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Abstract. In this paper, we study existence, uniqueness and Ulam-Hyers stability of
solutions for integro-differential equations involving two fractional orders. By using
Banach’s fixed point theorem, we obtain some sufficient conditions for the existence
and uniqueness of solution for the mentioned problem. Furthermore, we derive the
Ulam-Hyers stability and the generalized Ulam-Hyers stability of solution. At the end,
an illustrative example is discussed.
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1. Introduction and Preliminaries

Fractional type differential equations have recently been studied by several sci-
entific researchers due to the fact that they are valuable tools in the modelling
of various problems in sciences and engineering such physics, biology, chemistry,
economics, signal theory, etc. For more details, see [13, 14, 16, 17, 19, 20] and ref-
erence therein. Many studies on differential equations of fractional order, involving
different fractional operators such as Riemann-Liouville fractional derivative [6, 9],
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Caputo fractional derivative [8, 24], Hadamard fractional derivative [1, 25],Caputo-
Hadamard fractional derivative [15, 22] and Atangana-Baleanu-Caputo fractional
derivative [18] have appeared during the past several years. Moreover, by using
many classical fixed-point theorems, several authors presented the existence and
stability results for various classes of fractional differential equations, see for ex-
ample [4, 7, 8, 11, 12, 23]. Recently, considerable attention has been given to
the study of the Ulam-Hyers and Ulam-Hyers-Rassias stability of fractional dif-
ferential equations. Since then, a large number of papers have been published in
connection with various generalizations of Ulam’s type stability theory or the Ulam-
Hyers stability theory. For the advanced contribution on Ulam’s type stability, we
refer to [2, 3, 5, 10, 21]and reference therein. In this work, we discuss the ex-
istence, uniqueness and the Ulam stability, generalized Ulam-Hyers stability and
Ulam-Hyers-Rassias stability for nonlinear fractional differential equation with two
Caputo-Hadamard-type fractional derivatives of the form

GDBGDY + Nu(t) = p(t,u(t)) +7 199 (t,u(t)),t € J = [1,¢]
(1.1)
a"IPu(n) = 71, b7 1u(€) = 72,1 < n,€ <e,

where 0 < o, 8 < 1,0,p,q > 0, I({}Dﬁ and %D‘X are the Caputo-Hadamard fractional
derivatives, #1°,p € {0, p, q} are the Hadamard fractional integrals, with a,b, A, y1
and -y, are real constants and f,g: J x R — R are given continuous functions. The
operator 717 is the Hadamard fractional integral given by:

~1
Hreg (t) = sz)/t <logi)p ¢is)ds,p> 0,

where T (p) = fooo e~%xP~1dz. The operator D’ is the Caputo-Hadamard frac-
tional derivative defined by:

t n—p—1
FD () = 5 — (nl_ ) / <log z> 5”@&9,

4
dt’

where n —1 < p <mn,n=1[p]+1,5 =1t
log (.) = log, ().
We recall the following lemma [12, 15].

[p] denotes the integer part of p and

Lemma 1.1. Let z € C} ([a,b],R). Then

n—1
HIP (CHDPu) (t) = u(t) - Ci(IOg t)ivci S R»

i

where C§ ([a,b] ,R) = {¢ : [a,b] > R:6""'¢ € C([a,b],R)}.

I
=

Also, we denote by W = C (J,R) the Banach space of all continuous functions
from J to R endowed with the norm defined by ||u|| = sup {|u (¢)| : t € J}.



Existence and Ulam-Hyers Stability 91

Now, to study the Hyers—Ulam stability of the problem (1.1), we give the fol-
lowing definitions [3].

Definition 1.1. The fractional boundary value problem (1.1) is Ulam-Hyers stable
if there exists a real number p, > 0 such that for each ¥ > 0 and for each solution
v € W of the inequality

(1.2) GDP (GD* + N v (t) — @ (t,v (t) =T 1% (t,v (t)] <V, t € J,
there exists a solution u € W of fractional boundary value problem (1.1) with
v (t) = u(t)] < g0t € .

Definition 1.2. The fractional boundary value problem (1.1) is generalized Ulam-
Hyers stable if there exists hy ., € C(Ry,R4), by (0) = 0, such that for each
solution v € W of the inequality (1.2) there exists a solution u € W of the fractional
boundary value problem (1.1) with

[0 (t) —u(t)] < hgyp (9),t € J

Definition 1.3. The fractional boundary value problem (1.1) is Ulam-Hyers-Rass-
ias stable with respect to g € W if there exists a real number f, 4 > 0 such that
for each 1 > 0 and for each solution v € X of the inequality

(1.3) gD (ED* +A) v (t) — o (t,v (1) =7 v (to ()] < Ig(t) L € J,
there exists a solution u € W of problem (1.1) with
[0.(6) = u(B)] < rpug (1) £ € J

Definition 1.4. The fractional boundary value problem (1.1) is generalized Ulam-
Hyers-Rassias stable with respect to g € W if there exists a real number fi, 4 4 > 0
such that for each solution v € W of the inequality

(14) (5D (5D + X ult) o (b () " U (Lo ()| <g(0)t € J
there exists a solution u € W of problem (1.1) with
[0 () =u ()] < ppp,e9 (1)t € J.

Remark 1.1. A function v € W is a solution of the inequality (1.2) if and only if there
exists a function F : [1,e] — R such that

(i) [F@)|<o,ted
(if) GD* (D" +N) v (t) = ¢ (t,v (1) + FI% (t,v () + F (), t € J.
Remark 1.2. Clearly,

(1) Definition 1.1 = Definition 1.2
(2) Definition 1.3 = Definition 1.4
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2. Existence and uniqueness of solution

Lemma 2.1. Assume that II # 0. For a given ¢ € C([1,€],R), the solution of the
linear Caputo-Hadamard fractional differential equation

(2.1) FD%(HDY + Nu(t) = f(),t € J,0<a,B <1,
subject to the Hadamard fractional integral conditions
(22) aHIpu(n) =1, bHIqu(g) =2, 1< 7775 <e,

is given by

t (1Og E)Oé+ﬁ*1 + (log E)afl
logt" 8 Ao 1) (o)
T(a+ )1 n ., Tp+ta+th)
n (] n pta—1 o B
N Aa/ (08 )™ 7 45 — (ogt)" Aa — AT (a+ 1)
1 Dlp+a) T(a+1)II
gt+a+p8—-1 g+a—1
¢ <log %) 3 <log %)
—b | A f(s)ds+ N0 | AL u(s)ds |,
T /1 I'(g+a+p) fls)ds+ /1 T (q+a) u(s)ds
where
A = s (logn)"™, As = gy (logn)”
A1 = g (g )™, Ay = s (log§)?
and

IIT=A1A2 — Ay

Proof. In view of Lemma 1.1, the solution of the Hadamard (2.1), can be expressed
as an equivalent integral equation

(2.3) u(t) =H 198 (1) — NH % () + ﬁ (logt)* + c1,

where ¢y and ¢; are arbitrary constants. To find the value ¢y and ¢;, we apply again
the Hadamard fractional integral on both sides of (2.3), we get
(logt)”™  (logt)”

Hppqy(¢) =H prtatB py — \H pptoag, (¢ .
u(t) f(t) u()+COF(p+a) Clr(p+1)

By using the boundary conditions (2.2), we have

coMi+cahy = 71— aHIeraJrﬁh(ﬁ) +aXf Ptog (n),
oAt 1Dy = yp — bITITOTBp() 4 pAT 19T ().
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Thus
co = %[%—aHIp*“*%(n)+a>\H1p+“9«"(n)]
L D e s ),

and

¢ = [y2 = DI IO+ P () + DAT T (€)]

A
i
A
— g b =P a1t ()]

Substituting the value of ¢g and ¢y in (2.3), we obtain the solution . [

In view of Lemma 2.1, we define an operator P: W — W as

t (log £)* 7! s
Pu = [0 oa )
t)a+5+9*1

‘ (log t ds " (logt)™  ds
/1r<a+g+a>¢<w<8>>s A/l Eu(o)

A (logt)® — AT (ar+ 1) ( a/n (log Z)P+O‘+5*1 ds
|-
1

+

Ca T (s ()

Fp+a+ps s
pta+pB+6-1 p+a—1
_ a/ln (log %) U (s,2(8)) ds + da /j (l(;g(;{) u(s) d8>

F'p+a+p5+6) s +a) s
¢ (1 §)q+a+ﬁ*1
As (logt)® — AT (a+ 1) 085 ds
- e w—b/l e R

>q+o¢+ﬁ+0—1 E>q+o¢—l

¢ 10%% ds 5(10g§
- b/l (F(q+a+5+0)w(s’w(s))s“b/1 ata "%

For computational convenience, we set

1 1

0, =
1 Fa+p+1)  Tlatpto+l)
L [Be[ AT (et ) la| (log )* "7 |af (log m)P 7+
Tla+ D  \Tpta+tp+l) Tptathro+l)

Aol + AT (@ +1) ([b] Qog &)™ b (log&)*ot7+
I'(a+1) |1 F(g+a+pB+1) T@+a+B8+60+1))"
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o, — Al A + AT (@ + 1) [ [A[]al (log )"
> 7 T(a+1) T (a+ 1) T(p+a+l) )’

T (o + 1) ] T(g+a+l)

|[Ag| 4+ |AL|T (e + 1) [Aa] + |AL|T (¢ + 1)
I'(a+1)|1] I'(a+1) |1

(JAs] + |A1|T (@ + 1)) (w 1B aogs)q*a)

O3 71| + 172l .

The following notations and assumptions are considered throughout the rest of this
paper. (Aj) : there exists M; > 0 such that

lo (t,z) — @ (t,y)| < My |z —y| for t € J and (x,y) € R%
(Az) : there exists Ma > 0 such that

[ (t,z) — 2 (t,y)| < My|z —y| for t € J and (z,y) € R2.
(A3) : Assume that

=M My -
Fa+p+1) T(a+B+60+1) T(a+1)

<1

Theorem 2.1. Assume that (A1) and (As) hold. If there exists a constant M > 0
such that
(24) O1M <1—-09,

where M = max {M;,i = 1,2}, then the fractional boundary value problem (1.1)

has a unique solution.

Proof. Let L = max{L;,i = 1,2}, where L; are finite numbers given by

Ly = sup |f(¢,0)] and Ly = sup |g(¢,0)|.
te(l,e] te(l,e]

Selecting
LO, + O3

r>o—,
“1-MO; — 06,
we show that PB, C B, , B, = {z € X : ||z|| <r}. Using (4;) and (43), we can

write

[f (s, ()] < 1f(s,2(s)) = £ (s,0)[ +[f (5,0)] < My|ul + Ly < Myr + Ly,
lg(s,z(s))l < lg(s,2(s)) —g(s,0)[ +1g(s,0)] < My [Jul| + Ly < Mar + Lo,

for x € B,., we can show that

[Pzl < {M Kp(a+15+1) +F(a+ﬁl+0+1)>
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+ | Ao + [A|T (@ +1) ( |a] (logn)? ™7 la| (log m)PHotA+e
L el AT ) (] log )™ bl (log &)t
Fla+1)im F(@+a+pB+1) "Tlgta+f+0+1)
" 1Al (|1As] + | AL T (a+ 1)) [ |A]|a] Qogn)Pte
I'(a+1) [ (o + 1) ] I'p+a+1)
L (el T @+ 1) (Al og &)™\ |
I'(a+1) M| F(g+a+1)
+ L 1
Flatp+1) Tla+hto+l)
i |Ag| 4+ |AL| T (a+1) [ |a] (logn)Pt*+P la| (log )P To+5+0
I'(a+ 1) |1 F'lpta+p+1) T(pra+pB+0+1)
L e[+ AT 1) (b 0g ) bl (logg) T
[ (o + 1) [T0] F(g+ta+pB+1) T(g+a+pB+0+1)
[Ao| + AT (a +1) [Ag| + [A4|T (@ + 1)
|IYI‘ ‘72')
F(a—!—l) |H| F(OJ—FI) |H|
< (MO;+609)r+ LOs + 03 <.

which implies that PB,. C B,. Now, for z, y € B,, we obtain

| Pz — Pyl
£>a+6_1

‘ t (1og < ds
< tzl[lli] {/1 W |f (5,2 (s)) — f (5,9 (5))]

_|_

/(%;+5+mmwm@»—waM@n

\M/ bg o () —y(s)| &
As ( 1ogt) A F(a+1)

I'a+1)II

Mgy s
(% o [ R s 9) = F sy ()]

_|_

ﬂ>p+a+ﬂ+9—1
S

(log
_a/l F(p+a+ﬁ+9) 19 (5,2 (s)) =g (s,y ()] —

log 2 )p+a ! ds
+Aa / 7;0—1—@) x(s)8>

95
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As (logt)® — AT (a + 1)

F(a+1)TI
qt+a+pB—1
£ 1og§ i
7“’/1 <F(q—>ka+ﬁ)|f(3’m(5))—f(3ay(5))|s
g+a+p8+60—1
3 (logg)
_b/l F'(g+a+8+06) lg (s,2(s)) —g(s,y(s))ds
qta—1
3 (logg)
o [ S ) — (o) ds
< w{[rerr e
- Pla+B+1) T(a+p+0+1)
L 18e AT @+ 1) ( a] (logm)t T a] (log )"t
I'(a+1)|1] Fp+a+pB+1) Tp+a+f+0+1)
i |Ag| + |A1| T (a+1) [ |b] (log&)?TotF 1b] (log €)7o A+
['(a+1)|1] FTg+a+B8+1) T(g+a+8+0+1)
+ Al +(|A2\—&—|A1\F(o¢-|-1)) A ]a] (log 7)™
Tla+1) I (a+ 1) T(p+atl)
(1As] + M| T (a+ 1) (1A b Qo )**
" T (o + 1) 0] ( Tlgtatl) )}Ixyl

(MO1 + ) [l —yl|.

Using (2.4), we can see that P is a contraction. Consequently, by the contraction
mapping principle, problem (1.1) has a uniqueness solution. [

3. Ulam-Hyers stability

Theorem 3.1. Assume that the assumptions (A1), (A2) and (As) hold, then prob-
lem (1.1) is Ulam-Hyers stable and consequently, generalized Ulam-Hyers stable.

Proof. Let v € W be a solution of the inequality (1.2), i.e.
GDP (GD* + A) v (t) — ¢ (t,v (1) = I (v ()| < 0.t € J,

and let us denote by v € W the unique solution of the fractional boundary value
problem

GDP(GD* + N u(t) = ¢ (t,u(t)) + I (tu(t), t€ J0< a,f <1

HIPu(n) = "IPv (n) M T () = "I (), 1 <n,€<e
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By using Lemma 1.1 we have

u(t) =H 1B f, () — N T (t) + ﬁ (logt)® + ¢1

and by integration of the inequality (1.2), we obtain

97

v (t) =T TP £ (1) + N T (t) — % (logt)* —c3| < ﬁ (logt)* .
On the other hand, if 7 1Py (n) = Z1Pv (n) 2 1% (&) = H 1% (€), then
co = ¢ and ¢ = c3.
For any ¢t € J, we have
v(t)—u(t) = v(t) =T I p ) + AT T (1) — F(Tj—l) (log t)* — c3
+ HIOH_B (fv(t) - fu(t)) - )‘HI(X (U (t) —u (t)) )
where
fo®) = to®) + 1% (L0 (1),
and
fult) = @ (tu () + T (t,u(t)),
then
HIotB (fu(t) = ful(®))
= I [p(s,0(5)) — ¢(s, uls))]
+ Ty (s,0(s)) — (s, u(s))]
1 L P ds
= T [ Ger )T el v(e) el )
1 K t.o 1 ds
+ Faraa [ e T s () — v () L
Using (A1) and (As) we get
« M ¢ t a+B—1 ds
I 0= a0 < s Gor D e — (o) T
+ rre L Gor D o) — (s
This yields that
o () —u()] < o) =TI £ (1) + AT (t) — m (log)” — ¢
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My K b ats_1 ds
+ T [ s ) ) — o)l T
My ¢ t. . 1 ds
+ F(oz—&-ﬁ—k@)/l(bgs) e |U(5)*U(S)|?
|>\| ¢ t a—1 ds
+ g [ s D) ) —ul) 5
Then
¥ M L O ds
PO—u®l < o [ e ) ) S
M, K t., 1 ds
e el M e EORTO] e
ﬁ toéo‘*lvs—usﬁ
+ g [ om0 o) —u(e)) S
Thus -
() = (O] € gy + M)~ u(s)].
Then - 9
lo(s) = (o) (1= 7) < oy

Then, for each ¢ € [1, €]

)

u) e ls (17M)F(oz+1)

= Hpp V-

So, the fractional boundary value problem (1.1) is Ulam—Hyers stable. By putting
g (¥) = pd, g (0) = 0 yields that the fractional boundary value problem (1.1) gener-
alized Ulam-Hyers stable. [J

Theorem 3.2. Assume that the assumptions (A1), (Az2) and (As) hold. In addi-
tion, the following assumption holds

(A4) : There exists an function g € C([1,e],R4) and there exists vy > 0 such
that for any t € J

(3.1) g [ e a9 < vt

Then the fractional boundary value problem (1.1) is Ulam-Hyers-Rassias stable.
Proof. Let v € W be a solution of the inequality (1.3), i.e.

GD (GD* +A) v (t) — @tz (t) = I°¢ (t,v ()] < Vg (t),t € J,
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and let us denote by u € W the unique solution of the fractional boundary value
problem

GDP(GD> + N u(t) = (t,u(t) + 1% (t,u(t)) ,t € J0<aB<1
Arru(n) = 2170 (n) 7 190 (&) = HI(€),1<n,E<e

By applying Lemma 1.1, we have

Co

u(t) :H Ia+'8fu(t) — )\HIa’LL (t) + m

(logt)™ + c1,

and by integration of the inequality (1.3), we obtain

v (t) =H 1B, (1) + N T (1) — ﬁ (logt)® — 3
Now, using (A1) and (As), we can write
PO =u@ = o) =TI+ AT ) — s (ogt)” e
b [ o Dy ) -
b g Dy g (o) 2

ﬁ tofo‘*lvsfusﬁ
+ oty ) 1or D e — (o) T

Then by (Ay4)

Yugg(t) M, t [ ds
pO-uO < G0+ mm [ os D o) —u(s)] T
M, i t o 1 ds
e e d M e EORTO e
T A A COROI LS
Thus Ioyg(1)
’Ugg —~
() = (0)] < 2B+ T fo(s) = ut)]
Then
Yugg(t)

Jo(s) = u(s)] (1= 37) < 205
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Then, for each ¢ € [1, €]

Yy

1—1\7)r(a+5)

v (t) —u(t)] < ( 9(t)-

So, the fractional boundary value problem (1.1) is Ulam-Hyers-Rassias stable. [

4. Application

Consider the following nonlinear fractional differential equation with Hadamard-
Caputo type fractional derivatives

3 7 1 z(t)et " t—3

¢p3 (gDu + 3%)x(t) - 2111((’52)+21 LH g} ( (t25+397> teLel,

(4.1)
3Tz (3) = 2(In3)5 , —5I% 2 (8) = =2 (In5)
Here o = lvﬁ_ 3 )\_ 31279_ %vp_ équl %va:?’vb: _5777: %7
— z(t)el7t—3
£=28 5 f(tz) = 72111((2)”1 and g (t,x) = 7(t)t+39 ,te€[le]l,z eR.
For each 2,y € R and ¢ € [1,¢], we have
1f(tz) = f(ty)] < ﬁ [z —y| and |g (t,2) — g (t,y)| <

then the conditions (A1), (Aa) are satisfied with

1 1 1
M—max{m,m} = ﬁ

We can find that

a a
Ay = —— (logn)P™™ ~ 0.55682, Ay = —— (Inn)” ~ 1.883036,
! I‘(p+a+1)(0gn) ? F(P+1)(nn)
b
Al = ———— ()" = —0.987821, Ay = —— (In¢&)? ~ —2.411796,
! F(q+a+1)(n§) 2 F(q+1)(n§)
I = AjAy—AyA; =0.517168,
1 1
0, = +
! T(a+B+1) T(a+B+0+1)
L e[+ T(a+1) (ol (logn)” 7 a] (logy)” T
I'(a+ 1) I F'p+a+p+1) Th+a+8+60+1)
L e[+ M (e+1) |b] (log )7 [b] (log §)T 7+
T (a+1) || T(g+a+B+1) T(+a+B8+0+1)

Q

8.712578,
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O

AL, (el +1A)T (a4 1)) <|A||a<logn>”+a>
I'la+1) I'(a+1) I F'p+a+1)

(JAs| + |A4|T (@ + 1)) (w 1B] (log €)**°

=~ 0.318327.
T (a+1) 1] T(g+a+1) )

Therefor, we have
O1M =~ 0.41488 <1 — O3 = 0.68167.

Moreover condition As
~ M1 M2

A
M = + + =9.2865 x 1072 < 1,
Fa+p+1) T(a+pB+0+1) TI'(a+1)

is satisfied Hence, by the Theorem 2.1, problem (P) has a unique solution on [1, €],
and by Theorem 3.1 problem (P) is Ulam-Hyers stable.

Also, the hypothesis (A4) is satisfied with g(t) = p, ¢ > 0 and v, = m
Indeed, for each t € [1, €], we get
Hya+B8, 1y _H 7a+8(,\ _ H a+p K _
I t)y="1 =——(logt < = t).

Consequently, Theorem 3.2 implies that (P) is Ulam-Hyers-Rassias stable.
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