¢X — X —n(X).

An almost hyperbolic contact metric manifold with almost hyperbolic contact struc-
ture (¢, &,m,g) is called nearly hyperbolic Sasakian manifold with semi-symmetric
metric connection if it bearing (3.5) and (3.6). With the help of (2.7), (2.8) and
(3.1) the Gauss and Weingarten formulae on nearly hyperbolic Sasakian manifold
with semi-symmetric metric connection as follows

(3.8) VxY =VxY +h(X,Y), VX,Y € TM,

(3.9) VxN =—-AyX + VN, VN eT*M,

Also we recall the notion of a quarter symmetric non-metric connection [13] by
(3.10) VxY = VxY +5(Y)$X,

such that R

(3.11) (Vxg)(Y,2) =n(Y)g(¢X, Z) — n(Z)g(¢X,Y).

From (2.6) and (3.9), we have
(3.12) (Vx®)Y + (Vyo)X

=29(X, V) = n(X)Y —2n(Y)X —2n(X)8Y — 2n(X)n(Y)E.

An almost hyperbolic contact manifold is called nearly hyperbolic Sasakian [7] man-
ifold with quarter symmetric non-metric connection if it satisfies (3.11). Therefore
from (2.5) and (3.9), we obtain

(3.13) Vx€ =2¢X.

Therefore Gauss and Weingarten formulae on nearly hyperbolic Sasakian manifold
bearing quarter symmetric non-metric connection are given respectively by

(3.14) VxY =VxY +h(X,Y), VX,Y € TM,

(3.15) VxN =—-AyX +V'N, VN eT M,

4. (CR-sub-manifolds of a Nearly hyperbolic Sasakian Manifold

Definition 4.1. [4] An m-dimensional Riemannian submanifold (M, g) of an n-
dimensional nearly hyperbolic Sasakian manifold M"™ (¢, &, 1, g) is called a C'R-sub-
manifold if £ is tangent to M and there exists on M a differentiable distribution
D:x— D, C T,(M) such that

i) D is invariant under ¢, i.e., $D C D.
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ii) The orthogonal complement distribution D+ : 2 — D+ C T, M of the distribu-
tion D on M is totally real, i.e., pD+ C T+ M.

If dim D=0 ( resp., dim D=0), then the C' R-submanifold is known as an invariant
(resp., anti-invariant) submanifold.

Definition 4.2. [4] If the distribution D (resp., D) is horizontal (resp., vertical),
then the pair (D, D') is called ¢-horizontal (resp., &-vertical) if € € T'(D) (resp.,
¢ € T(D1)). The CR-submanifold is also called ¢-horizontal (resp., &-vertical) if
¢ € T(D) (resp.,& € T(D4Y)).

The orthogonal complement ¢D+ € T+ M is given by
(4.1) TM =D& D+, T*M = ¢D* @ p,

where pu=p.
Let M be a C R-submanifold of a nearly hyperbolic Sasakian manifold M" (0,€,1,9)

with semi-symmetric metric connection V. The Gauss and Weingarten formulas
with respect to V are given, respectively,

(4.2) VxY = VxY +h(X,Y),
(4.3) 6){]\[ = *ANX + ﬁg'(N
for any X,Y € ['(TM), where VxY, AyX € [(TM). Here V, h and Ay are called

the induced connection on M, the second fundamental form and the Weingarten
mapping with respect to V, respectively. In view of (3.7), (3.9) and (4.2), we get

(4.4) VxY +h(X,Y) = VxY +h(X,Y) +n(Y)X — g(X,Y)E.

Using (2.10) and (2.11) in the equation (4.4) and comparing the tangential and
normal components on both sides, we obtain

(4.5) PVxY = PVxY +3(Y)PX — ag(X,Y)PE,
(4.6) h(X,Y) = h(X,Y) + n(Y)$QX,
(4.7) QVxY = QVxY — g(X.Y)QE,

for any X,Y € (TM).
Let M be a C' R-submanifold of a nearly hyperbolic Sasakian manifold M"™ (¢, £, 7, g)

with quarter symmetric metric connection V. Then Gauss and Weingarten formulas
with respect to V as follows,

(4.8) VxY =VxY +h(X,Y),
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(4.9) ﬁxN = *A\NX + %g}N

for any X,Y € I'(TM), where %XY, A\NX € I'(TM). Here %, h and ZN are called
the induced connection on M, the second fundamental form and the Weingarten
mapping with respect to V, respectively. In view of (3.9), (3.13) and (4.8), we get

(4.10) VxY +h(X,Y)=VxY +h(X,Y) +n(Y)pX.

Using (2.10) and (2.11) in (4.10) and comparing the tangential and normal compo-
nents on both sides, we obtain

(4.11) PVXxY = PVxY +(Y)PoX,
(4.12) h(X,Y) = h(X,Y),
(4.13) QVXY = QVxY +1(Y)QoX,

for any X,Y € (TM).

In this sequel we state the following result.

Theorem 4.1. Let M be a CR-Submanifold of nearly hyperbolic Sasakian man-
ifold M™(¢,&,1n,9) with respect to semi-symmetric metric connection V then we
have

1) IfM &-horizontal, X, Y € T'(D) and D is parallel with respect to V then induced
connection % s also a semi-symmetric metric connection.

i) If M &-vertical (DY) and D* is parallel with respect to V then induced con-
nection 6 is also a semi-symmetric non-metric connection.

iii) The Gauss formula with respect to semi-symmetric metric connection is of the
form

(4.14) VxY = VxY + h(X,Y) + (Y)$QX,

i) The weingarten formula with respect to semi-symmetric metric connection is of
the form N
(4.15) VxN = —-AnyX + VN +n(N)X

Proof. With the help of (4.2) and (4.6) we get (iii). Also, from (2.8) and (3.1) we
yield (iv). With reference to (4.5), if M &-horizontal, X,Y € I'(D) and D is parallel
with respect to V then result (i) is verifying. On the other hand, with the help of
(4.7) if M is &-vertical, X,Y € ['(DY) and Dt is parallel with respect to V, we
obtain our desired result(ii). This tells us that the proof is completed. O

Theorem 4.2. Let M be a C R-Submanifold of nearly hyperbolic Sasakian_mani-
fold M™ (o, &,m, g) with respect to quarter symmetric non-metric connection V then
we have
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1) If M &-horizontal, X,Y € I['(D) and D s parallel with respect to V then induced
connection @ is also a quarter symmetric non metric connection.
i) IfM E-vertical, X,Y € T(D1) and D+ is parallel with respect to V then induced
connection 6 is also a quarter symmetric non-metric connection.

111) The Gauss formula with respect to quarter symmetric non-metric connection is
of the form R .
(4.16) VXYZVXY—I—h(X,Y),

i) The weingarten formula with respect to quarter symmetric non-metric connec-
tion is of the form R
(4.17) VxN = —AnX + VN +n(N)pX

Proof. With the help of (4.8) and (4.12) we get (iii). Also, from (2.8) and (3.9)
we yield (iv). With reference to (4.11), if M &-horizontal, X, Y € I'(D) and D is
parallel with respect to V then result (i) is verifying. On the other hand, with the
help of (4.13) if M is &-vertical, X,Y € T'(D+) and D+ is parallel with respect to
6, we obtain our desired result(ii). We completed the proof. [

5.  Yamabe solitons with potential vector field is torse-forming

As per this consequence of our analysis in this section we have the following geomet-
ric characterization of nearly hyperbolic Sasakian manifold M™(¢, &, 7, g) admitting
semi-symmetric metric connection V and quarter symmetric non-metric connection
V. Thus, in view of my thought,we can state the following result.

Theorem 5.1. A Yamabe soliton (g,k,\) on an n-dimensional nearly hyperbolic
Sasakian manifold M™(¢,&,n, g) with respect to semi symmetric metric connection

V is invariant if and only if

2n(k)g(X,Y) = {g(X, k)n(Y) + g(Y, k)n(X)}.

Proof. Let (g,k,) be a Yamabe soliton on M"(¢,£,n,g) with respect to a semi
symmetric metric connectionV. So from (1.2), we have

1 ~ X
(51) S (E)(X.Y) = (5 - Ng(X, V)
From the definition of Lie derivative, equations (2.3) and (3.1), we obtain

(5.2) (£.9)(X,Y) = g(Vxr,Y) + g(X, Vyr)

=9g(Vxr,Y) +g(X,Vyr) +2n(k)g(X,Y) = {g(X, 5s)n(Y) + g(Y, 5)n(X)}
(Lreg)(X,Y) +2n(k)g(X,Y) — {g(X, k)n(Y) + g(Y, x)n(X)}
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for all X,Y € x(M). With the help of (5.1) and (5.2), we get
(63 L(E)X.Y) +(e(X.Y) ~ L{g(X (Y + g¥ R)n(X))

= (6= Ng(X,Y).
This indicate that proof is completed. [J

Theorem 5.2. Let (g,k,)) be a Yamabe soliton on an n-dimensional nearly hy-
perbolic Sasakian manifold M™ (¢, £, 1, g) with respect to semi-symmetric metric con-
nection. If K is a torse-forming vector field, then the soliton (g, K, \) is expanding,

steady and shrinking according as A\ = 6 — 1 — L0(k) + (n—1)n(r)} <> =0, unless
A=06—1— LL0(k) + (n — 1)n(k)} is constant.

Proof. Let (g,k,\) be a Yamabe soliton on M"(¢,£,n,g) with respect to a semi-
symmetric metric connectionV. So from (1.2), we have

1 ~ Y
(5.4) i(gng)(X7 Y)=(0-Ng(X,Y).
From the definition of Lie derivative, equations (1.3) and (3.1), we obtain

(Eng)(X7 Y) = g(ﬁXﬁv Y) + g(Xv %Yﬁ)
= 2¢g(X,Y) +{0(X)g(r,Y) +0(Y)g(r, X)}
(5.5) +2n(k)g(X,Y) — {n(X)g(k,Y) +n(Y)g(x, X)}

for all X,Y € x(M). With the help of (5.4) and (5.5), we get
= 1
(¥ =3+ A)g(X,Y) = S {n(Y)g(k, X) +n(X)g(x,Y)}

—%{9()()9(%7 Y)+0(Y)g(k, X)} —n(k)g(X,Y)
(5.6)

On contracting (5.6), we have

Py 1
(5.7) A=5—— {00s) + (n— ).
This leads to the Theorem 5.2 [J

In this sequel, we write the following corollaries.

Corollary 5.1. Let (g,k,A) be a Yamabe soliton on an n-dimensional nearly hy-
perbolic Sasakian manifold M™(¢,&,1n,9), n > 1, with respect to a semi-symmetric
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metric connection V. Then following relations hold

K condition of eristence condition of shrinking,
steady and expanding
torse- P — ) P — )
forming | —3{0(k) + (n = Dn(r)}=C | —3{0(k) + (n = D)n(x)} <> =0
}

concircular | ¢ —0 — L{(n-Dnk)}=C Y—b— L{(n—Dn(k)} <> =0
Dn( 1)

concurrent | 1 —6— L{(n—1)n(k)}=C 1—6— L{(n—1n(k)} <> =0

recurrent | 6 — L{0(k) + (n — Dn(r)}=C 6 — LL0(k) + (n — Dn(k)} <> =0

parallel 65— H{(n—1nk)}=C 6 — L{n—1)n(k)} <> =0
torqued v—65— %{(nfl n(k)}=C p—56-—1 21 —1)n(k)} <> =0

Theorem 5.3. A Yamabe soliton (g,k,\) on an n-dimensional nearly hyperbolic
Sasakian manifold M™(¢,&,n, g) with respect to quarter symmetric metric connec-
tion V always invariant.

Proof. Let (g, ,A) be a Yamabe soliton on M"™ (¢, £, 7, g) with respect to a quarter

symmetric metric connectionV. So from (1.2), we have
1 ~ S

From the definition of Lie derivative, equations (2.3) and (3.9), we obtain

(5.8)

(Z"Ng)(X7 Y) = g(ﬁXﬁv Y) + g(Xu %ylﬂ?)
=9(VxrY) +9(X,Vyr) +n(r)g(¢X,Y) + n(x)g(X, $Y)
(59) = (’Q’Rg) (Xv Y)a

for all X,Y € x(M). With the help of (5.8) and (5.9), we get

~

1(£59)<X7 Y) = (8 - )‘)g(va)

(5.10) 5

Proof is completed. [

Theorem 5.4. Let (g,%,)\) be a Yamabe soliton on an n-dimensional nearly hy-
perbolic Sasakian manifold M™(¢,&,m, g) with respect to quarter symmetric metric
connection V. If k is a torse-forming vector field, then the soliton (g,k,\) is ex-
panding, steady and shrinking according as X\ = 6 — 1 — LL0(k)} <> =0, unless

A=6—1— LL0(k)} is constant.

Proof. Let (g,k, ) be a Yamabe soliton on M"™(¢, &, n, g) with respect to a quarter
symmetric metric connectionV. So from (1.2), we have

1 ~ -~

(5.11) 5(Erg)(X,Y) = (6 = A)g(X,Y).
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From the definition of Lie derivative, equations (1.3) and (3.9), we obtain

(£.9)(X,Y) = g(Vxr,Y) + g(X,Vyr)
=20g(X,Y) + 0(X)g(k,Y) + 0(Y)g(r, X)
(5.12)

for all X,Y € x(M). With the help of (5.11) and (5.12), we get
(4~ 5+ (X, ¥) =~ {8(X)g(s,¥) + 6V (s, X))
(5.13)

Taking contraction (5.13), we have

(5.14) AN=3 —1)— ~{0(r)).

This leads to the Theorem 5.4. O
In this sequel, we write the following corollaries.

Corollary 5.2. Let (g,k,A) be a Yamabe soliton on an n-dimensional nearly hy-
perbolic Sasakian manifold M™(¢,&,m, g) with respect to quarter symmetric metric
connection V. Then following relations hold

K condition of existence | condition of shrinking,
steady and expanding
torse-forming | 6 — 1 — o)} =cC 6 —1p— L{o(r)} <> =0
concircular 6 — p=C 6 — P <> =0
concurrent f—1=C §—1<>=0
recurrent o — Lok)} =C 5 — L{0(r)} <> =0
parallel b=C 5 <> =0
torqued 5—1/}20 5—w<> =0

6. Yamabe solitons whose potential vector field is torse-forming on
C R-submanifold of nearly hyperbolic Sasakian manifold

In this section, we study Yamabe soliton whose potential vector field is a torse-
forming on C'R-sub-manifolds of nearly hyperbolic Sasakian manifold with respect

to the induced connection V and V. We state the following theorem as:

Theorem 6.1. Let M be a CR-submanifold of nearly hyperbolic Sasakian man-
ifold M™(6,€,1m,9), n > 1, admitting semi-symmetric metric connection V is &-
horizontal (resp. &-vertical) and D is parallel with respect to V. If (g,k,\) be a
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Yamabe soliton on M and k is a torse-forming vector field, then (g, k, \) is expand-
ing, steady and shrinking according as 6 — ) — L{0(k) + (n—1)n(k)} <> =0, unless
6 —1p— LL6(k) 4+ (n — 1)n(k)} is constant.

Proof. If M is &-horizontal for all X, Y € I'(D) and D is parallel with respect to

V, then in view of (4.5), we have

(6.1) VxY = VxY 4 5(Y)X — g(X,Y)E.

With the help of Theorem 5.2 and (3.1), we conclude that the induced connection
V is also semi-symmetric metric connection. This leads to the proof of the Theorem
6.1 O

In this sequel, we write the following corollaries.

Corollary 6.1. Let M be a C R-submanifold nearly hyperbolic Sasakian mani-
fold M"(¢p,&,m,g), n > 1, admitting a semi-symmetric metric connection V s

&-horizontal (resp. E-vertical) and D is parallel with respect to V. If (g,K,\) be
a Yamabe soliton on M and K is a torse-forming vector field, then the following
results hold

K condition of eristence condition of shrinking,
steady and erpanding
torse- P — ) P — )
forming —1{0(k) + (n — V)n(k)} =C —L{0(k) + (n — Dn(r)} <> =0
concircular | ¢ —6 — L{n - Dnk)}=C Y —6— L{(n—1n(k)} <> =0
concurrent | 1 —8— L{(n-Dnk)}=C 1-6— L{(n —Dn(k)} <> =0
recurrent | 6 — L{0(k) + (n — )n(x)}=C 6 — LL0(k) + (n — Dn(k)} <> =0
parallel 6 — L{(n - Dn(k)}=C 6 — L{(n—Dn(k)} <> =0
torqued v—6— %{(n—l)n(lﬁ)}zC —6— H{(n—1n(k)} <> =0

Theorem 6.2. Let M be a CR-submanifold of nearly hyperbolic Sasakian mani-
fold M™(¢,&,m,g9), n > 1, admilting quarter symmetric non- metric connection V

is £-horizontal (resp. &-vertical) and D is parallel with respect to v. If (g,k,\)
be a Yamabe soliton on M and k is a torse-forming vector field, then (g,k,A) is

expanding, steady and shrinking according as X = 6 — ¢ — %{9(/@)} <> =0, unless
A=6—1— L{0(r)} is constant.

Proof. If M is &-horizontal for all X, Y € I'(D) and D is parallel with respect to

V, then in view of (4.11), we have

(6.2) VxY = VxY +9(Y)6X,
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With the help of Theorem 5.5 and (3.9), we conclude that the induced connection

V is also quarter symmetric non-metric connection. This leads to the statement of
the Theorem 6.2. [

In this sequel, we write the following corollaries.

Corollary 6.2. Let M be a C R-submanifold nearly hyperbolic Sasakian manifold
M"™(¢,&,1n,9), n > 1, admitting induced quarter symmetric non-metric connection

v is &-horizontal (resp. &-vertical) and D is parallel with respect to V. If (9, K, A)
be a Yamabe soliton on M and k is a torse-forming vector field, then the following
results hold

K condition of existence condition of shrinking,
steady and expanding
torse-forming | & — 1 — %{0(&)} = constant | § — 1 — %{9(/&)} <>=0
concircular 6 — 1) = constant 6 — P <>=0
concurrent 6 — 1 = constant §—1<>=0
recurrent 6 — L{0(r)} = constant o — L{0(r)} <> =0
parallel § = constant 6 <>=0
torqued 65— 1 = constant 5 — P <> =0

7. Almost Yamabe solitons whose potential vector field is
torse-forming on C R-submanifold of nearly hyperbolic Sasakian
manifold

In this section, we classify almost Yamabe solitons whose potential field is torse-
forming on C'R-submanifold of nearly hyperbolic Sasakian manifold with respect to
a semi-symmetric metric connection and quarter symmetric non-metric connection.
At this stage, we denote ' and k™ as tangential and normal component of such
vector field. For almost Yamabe soliton we have the following.

Theorem 7.1. An almost Yamabe soliton (g,x*,\) on a CR-submanifold M of

nearly hyperbolic Sasakian manifold M"™(¢,&,m,g), n > 1, with a semi-symmetric
metric connection of type V satisfies

(5= A (K )g(X. Y) = 04w X,Y) + L {0(X)g(r,Y) + 001 )a(X. 1)}
(71) oo™ X)n(¥) + gV, K")n(X)}

for any vector fields X,Y on M.
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Proof. In view of (1.3), (3.1), (4.14) and (4.15), we have

VX +0(P)k = Vxk = Vx (' + £") = Vxr! + h(X, &) +n(s")oQX
(7.2) — A X + Vr" + ("X — g(X, k™)E.

On comparing tangential and normal component of (7.2), we obtain

(7.3) Vxr! =X 4+ 0(P)k + A X — (™)X + g(X, k™)E
and
(7.4) h(X, k") = =Vxr" = n(k")$QX.

From the definition of Lie derivative and (7.3), we have

Lag(X,Y) = 20g(X,Y) +29(Aun X, Y) = 2n(x™)g(X,Y) + {0(X)g(k,Y)
(7.5) +0(Y)g(X, w)} +{g(x", X)n(Y) + g(Y, k" )n(X)}.

Using (7.5) in (1.2), we yield

(5= A=+ 0l )g(X, ¥) = (ALK, V) + S{0(X)gl ¥) +0(V)g(X, )}
(7.6 510, XD (V) 4 9(¥, (X)),
This proves our assertion. []

Corollary 7.1. If an almost Yamabe soliton (g, k', \) on a CR-submanifold M
of nearly hyperbolic Sasakian manifold M™(¢,&,m,g), n > 1, with semi-symmetric
metric connection is minimal, then

(7.7) (5 — A=Y +n(k")n = 0(k).
Corollary 7.2. Let (g,x' \) be an almost Yamabe soliton on a CR-submanifold

M of nearly hyperbolic Sasakian manifold M"™(¢,&,1n,9), n > 1, and_§-horizontal
(resp.&-vertical), X, Y € T'(D), D is parallel with induced connection V satisfies

(5= A= (K )g(X. Y) = 04w X,Y) + 2 {0(X)g(r,Y) + 000 )a(X. )}
(18) g lol" XDn(Y) + (VX))
for any vector fields X,Y on M.
Corollary 7.3. If an almost Yamabe soliton (g, k', \) on CR-submanifold M of

nearly hyperbolic Sasakian manifold M"(¢,€,n,9), (n > 1) and &-horizontal (resp.
&-vertical), X, Y € T'(D), D is parallel with induced connection V is minimal, then

(7.9) (6 =X = +n("))n = 0(k)
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Theorem 7.2. An almost Yamabe soliton (g,x', \) on a CR-submanifold M of
nearly hyperbolic Sasakian manifold M™(¢,&,m,g), n > 1, with quarter symmetric
non-metric connection V satisfies

A 1
(0 =A =9 +n(x")9(X,Y) = g(Aen X, V) + S {0(X)g(%,Y) + 0(Y)g(X, k) }
(7.10)
for any vector fields X,Y on M.
Proof. In view of (1.3), (3.9), (4.16) and (4.17), we have
VX +0(P)k = Vxk = Vx (k' +£") = Vxr! + (X, k") — An X + VK"
(7.11) = Vxr' + X, k) — A X + Vir™ + n(k™) o X.

On comparing tangential and normal component of (7.11), we obtain

(7.12) Vxr! =X +0(X)k + Apn X — (™)X,
and
(7.13) h(X,K") = —~Vxr".

From the definition of Lie derivative and (7.12), we have
(T.14) Lg(X,Y) = 2¢g(X,Y) 4+ 29(An X, Y) +{0(X)g(k,Y) + 0(Y)g(X, K)}.

Using (7.14) in (1.2), we yield

(5= A~ )g(X,¥) = g(ALX ¥) + S{O(X)gls, V) +0(Y)g(X, )}
(7.15)

This proves our assertion. []

Corollary 7.4. If an almost Yamabe soliton (g, k', \) on a CR-submanifold M of
nearly hyperbolic Sasakian manifold M™(¢,&,m,g), n > 1, with quarter symmetric
non-metric connection is minimal, then

(7.16) (6 —X—)n = 0(k).

Qorollary 7.5. Let (g,x% N\) be an almost Yamabe soliton on a CR-submanifold
M of nearly hyperbolic Sasakian manifold M"™($,&,1,9), n > 1, and -horizontal

(resp.&-vertical), X, Y € I'(D), D is parallel with induced connection V satisfies
R 1
(0 = A=9+n(r")g(X,Y) = g(ALX,Y) + S{0(X)g(x,Y) +0(Y)g(X, k) }
(7.17)

for any vector fields X,Y on M.
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Corollary 7.6. If an almost Yamabe soliton (g,x', \) on CR-submanifold M of
nearly hyperbolic Sasakian manifold M™(¢,£,n,g), (n > 1) and -horizontal (resp.

&-vertical), XY € I'(D), D is parallel with induced connection V is minimal, then

(7.18) (0 —A—¢Y)n=20(x)

8. Example

Example 8.1. Let us consider on R?>"*! the following hyperbolic Sasakian structure
(¢,€,m,9) given by

1 LI )

n

1 i i i i
g:—17®77—12(dx ®dz' + dy' ® dy")

i=1

9] ) 0 o}
¢o <coshxi% + sznhy,@ + z&)

= ; (sinhyiaixi + COthi%) + ; sinhy, yi%7

where {mi, y, z},i =1,....n are the denoting the Cartesian coordinates.
The equation t(x1, T2, T3, 24) = (z1, T2, 23,0, x5) define a C' R-sub-manifolds in R® with
its hyperbolic Sasakian structure (¢, &, 7, g). For this fact we take the orthogonal basis

FE = coshac‘r,i + sinhxg,i, F> = sinhat:g,i + coshmsi

8$1 812 8ZE1 aai2

FEs = coshxg,aim + sinhxg,aim, Es = sinhxzsaim + coshaxsaim47 FEs = ai% =

and define D = span {E1, E2} and D™ = span{E3}. In this case it is clear that
TM =D ®D* @ (€.

£,

Example 8.2. Let us consider the 5-dimensioanl manifold M = (21, 2, x3, 24, z5) € R®,
where (z1,22,23,%4,25) are the standard coordinated in R®. Let e1,e2,€e3,eq4 and es be
the vector fields on M given by

0 0 0
el = coshxg)a—xl + sinhx5a—x2, ey = sinhxg)a—zl + coshgcg,a—x2
0 0 0 0
e3 = coshx5a—$3 + sz’nhxg)a—u, eq = sz’nhx5a—xg + coshx5a—x4, es = 87:05 =&,
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which are linearly independent at each point of M and hence form a basis tangent
space T, M.
Let g be the Riemannian metric on M define by

(8.1) gles,e;) =—=1,forl <i<4 and g(es, e5)=—1,

(8.2) glei,e;) =0, for 1#j and 1<i<b5 1<j<5.

Let n be the 1-form defined by n(X) = g(X,e5) for all X € (M) and let ¢ be the
(1,1)-tensor field defined by

pler) = —e2, Plea) = —e1, dlez) = —es, dlea) = —e3, d(es) = 0.

Thus e; = &, the structure (¢, &,7,g) define an almost hyperbolic contact metric
structure on M. Then we have

[61762] = [61,63] = [61764] = [62763] = [62,64] = [63,64] =0,

[61,65] = —é€2, [62765] = —€1, [63,65] = €4, [64,65] = —é€s,

The Levi-Civita connection V of the Riemannian metric g is given by,
(8.3) 2(VxY,2)

= Xg(}/a Z) +Yg(Z7X) - Zg(va) _g(X’ [Y7Z]) +g(Y7 [Z7X]) +g(Z7 [X,Y])’

which is known as Koszul’s formula. After using koszul’s formula, we find

Ve,e1 =0, Ve, €2 = —és, Ve, €3 =0, Ve,e4 =0, Ve €5 = —ea,
Veer = —es, Ve,e2 =0, Ve,e3 =0, Ve,e4 =0, Ve, €5 = —eq,
v6361 = 07 V6362 = 07 V6363 = Oa v6364 = —€s, v6365 = €4,
ve461 = O, V64€2 = —é€s5, ve463 = —€s, V54€4 = 0, Ve4€5 = —€s3,
v6561 = 0, Ve562 = 0, v65€3 = 07 V65€4 = 0, V6565 = O7

By using the definition of semi-symmetric metric connection (3.1) and from above
expressions we find

Vee1=—e5, Ve e = —es, Ve,e3 =0, Ve,ea =0, V. es=—ei—es,
Ve,e1 = —€5, Veyeo = —es, Ve,e3 =0, Ve,ea =0, Ve,e5 =—erj—es,
%6361 = 0, %eseg = 0, 66363 = —€s5, v53€4 = —é€s5, v63€5 —= €3 — €4,
6(&461 =0, 6.3462 = —és, 6‘9463 = —€s5, 66464 = —és, 6(5465 = —€3 — €4,

VEsel = 0) ve5e2 = 07 v65e3 = 07 v65€4 = 07 §6565 = 0)
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Therefore, the non-vanishing components of the Riemannian curvatures, the Ricci
curvatures and the Scalar curvature with respect to the semi-symmetric metric
connection as follows:

R(ei,ez)er =0, E(el, ez)es =0, E(el, ez)er = —e3 — ey, R(eq,e3)es = eq + e,

§(€1762)61 = 627?3(61762)62 = —61,§(61,€3)61 = 07§(61,€3)63 =0,

R(e1,eq)er = —e3 —eq, R(eq,eq)es = e1 + €2, R(e1, e5)e; = —es,

R(eq,es5)es = —e1 — ea, R(ea, e3)ea = —e3 — eq, R(ea, e3)e3 = —e1 — ea,

R(eq,eq)e3 = 07§(€3,€4)€4 = 07§(€3,65)€3 = —es,

R(es,es5)es = —e3 — ey, R(ey, e5)eq = —es, R(eq, e5)es = —eg — ey,

From these Riemannian curvatures tensors, we calculate

5(61761) = 5(62,62) = 5(63763) = R(647€4) = 5(65,65) =4

Since {ej, eq, e3,€4,e5} form a basis of a 5-dimensional almost hyperbolic contact
metric structure. Thus any vector field X,Y, Z € x(M?®) can be written as

X = aje; +biex + crez +dies + ties,

Y = aseq + baes + coez + doey + toes,

Z = agey + bzez + czes + dzeq + t3es,
where a;,b;,c;,d;, t; € Ret, i =1,2,3,4,5 such that

{(a1a2+b152:6102+d1d3)+t1 (bz az  C 1)}7&0.
1

If we consider the 1-form 6 by 6(X)=-g(X,e5), for any X € x(M) and considering
Y € C®(M) as

= {(a1a2+blb2+0162+d1d3) e (52 az  Co 1)}

tq

So the relation
(8.4) VxY =¢X + 0(X)Y,
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holds. As per this consequences Y is a torse-forming vector field. Thus from (9.3),
we get

(85) (SYQ)(XaZ):g(vXYvZ)+g(X7VZY)

=2¢g(X, Z) + 0(X)g(Y,Z) + 0(Z)g(Y, X).

Also, we calculate

g(X, Z) = aj1as + blbg + C1C3 + d1d3 — tltg
(86) g(Yv, Z) = Q203 + b2b3 + CoC3 + d2d3 — tgtg
g(Y, X) = aras + b1ba + c1c0 + dida — tito
Also
0(X) =t
(8.7) oY) =ty
0(2) =t

With the help of above equation (9.2) can be reduced

t1 b1 ai c1
(8.8) ><1{a1a3 + b1bs + c1c3 + dids — tqits
—5 ti(agas + babz + cacs + dads — tots)
+ts(aras + b1bs + crc3 + dids — tits)}

%(QYQ)(X, Z) — {(a1a2+b1b2+c1cz+d1d3) +t (biz _ a2 C2 ]_)}

Also,
(8.9) (6 —Ng(X,Z) = (=16 — N{aras + bibs + c1cs + dyds — t1t3}

We consider that ajag+b1bs+cics+dids—tits # 0 and 5tq(azaz+babs+cacs+dads—
tgtg) + 5t3(a1a3 +b1bs+ecies+dids — t1t3> + 2t2(a1a3 +b1bs+ecies+dids — t1t3>:0.

we get (g,Y, ) is a Yamabe soliton, i.e., Ly g(X, Z)=(6 — N)g(X, Z) holds, unless

o (a1a2+b1batcica+dids) b 1
)\77167 142 12t112 143 +t1(ﬁ7%7%71 75152

—F - oY)

= constant

So the existence of Yamabe soliton (g, Y, A) on a 5-dimensional hyperbolic Sasakian
manifold with semi symmetric metric connection V with potential vector field Y as
torse-forming thus the Theorem 5.2 is verified.

Example 8.3. In Example 8.2, we consider the hyperbolic Sasakian manifold M (¢, n,¢&, g)
with quarter symmetric non-metric connection. Using the equation (3.9), we obtain:

velel = O’ v‘5162 = —é6s, VEI €3 = 07 VE164 = Oa v61 €5 = —€2,

Veer = —es, Vey,e2 =0, Ve,e3 =0, Vey,e4 =0, Ve,e5 = —eu,

Ve3€1 = 0, Ve3€2 = 07 V63€3 = O, V6364 = —€s5, Ve3€5 = —€4,
Ve461 = O, Ve4€2 = —é€s5, Ve4€3 = —é€s5, Ve4€4 = 0, ve4€5 = —€3,

Vesel = O, ve562 = 07 Veseg = O, V65€4 = O, V55€5 = 0,
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Therefore, the non-vanishing components of the Riemannian curvatures, the Ricci curva-
tures and the Scalar curvature with respect to the quarter-symmetric non-metric connec-
tion are as follows:

R(el, 62)61 = €2, R(el, 62)62 = —é€1, }3(617 63)61 = 0, R(el, 63)63 = 0,

~ ~ ~

R(er,ed)er =0, Rlei,es)es =0, R(er,es)er = —es, R(er,es)es = —ex,

~ ~ ~ ~

R(ez,es)e2 =0, R(ez,es)es =0, R(ez,eq)es =0, R(es,eq)es =0,

~ ~ -~

R(€27€5)€2 = —é€s, §(62,€5)65 = —e2, R(63,€4)63 = é4, R(63764)e4 = —e3s,

~ ~ ~ ~

R(es,es)es = —es, R(es,es)es = —e3, R(es,es)es = —e5, R(ea,e5)es = —eu,

From these Riemannian curvatures tensors components with quarter semi-symmetric non-
metric connection we calculate:

~ -~ ~

S(er,er) = S(es,es) =  Ses,es) = Rlea,e4) =0,5(es,e5) = —4

Therefore, the constructed metric of the hyperbolic Sasakian manifold with quarter-
symmetric non-metric connection is Yamabe solion. It is shown that the scalar curvature
with respect to the quarter-symmetric non-metric connection 7 = —4 and A = —4 < 0 i.e
is admitting shrinking Yamabe soliton.
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