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Abstract. In the present paper, a new type of ruled surfaces called osculating-type
(OT)-ruled surface is introduced and studied. First, a new orthonormal frame is defined
for OT-ruled surfaces. The Gaussian and the mean curvatures of these surfaces are
obtained and the conditions for an OT-surface to be flat or minimal are given. Moreover,
the Weingarten map of an OT-ruled surface is obtained and the normal curvature, the
geodesic curvature and the geodesic torsion of any curve lying on surface are obtained.
Finally, some examples related to helices and slant helices are introduced.
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1. Introduction

In the study of fundamental theory of curves and surfaces, the special ones of
these geometric topics have been of significant value because of satisfying some
particular conditions. In the curve theory, the most famous one of such special
curves is general helix for which the tangent vector of the curve always makes a
constant angle with a constant direction. The necessary and sufficient condition for
a curve to be a general helix is that the ratio of the second curvature τ to the first
curvature κ is constant i.e., τ/κ is constant along the curve [1]. If the principal
normal vector of a curve makes a constant angle with a constant direction, then
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© 2021 by University of Nǐs, Serbia | Creative Commons License: CC BY-NC-ND



940 O. Kaya, T. Kahraman and M. Önder

that curve is called slant helix and the necessary and sufficient condition for a curve

to be a slant helix is that the function σ(s) =
(

κ2

(κ2+τ2)3/2

(
τ
κ

)′)
(s) is constant [5].

In the surface theory, the surfaces constructed by the simplest way are important.
The well-known example of such surfaces is ruled surface which is generated by a
continuous movement of a line along a curve. These surfaces have a wide use in
technology and architecture [3]. Furthermore, some special types of these surfaces
have particular relationships with helices and slant helices [5, 6, 7, 8]. In [11],
Önder considered the notion of ”slant helix” for ruled surfaces and defined slant
ruled surfaces by the property that the components of the frame along the striction
curve of ruled surface make constant angles with fixed lines. He has proved that
helices or slant helices are the striction curves of developable slant ruled surfaces.
Also, he has defined a new kind of ruled surfaces called general rectifying ruled
surface for which the generating line of the surface always lies on the rectifying
plane of base curve and he has given many properties of such surfaces [12].

This study introduces a new type of ruled surfaces called osculating-type (OT)-
ruled surfaces. First, a new orthonormal frame and new curvatures for OT-ruled
surfaces are obtained and many properties of the surface are given by considering
the new frame and its curvatures. Later, the Gaussian curvature K and the mean
curvature H of OT-ruled surfaces are given. The set of singular points of such
surfaces are introduced and some differential equations characterizing special curves
lying on the surface are obtained. Finally, some examples related to helix and slant
helix are given.

2. Preliminaries

A ruled surface in R3 is constructed by a continuous movement of a straight line
along a space curve α. For an open interval I ⊂ R, the parametric equation of a
ruled surface is given by ϕ(α,q)(s, u) : I×R→ R3, ~ϕ(α,q)(s, u) = ~α(s) +u~q(s) where
q : I → R3, ‖~q‖ = 1 is called director curve and α : I → R3 is called the base curve
of the surface ϕ(α,q). The straight lines of the surface defined by u→ ~α(s) + u~q(s)
are called rulings [6]. The ruled surface ϕ(α,q) is called cylindrical if ~q ′ = 0 and

non-cylindrical otherwise where ~q ′ = d~q
ds [9]. A curve c lying on ϕ(α,q) with property

that 〈~c ′, ~q ′〉 = 0 is called striction line of ϕ(α,q). The parametric representation of
striction line is given by

(2.1) ~c(s) = ~α(s)− 〈~c
′(s), ~q ′(s)〉

〈~q ′(s), ~q ′(s)〉
~q(s)

The striction line is geometrically important because it is the locus of special points
called central points for which considering a common perpendicular between two
constructive rulings, the foot of common perpendicular on the main ruling is a
central point [9].

The unit surface normal or Gauss map U of the ruled surface ϕ(α,q) is defined
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by

~U(s, u) =

∂~ϕ(α,q)

∂s × ∂~ϕ(α,q)

∂u∥∥∥∂~ϕ(α,q)

∂s × ∂~ϕ(α,q)

∂u

∥∥∥ .
If

∂~ϕ(α,q)

∂s × ∂~ϕ(α,q)

∂u = 0 for some points (s0, u0) ∈ I ×R then, such points are called
singular points of ruled surface ϕ(α,q). Otherwise, they are called regular points.
The surface ϕ(α,q) is called developable if the unit surface normal U along any ruling
does not change its direction. Otherwise, ϕ(α,q) is called non-developable or skew.
A ruled surface ϕ(α,q) is developable if and only if det(~α′, ~q, ~q ′) = 0 holds [9].

The unit vectors ~h = ~q ′/ ‖~q ′‖ and ~a = ~q × ~h are called central normal and

central tangent of ϕ(α,q), respectively. Then, the orthonormal frame
{
~q,~h,~a

}
is

called the Frenet frame of ruled surface ϕ(α,q).

Definition 2.1. [11] A ruled surface ϕ(α,q) is called q-slant or a-slant (resp. h-

slant) ruled surface if its ruling ~q (resp. central normal ~h) always makes a constant
angle with a fixed direction.

The first fundamental form I and second fundamental form II of ϕ(α,q) are
defined by

I = Eds2 + 2Fdsdu+Gdu2, II = Lds2 + 2Mdsdu+Ndu2,

respectively, where

E =

〈
∂~ϕ(α,q)

∂s
,
∂~ϕ(α,q)

∂s

〉
, F =

〈
∂~ϕ(α,q)

∂s
,
∂~ϕ(α,q)

∂u

〉
,

G =

〈
∂~ϕ(α,q)

∂u
,
∂~ϕ(α,q)

∂u

〉
,

(2.2)

(2.3) L =

〈
∂2~ϕ(α,q)

∂s2
, ~U

〉
, M =

〈
∂2~ϕ(α,q)

∂s∂u
, ~U

〉
, N =

〈
∂2~ϕ(α,q)

∂u2
, ~U

〉
.

The Gaussian curvature K and the mean curvature H are defined by

(2.4) K =
LN −M2

EG− F 2
,

(2.5) H =
EN − 2FM +GL

2(EG− F 2)
.

respectively. An arbitrary surface is called minimal if H = 0 at all points of the
surface. Furthermore, a ruled surface is developable (or flat) if and only if K = 0
[2].

Theorem 2.1. (Catalan Theorem) [4] Among all ruled surfaces except planes only
the helicoid and fragments of it are minimal.
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3. Osculating-type Ruled Surfaces

In this section, we define the osculating-type ruled surface of a curve α such that
the ruling of the surface always lies in the osculating plane of α and also α is the
base curve of the surface. Such a surface is defined as follows:

Definition 3.1. Let α : I ⊂ R→ R3 be a smooth curve in the Euclidean 3-space
E3 with arc-length parameter s, curvature κ(s), torsion τ(s) and Frenet frame{
~T (s), ~N(s), ~B(s)

}
. Then, the ruled surface ϕ(α,qo) : I × R → R3 given by the

parametric form

(3.1) ~ϕ(α,qo)(s, u) = ~α(s) + u~qo(s), ~qo(s) = cos θ ~T (s) + sin θ ~N(s)

is called the osculating-type (OT)-ruled surface of α where θ = θ(s) is C∞-scalar

angle function of arc-length parameter s between unit vectors ~qo and ~T . Here, we
use the index “o” to emphasize that the ruling always lies on the osculating plane

sp
{
~T , ~N

}
of base curve α.

As we see from equation (3.1), when θ(s) = kπ, (k ∈ Z), for all s ∈ I, the

ruling becomes ~qo = ±~T and the OT-ruled surface ϕ(α,qo) becomes the developable
tangent surface ϕ(α,T ) of α. Similarly, when θ(s) = π/2 + kπ, (k ∈ Z) for all s ∈ I,

the ruling becomes ~qo = ± ~N and the OT-ruled surface ϕ(α,qo) becomes the principal
normal surface ϕ(α,N) of α.

Remark 3.1. If α is a straight line, then ϕ(α,T ) is not a surface, only a line. So, for the
case ϕ(α,qo) = ϕ(α,T ), we always assume that α is not a straight line, i.e., κ 6= 0.

Considering (3.1) and the fact that the binormal vector ~B of α is perpendicular

to sp
{
~T , ~N

}
, we get

〈
~qo, ~B

〉
= 0. Therefore, we can define a unit vector ~r(s) as

follows,

(3.2) ~r = ~qo × ~B = sin θ ~T − cos θ ~N.

Then, the frame
{
~qo, ~B,~r

}
is an orthonormal moving frame along α on the OT-ruled

surface ϕ(α,qo). From equations (3.1) and (3.2), the relations between that frame

and Frenet frame of α are given by ~T = cos θ ~qo + sin θ ~r and ~N = sin θ ~qo − cos θ ~r.

After some computations, for the derivative formulae of new frame
{
~qo, ~B,~r

}
, we

get ~q ′o~B′
~r ′

 =

 0 µ −η
−µ 0 ξ
η −ξ 0

~qo~B
~r


where η(s) = θ′ + κ, µ(s) = τ sin θ, ξ(s) = τ cos θ are called the curvatures of

OT-ruled surface ϕ(α,qo) according to the frame
{
~qo, ~B,~r

}
. Then, the relationships
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between the curvatures κ, τ of base curve α and the curvatures η, µ, ξ of OT-ruled
surface of OT-ruled surface ϕ(α,qo) are obtained as κ = η−θ′, τ = ±

√
µ2 + ξ2. Now,

using these relationships and considering the characterizations for general helix and
slant helix, the following theorem is obtained:

Theorem 3.1. For the OT-ruled surface ϕ(α,qo), we have that

(i) α is a plane curve if and only if both µ and ξ vanish.

(ii) α is a general helix if and only if the function ρ(s) = ±
√
µ2+ξ2

η−θ′ is constant.

(iii) α is a slant helix if and only if the function

σ(s) = ± (µµ′ + ξξ′)(η − θ′)− (µ2 + ξ2)(η′ − θ′′)[
(η − θ′)2 + µ2 + ξ2

]
(µ2 + ξ2)

1/2

is constant.

Let now consider the special case that the base curve α is a plane curve, i.e.,

τ = 0. Then, α lies on the osculating plane sp
{
~T , ~N

}
and has constant binormal

vector ~B. Since, the unit surface normal ~U of OT-ruled surface ϕ(α,qo) is always

perpendicular to both ~qo and ~T , we have that ~U = ± ~B. Then, the OT-ruled surface
has a constant unit normal, that is, it is a plane. Conversely, if the OT-ruled surface

ϕ(α,qo) is a plane with constant unit normal ~U , since ~U⊥sp
{
~qo, ~T

}
, from (3.1) we

get ~U⊥sp
{
~T , ~N

}
which gives ~U = ± ~B is a constant vector. Then, τ = 0, i.e., α is

a plane curve and we have the followings:

Theorem 3.2. The OT-ruled surface ϕ(α,qo) is a plane if and only if the base
curve α is a plane curve.

Clearly, Theorem 3.4 gives the following corollary:

Theorem 3.3. If ϕ(α,qo) 6= ϕ(α,T ) and ϕ(α,qo) 6= ϕ(α,N), the followings are equiv-
alent

(i) α is a plane curve. (ii) The OT-ruled surface ϕ(α,qo) is a plane.

(iii) µ = 0. (iv) ξ = 0.

Now, we will give other characterizations and geometric properties of the OT-
ruled surfaces.

Theorem 3.4. The set of the singular points of OT-ruled surface ϕ(α,qo) is given
by

S = {(s0, u0) ∈ I × R : θ(s0) = kπ, u0 = 0, k ∈ Z} .



944 O. Kaya, T. Kahraman and M. Önder

Proof. From the partial derivatives of ~ϕ(α,qo)(s, u) = ~α(s) + u~qo(s), we get

(3.3)
∂~ϕ(α,qo)

∂s
= cos θ ~qo + uµ~B + (sin θ − uη)~r,

∂~ϕ(α,qo)

∂u
= ~qo.

Therefore, the direction of surface normal is given by the vector

∂~ϕ(α,qo)

∂s
×
∂~ϕ(α,qo)

∂u
= (sin θ − uη) ~B − uµ~r.

Then, the OT-ruled surface ϕ(α,qo) has singular points if and only if the system

(3.4)

{
sin θ − uη = 0,

uµ = 0

holds. Let now assume that u = 0. Then, from the first equality, it follows θ(s0) =
kπ, (k ∈ Z, s0 ∈ I). When this satisfies for all s ∈ I, we have ϕ(α,qo) = ϕ(α,T ) and
the locus of the singular points is the base curve α. If u 6= 0, from the system (3.4),
we get u(s) = sin θ

η and µ = 0. Since we assume that singular points exist, from
Theorem 3.2, we have τ 6= 0. Otherwise, the surface is a plane and regular. Then,
µ = 0 implies that sin θ = 0 which is a contradiction with the assumption that
u 6= 0. And so, the system (3.4) only holds if and only if u = 0, θ(s0) = kπ, (k ∈
Z, s0 ∈ I).

Hereafter, for the sake of simplicity, we will take f = sin θ − uη and g = uµ.

Proposition 3.1. The OT-ruled surface ϕ(α,qo) is developable if and only if ϕ(α,qo)

is a plane or ϕ(α,qo) = ϕ(α,T ).

Proof. For the surface ϕ(α,qo), we have det(~α′, ~qo, ~q
′
o) = µ sin θ. Considering Theo-

rem 3.2, we have the desired result.

Proposition 3.2. Among all OT-ruled surfaces ϕ(α,qo), only the plane is cylin-
drical.

Proof. Since a ruled surface is called cylindrical if and only if the direction of the
ruling is a constant vector, we get ~q ′o = 0 if and only if

(3.5) −η sin θ ~T + η cos θ ~N + τ sin θ ~B = 0.

If ϕ(α,qo) = ϕ(α,T ), then θ(s) = kπ for all s ∈ I and (3.5) gives η = 0, which implies
that κ = 0, which is a contradiction with Remark 3.1. If ϕ(α,qo) 6= ϕ(α,T ), then

from (3.5) we have τ = 0, η = 0 which gives θ(s) = −
∫ s
0
κ(s)ds and Theorem 3.2

gives that ϕ(α,qo) is a plane.

Proposition 3.1 and Proposition 3.2 give the following corollary:
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Corollary 3.1. If the OT-ruled surface ϕ(α,qo) is cylindrical, then it is a plane
with the parametric form

~ϕ(α,qo)(s, u) = ~α(s) + u

(
cos

(∫ s

0

κ(s)ds

)
~T (s)− sin

(∫ s

0

κ(s)ds

)
~N(s)

)
Proposition 3.3. The base curve α of the OT-ruled surface ϕ(α,qo) is also its

striction line if and only if θ(s) = −
∫ s
0
κ(s)ds or ϕ(α,qo) = ϕ(α,T ).

Proof. The base curve α is the striction line of ϕ(α,qo) if and only if 〈~α′, ~q ′o〉 = 0.
Therefore, we get 〈~α′, ~q ′o〉 = −η sin θ which gives the desired result.

From Proposition 3.3, it is clear that the set of the intersection points of base
curve α and striction curve c is V = S ∪ Y , where S is the set of singular points of
ϕ(α,qo) and

Y = {(s0, u0) ∈ I × R : θ′(s0) = −κ(s0), u0 = 0} .

It is clear that the points of Y are non-singular.

Let now investigate the special curves lying on the OT-surface ϕ(α,qo). The
Gauss map (or the unit surface normal) of the OT-ruled surface ϕ(α,qo) is given by

(3.6) ~U(s, u) =
1√

f2 + g2

(
f ~B − g ~r

)
.

Then, for the base curve α we have the followings:

Theorem 3.5. The base curve α is a geodesic on the OT-ruled surface ϕ(α,qo) if
and only if α is a straight line.

Proof. We know that α is a geodesic on ϕ(α,qo) if and only if the condition

(3.7) ~U × ~α′′ = 0

satisfies. Then, by using (3.6), from (3.7) we get

(3.8) ~U × ~α′′ =
1√

f2 + g2

(
−κf ~T − gκ sin θ ~B

)
and that α is a geodesic curve on ϕ(α,qo) if and only if the system{

κf = 0

gκ sin θ = 0

holds. If we assume ϕ(α,qo) 6= ϕ(α,T ), from the last system it follows

κf = 0, gκ = 0,
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which gives that κ = 0, i.e., α is a straight line or the system

f = 0, g = 0,

holds. But for the last system, considering (3.4), it follows that the system has a
solution as a curve if and only if ϕ(α,qo) = ϕ(α,T ) which is a contradiction by the
assumption ϕ(α,qo) 6= ϕ(α,T ) and so, we eliminate this case. If ϕ(α,qo) = ϕ(α,T ),
considering Remark 3.1, we should take κ 6= 0. But for this case, the system gives
that η = κ = 0, which is a contradiction. Then we have that α is a geodesic on
ϕ(α,qo) if and only if α is a straight line.

Theorem 3.6. Let α have non-vanishing curvature κ. Then, α is an asymptotic
curve on the OT-ruled surface ϕ(α,qo) if and only if one of the followings hold:

(i) ϕ(α,qo) is a plane (ii) ϕ(α,qo) = ϕ(α,T ) (iii) ϕ(α,qo) = ϕ(α,N).

Proof. α is an asymptotic curve on ϕ(α,qo) if and only if 〈~U, ~α′′〉 = 0. Then, we get

(3.9)
〈
~U, ~α′′

〉
=
uκτ cos θ sin θ√

f2 + g2

From (3.9), we obtain that 〈~U, ~α′′〉 = 0 if and only if τ = 0 or sin θ = 0 or cos θ =
0.

Theorem 3.7. The base curve α is a line of curvature on the OT-ruled surface
ϕ(α,qo) if and only if ϕ(α,qo) is a plane.

Proof. The curve α is a line of curvature on the OT-ruled surface ϕ(α,qo) if and only

if ~U ′α × ~α′ = 0 holds where ~Uα is the unit surface normal along the curve α and for

which we have ~Uα = ~B. Then, it follows

(3.10) ~U ′α × ~α′ = −τ ~B

The equation (3.10) is equal to zero if and only if τ = 0 and from Theorem 3.2, we
have that ϕ(α,qo) is a plane.

Now, let us examine first and second fundamental coefficients of the OT-ruled
surface ϕ(α,qo). From (2.2) and (2.3), we get

(3.11) E = f2 + g2 + cos2θ, F = cos θ, G = 1

(3.12) L =
−(f2 + g2)ξ + µ sin θ cos θ − g2

(
f
g

)
s√

f2 + g2
, M =

µ sin θ√
f2 + g2

, N = 0
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By using the fundamental coefficients computed in (3.11) and (3.12), from (2.4)
and (2.5) the Gaussian curvature K and the mean curvature H of OT-ruled surface
ϕ(α,qo) are obtained as

(3.13) K = − µ2sin2θ

(f2 + g2)
2 , H = −

(f2 + g2)ξ + µ sin θ cos θ + g2
(
f
g

)
s

2(f2 + g2)
3/2

respectively. From (3.13), it follows that K = 0 if and only if τ = 0 or sin θ = 0.
This result coincides with Proposition 3.1.

It is clear that if τ = 0, then H = 0 and the OT-ruled surface ϕ(α,qo) is minimal.
If τ 6= 0 and sin θ = 0, then from (3.13) we get H = τ

2uη 6= 0 Therefore, in this case,
the tangent surface ϕ(α,T ) cannot be minimal. Then, followings are obtained:

Theorem 3.8. (i) The OT-ruled surface ϕ(α,qo) is minimal if and only if the
equality

(f2 + g2)ξ + µ sin θ cos θ + g2
(
f

g

)
s

= 0

satisfies.

(ii) If τ 6= 0, there is no minimal tangent surface ϕ(α,T ).

(iii) The principal normal surface ϕ(α,N) is minimal if and only if fuµ′− gfs = 0,
where fs = ∂f/∂s.

Furthermore, considering Catalan Theorem, we have the following corollary:

Corollary 3.2. If the base curve α is not a plane curve, the OT-ruled surface

ϕ(α,qo) is a helicoid if and only if (f2 + g2)ξ + µ sin θ cos θ + g2
(
f
g

)
s

= 0 holds.

Now, we will consider the special curves lying on an OT-ruled surface ϕ(α,qo).

Let us consider the tangent space Tpϕ(α,qo) and its base
{
∂~ϕ(α,qo)

∂s ,
∂~ϕ(α,qo)

∂u

}
at

a point p ∈ ϕ(α,qo). For any tangent vector ~vp ∈ Tpϕ(α,qo), the Weingarten map of
the OT-ruled surface ϕ(α,qo) is defined by Sp = −Dp~v : Tpϕ(α,qo) → T~vpS

2 where
S2 is unit sphere with center origin. Therefore, we have

Sp

(
∂~ϕ(α,qo)

∂s

)
= −D ∂~ϕ(α,qo)

∂s

~U(s, u),

= A1(s, u)
∂~ϕ(α,qo)

∂s
+A2(s, u)

∂~ϕ(α,qo)

∂u
,

and

Sp

(
∂~ϕ(α,qo)

∂u

)
= −D ∂~ϕ(α,qo)

∂u

~U(s, u),

= B1(s, u)
∂~ϕ(α,qo)

∂s
+B2(s, u)

∂~ϕ(α,qo)

∂u
,
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where

A1 =
−1

(f2 + g2)
3/2

[
g2
(
f

g

)
s

+
(
f2 + g2

)
ξ

]
,

A2 =
1

(f2 + g2)
3/2

[(
f2 + g2

)
(fµ+ gη + ξ cos θ) + g2 cos θ

(
f

g

)
s

]
,

B1 =
µ sin θ

(f2 + g2)
3/2

, B2 =
−µ cos θ sin θ

(f2 + g2)
3/2

.

Thus, the matrix form of the Weingarten map can be given by

(3.14) Sp =

[
A1 B1

A2 B2

]
From (3.14), one can easily compute the Gaussian curvature K and the mean curva-
ture H by considering the equalities K = det(Sp) and H = 1

2 tr(Sp) and the results
given in (3.13) are obtained. Moreover, from these results, for the parameter curves,
we have the following corollary:

Corollary 3.3. (i) The parameter curves ~ϕ(α,qo)(s, u0), (u0 is constant) are

lines of curvature if and only if A2 = 0 or equivalently,
(
f2 + g2

)
(fµ+ gη +

ξ cos θ) + g2 cos θ
(
f
g

)
s

= 0 holds.

(ii) The parameter curves ~ϕ(α,qo)(s0, u), (s0 is constant) are lines of curvature if
and only if B1 = 0 or equivalently, the OT-ruled surface ϕ(α,qo) is a plane or
ϕ(α,qo) = ϕ(α,T ).

Considering the characteristic equation det (Sp − λI) = 0, the principal curva-
tures of OT-ruled surface ϕ(α,qo) are obtained as

λ1,2 =
A1 +B2 ±

√
(A1 −B2)

2
+ 4A2B1

2

where I is 2× 2 unit matrix. Then, the principal directions are obtained as

~e1 =
1

B1

(
B1

∂~ϕ(α,qo)

∂s
+ kA2

∂~ϕ(α,qo)

∂u

)
, ~e2 =

1

mA2

(
B1

∂~ϕ(α,qo)

∂s
+mA2

∂~ϕ(α,qo)

∂u

)
,

where k,m are scalar functions such that

λ1 −A1

A2
=

B1

λ1 −A2
= k,

λ2 −A1

A2
=

B1

λ2 −A2
= m.

Let now β(t) = ϕ(α,qo) (s(t), u(t)) be a unit speed curve on ϕ(α,qo) with arc
length parameter t and unit tangent vector ~vp ∈ Tpϕ(α,qo) at the point β(to) = p
on ϕ(α,qo). The derivative of β with respect to t has the form

~̇β(t) =
∂~ϕ(α,qo)

∂s

ds

dt
+
∂~ϕ(α,qo)

∂u

du

dt
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where ~̇β = d~β
dt . For this tangent vector, we can write

(3.15) ~vp = C(s, u)
∂~ϕ(α,qo)

∂s
+D(s, u)

∂~ϕ(α,qo)

∂u

where C,D are smooth functions defined by C(t) = C (s(t), u(t)) = ds
dt = ṡ and

D(t) = D (s(t), u(t)) = du
dt = u̇. Substituting (3.3) in (3.15), gives

~vp = (C cos θ +D) ~qo + Cg ~B + Cf~r

where (C cos θ +D)
2

+ C2(f2 + g2) = 1. Also, by using the linearity of the Wein-
garten map, we get

Sp(~vp) = [cos θ (CA1 +DB1) + (CA2 +DB2)] ~qo + (CA1 +DB1)
(
g ~B + f~r

)
and so on, the normal curvature kn in the direction ~vp is computed as

kn(~vp) = 〈Sp(~vp), ~vp〉
= C

[
(C cos θ +D) (A1 cos θ +A2) + (CA1 +DB1)

(
f2 + g2

)]
.

(3.16)

Then, from (3.16), we have the following theorem:

Theorem 3.9. The surface curve β(t) = ϕ(α,qo) (s(t), u(t)) with unit tangent ~vp is
an asymptotic curve if and only if β(t) is a ruling or (C cos θ +D) (A1 cos θ +A2)+
(CA1 +DB1)

(
f2 + g2

)
= 0 holds.

Similarly, the geodesic curvature κg and the geodesic torsion τg of the curve β(t) =
ϕ(α,qo) (s(t), u(t)) are computed as

κg =
1√

f2 + g2
[(C cos θ +D)

(
−
(
f2 + g2

)
Ċ

+C (ηf − µg) (2D + cos θ)− 1

2
C
(
f2 + g2

)
s

)
+ Cg

(
Ċg cos θ − Cgθ′ sin θ − µCg2 + fCηg + Ḋg

)
+Cf

(
Ċf cos θ − Cfθ′ sin θ − µfgC + Cf2η + Ḋf

)]
and

τg =
√
f2 + g2 [C (CA2 +DB2)−D (CA1 +DB1)]

respectively. Then, we have the followings:

Theorem 3.10. The surface curve β(t) = ϕ(α,qo) (s(t), u(t)) with unit tangent ~vp
is a geodesic if and only if

(C cos θ +D)

(
−
(
f2 + g2

)
Ċ + C (ηf − µg) (2D + cos θ)− 1

2
C
(
f2 + g2

)
s

)
+ Cg

(
Ċg cos θ − Cgθ′ sin θ − µCg2 + fCηg + Ḋg

)
+ Cf

(
Ċf cos θ − Cfθ′ sin θ − µfgC + Cf2η + Ḋf

)
= 0
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holds.

Now, we can investigate some special cases:

Case 1: Let ϕ(α,qo) be ϕ(α,T ). Then,

kn = C2uκτ

κg = C (C +D) [uκ′ + κ (2D + 1)] + uκ
(
ĊD − CḊ

)
+ C2u2κ3

τg = Cτ (C +D)

and for the curve β(t) = ϕ(α,T ) (s(t), u(t)), we have followings:

(i) β(t) = ϕ(α,T ) (s(t), u(t)) is an asymptotic curve if and only if β(t) is a ruling
or α is a plane curve.

(ii) β(t) = ϕ(α,T ) (s(t), u(t)) is a geodesic if and only if

C (C +D) [uκ′ + κ (2D + 1)] + uκ
(
ĊD − CḊ

)
+ C2u2κ3 = 0

holds.

(iii) β(t) = ϕ(α,T ) (s(t), u(t)) is a line of curvature if and only if one of the followings
holds

(a) β(t) is a ruling, (b) α is a plane curve, (c) s(t) = −u(t) + c, where c
is integration constant.

Case 2 : Let ϕ(α,qo) be ϕ(α,N). Then,

kn =
C
[
C
(
u2κ′τ + (1− uκ)uτ ′

)
+ 2Dτ

]√
(1− uκ)

2
+ u2τ2

κg =
1√

(1− uκ)
2

+ u2τ2

[
ĊD

(
−
(

(1− uκ)
2

+ u2τ2
)

+2CD
(
κ− u

(
κ2 + τ2

))
− C

(
(1− uκ)κ′ + u2ττ ′

))
+ Cuτ

(
−τCu2τ2 + C (1− uκ)uκτ + Ḋuτ

)
+C (1− uκ)

(
−C (1− uκ)uτ2 + Cκ(1− uκ)

2
+ Ḋ (1− uκ)

)]
τg = C2τ − D [Cu (uκ′τ + (1− uκ) τ ′)−Dτ ]√

(1− uκ)
2

+ u2τ2

and for the curve β(t) = ϕ(α,N) (s(t), u(t)) with unit tangent ~vp, we have followings:

(i) β(t) = ϕ(α,N) (s(t), u(t)) is an asymptotic curve if and only if β(t) is a ruling
or

C
(
u2κ′τ + (1− uκ)uτ ′

)
+ 2Dτ = 0

holds.
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(ii) β(t) = ϕ(α,N) (s(t), u(t)) is a geodesic if and only if

ĊD
(
−
(

(1− uκ)
2

+ u2τ2
)

+2CD
(
κ− u

(
κ2 + τ2

))
− C

(
(1− uκ)κ′ + u2ττ ′

))
+ Cuτ

(
−τCu2τ2 + C (1− uκ)uκτ + Ḋuτ

)
+ C (1− uκ)

(
−C (1− uκ)uτ2 + Cκ(1− uκ)

2
+ Ḋ (1− uκ)

)
= 0

holds.

(iii) β(t) = ϕ(α,N) (s(t), u(t)) is a line of curvature if and only if

C2

D
=
Cu (uκ′τ + (1− uκ) τ ′)−Dτ

τ

√
(1− uκ)

2
+ u2τ2

holds.

Case 3 : Let s = s0 be constant. Then, C = ṡ = 0 and we get that ~vp = ~qo, i.e.,
β(t) is a ruling. Then, we have followings:

kn = 0, κg = 0, τg = −D
2µ sin θ

f2 + g2

which give us

(i) All rulings are asymptotic.

(ii) All rulings are geodesic.

(iii) The ruling β(t) = ϕ(α,qo) (s0, u(t))is a line of curvature if and only if µ sin θ = 0
which suggests that either ϕ(α,qo) = ϕ(α,T ) or α is a plane curve.

Case 4 : Let u = u0 be constant. Then, D = u̇ = 0 and we have followings:

kn =
C2√
f2 + g2

[
(fµ+ gη) cos θ − g2

(
f

g

)
s

−
(
f2 + g2

)
ξ

]
κg =

1√
f2 + g2

[
C cos θ

(
−
(
f2 + g2

)
Ċ

+C cos θ (ηf − µg)− 1

2
C
(
f2 + g2

)
s

)
+ Cg

(
Ċg cos θ − Cgθ′ sin θ − µCg2 + fCηg

)
+Cf

(
Ċf cos θ − Cfθ′ sin θ − µfgC + Cf2η

)]
τg =

C2

f2 + g2

[(
f2 + g2

)
(fµ+ gη + ξ cos θ) + g2 cos θ

(
f

g

)
s

]
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(i) The parameter curve β(t) = ϕ(α,qo) (s(t), u0) is an asymptotic curve if and
only if

(fµ+ gη) cos θ − g2
(
f

g

)
s

−
(
f2 + g2

)
ξ = 0

holds.

(ii) The parameter curve β(t) = ϕ(α,qo) (s(t), u0)is a geodesic if and only if

C cos θ

(
−
(
f2 + g2

)
Ċ + C cos θ (ηf − µg)− 1

2
C
(
f2 + g2

)
s

)
+ Cg

(
Ċg cos θ − Cgθ′ sin θ − µCg2 + fCηg

)
+ Cf

(
Ċf cos θ − Cfθ′ sin θ − µfgC + Cf2η

)
= 0

holds.

(iii) The parameter curve β(t) = ϕ(α,qo) (s(t), u0)is a line of curvature if and only
if (

f2 + g2
)

(fµ+ gη + ξ cos θ) + g2 cos θ

(
f

g

)
s

= 0

holds.

Case 5 : Let C = ṡ, D = u̇ be non-zero constants. Then, the curve has the para-
metric form β(t) = ϕ(α,qo) (c1t+ c2, d1t+ d2) where ci, di, (i = 1, 2) are constants
and we have

kn = C
[
(C cos θ +D) (A1 cos θ +A2) + (CA1 +DB1)

(
f2 + g2

)]
κg =

1√
f2 + g2

[(C cos θ +D)

(
C (ηf − µg) (2D + cos θ)− 1

2
C
(
f2 + g2

)
s

)
+ Cg

(
−Cgθ′ sin θ − µCg2 + fCηg

)
+Cf

(
−Cfθ′ sin θ − µfgC + Cf2η

)]
,

τg =
√
f2 + g2 [C (CA2 +DB2)−D (CA1 +DB1)]

which give followings:

(i) β(t) = ϕ(α,qo) (c1t+ c2, d1t+ d2) is an asymptotic curve if and only if

(C cos θ +D) (A1 cos θ +A2) + (CA1 +DB1)
(
f2 + g2

)
= 0

holds.

(ii) β(t) = ϕ(α,qo) (c1t+ c2, d1t+ d2) is a geodesic if and only if

(C cos θ +D)

(
+C (ηf − µg) (2D + cos θ)− 1

2
C
(
f2 + g2

)
s

)
+ Cg

(
−Cgθ′ sin θ − µCg2 + fCηg

)
+ Cf

(
−Cfθ′ sin θ − µfgC + Cf2η

)
= 0

holds.
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(iii) β(t) = ϕ(α,qo) (c1t+ c2, d1t+ d2) is a line of curvature if and only if

CA1 +DB1

CA2 +DB2
= constant

holds.

Let now consider the Frenet frame of a non-cylindrical OT-ruled surface ϕ(α,qo).

Differentiating the ruling ~qo = cos θ ~T + sin θ ~N , it follows

(3.17) ~q ′o = −η sin θ ~T + η cos θ ~N + τ sin θ ~B

Then, the central normal and central tangent vectors of OT-ruled surface ϕ(α,qo)

are computed as

~h =
1√

η2 + τ2sin2θ

(
−η sin θ ~T + η cos θ ~N + τ sin θ ~B

)
~a =

1√
η2 + τ2sin2θ

(
τsin2θ ~T − τ cos θ sin θ ~N + η ~B

)(3.18)

respectively. From the equations (3.17) and (3.18), we have following theorem:

Theorem 3.11. For the OT-ruled surface ϕ(α,qo) the followings are equivalent:

(i) The angle between the vectors ~qo and ~T is given by θ = −
∫ s
0
κds.

(ii) The central normal vector ~h coincides with the binormal vector ~B of α.

(iii) The central tangent vector ~a lies in the osculating plane of α.

Proof. Let the angle θ be given by θ = −
∫ s
0
κds. Then, we get η = 0. Thus, the

proof is clear from (3.18).

Corollary 3.4. Let the angle between the vectors ~qo and ~T is given by θ = −
∫ s
0
κds.

Then, α is a general helix if and only if the OT-ruled surface ϕ(α,qo) is an h-slant
ruled surface.

Theorem 3.12. The Frenet frame
{
~qo,~h,~a

}
of OT-ruled surface ϕ(α,qo) coincides

with the Frenet frame
{
~T , ~N, ~B

}
of base curve α if and only if ϕ(α,qo) is the tangent

surface ϕ(α,T ) of α.
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4. Examples

Example 4.1. Let consider the general helix curve α1 given by the parametrization

~α1(s) =

(
cos

(
s√
2

)
, sin

(
s√
2

)
,
s√
2

)
For the required Frenet elements of α1, we obtain

~T (s) =

(
− 1√

2
sin

(
s√
2

)
,

1√
2

cos

(
s√
2

)
,

1√
2

)
,

~N(s) =

(
− cos

(
s√
2

)
,− sin

(
s√
2

)
, 0

)
,

κ(s) =
1

2
, τ(s) =

1

2
.

By choosing θ(s) = s, we get

~qo(s) =

(
− 1√

2
cos(s) sin

(
s√
2

)
− sin(s) cos

(
s√
2

)
,

1√
2

cos(s) cos

(
s√
2

)
− sin(s) sin

(
s√
2

)
,

1√
2

cos(s)

)
.

and the OT-ruled surface ϕ
1(α1,qo) has the parametrization

~ϕ
1(α1,qo) =

(
cos

(
s√
2

)
+ u

(
− 1√

2
cos(s) sin

(
s√
2

)
− sin(s) cos

(
s√
2

))
,

sin

(
s√
2

)
+ u

(
1√
2

cos(s) cos

(
s√
2

)
− sin(s) sin

(
s√
2

))
,

s√
2

+
1√
2
u cos(s)

)
.

From (2.1), the equation of the striction line of OT-ruled surface ϕ
1(α1,qo) is given by

~c1(s) =

 3
√
2

2
sin(2s) sin

(√
2

2
s
)
− cos

(√
2
2
s
) (

5cos2(s) + 4
)

cos2(s)− 10
,

−
3
√
2

2
sin(2s) cos

(√
2

2
s
)

+ sin
(√

2
2
s
) (

5cos2(s) + 4
)

cos2(s)− 10
,

√
2
(
scos2(s)− 3 sin(2s)− 10s

)
2 (cos2(s)− 10)

)
.

The curvatures of ϕ
1(α1,qo) are computed as η(s) = 3

2
, ξ(s) = 1

2
cos(s), µ(s) = 1

2
sin(s) and

the functions f and g are given by f(s, u) = sin(s) + 3
2
u, g(s, u) = 1

2
u sin(s). The graph of

ϕ
1(α1,qo) for the intervals s ∈ [0, 3π], u ∈ [−1, 1] is given in Figure 4.1. From Proposition

3.3, the base curve α1 (red) and striction line c1 (blue) intersect at the points ϕ
1(α1,qo)(0, 0),

ϕ
1(α1,qo)(π, 0), ϕ

1(α1,qo)(2π, 0), ϕ
1(α1,qo)(3π, 0) which are also singular points of ϕ

1(α1,qo)

and shown with black color in Figure 4.1.
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Fig. 4.1: The OT-ruled surface ϕ
1(α1,qo)

Example 4.2. Let the curve α2 be given by the parametrization

~α2(s) =

(
3

2
cos
( s

2

)
+

1

6
cos

(
3s

2

)
,

3

2
sin
( s

2

)
+

1

6
sin

(
3s

2

)
,
√

3 cos
( s

2

))
whose required Frenet elements are

~T (s) =

(
−3

4
sin
( s

2

)
− 1

4
sin

(
3s

2

)
,

3

4
cos
( s

2

)
+

1

4
cos

(
3s

2

)
,−
√

3

2
sin
( s

2

))
,

~N(s) =

(
−
√

3

2
cos(s),−

√
3

2
sin(s),−1

2

)
,

κ(s) =

√
3

2
cos
( s

2

)
, τ(s) = −

√
3

2
sin
( s

2

)
,

where we calculate
κ2

(κ2 + τ2)3/2

( τ
κ

)′
= −
√

3

3
= constant

Therefore, we obtain that α2 is a slant helix. By choosing θ(s) = s
2
, we get

~qo(s) =

(
−1

2
sin
( s

2

)(
2cos2

( s
2

)(
cos
( s

2

)
+
√

3
)

+ cos
( s

2

)
−
√

3
)
,

cos
( s

2

)(
cos2

( s
2

)(√
3 + cos

( s
2

))
−
√

3
)
,−1

2
sin
( s

2

)(√
3 cos

( s
2

)
+ 1
))

.

Then, the parametrization of the OT-ruled surface ϕ
2(α2,qo) and its striction line c2 can

be written easily by using the equalities (3.1) and (2.1), respectively. The curvatures of
that surface are

η(s) =
1

2
+

√
3

2
cos
( s

2

)
, ξ(s) = −

√
3

4
sin(s), µ(s) = −

√
3

2
sin2

( s
2

)
.
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Furthermore, the functions f and g are calculated as

f(s, u) = sin
( s

2

)
+ u

(
1

2
+

√
3

2
cos
( s

2

))
, g(s, u) = −

√
3

2
usin2

( s
2

)
.

The graph of ϕ
2(α2,qo) for intervals s ∈ [−2π, 2π] and u ∈ [−1, 1] is given in Figure 4.2.

From Proposition 3.3, the base curve α2 (red) and striction line c2 (blue) intersect at the
points

p1 = ϕ
2(α2,qo)(−2π, 0) = ϕ

2(α2,qo)(π, 0), p2 = ϕ
2(α2,qo)(0, 0)

p3 = ϕ
2(α2,qo)

(
2

(
π − arccos

(√
3

3

))
, 0

)
, p4 = ϕ

2(α2,qo)

(
2

(
π + arccos

(√
3

3

))
, 0

)
.

Here, p1, p2 ∈ S are singular points of ϕ
2(α2,qo) p3, p4 ∈ Y are non-singular points which

are given black and green in Figure 4.2, respectively.

Fig. 4.2: The OT-ruled surface ϕ
2(α2,qo)

Example 4.3. Let α3 be given by the parametrization

~α3(s) =
5
√

26

26

(√26− 26
)

sin
((

1 +
√
26

13

)
s
)

104 + 8
√

26
+

(√
26 + 26

)
sin
((

1−
√
26

13

)
s
)

−104 + 8
√

26
− 1

2
sin(s) ,

(
26−

√
26
)

cos
((

1 +
√
26

13

)
s
)

104 + 8
√

26
−

(√
26 + 26

)
cos
((

1−
√
26

13

)
s
)

−104 + 8
√

26
+

1

2
cos(s),

5

4
cos

(√
26

13
s

)
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which is a special chosen of general Salkowski curve defined in [10]. The required Frenet
elements are

~T (s) =

(
− cos(s) cos

(√
26

26
s

)
−
√

26

26
sin(s) sin

(√
26

26
s

)
,

− sin(s) cos

(√
26

26
s

)
+

√
26

26
cos(s) sin

(√
26

26
s

)
,−5
√

26

26
sin

(√
26

26
s

))
~N(s) =

(
5
√

26

26
sin(s),−5

√
26

26
cos(s),−

√
26

26

)
,

κ(s) = 1, τ(s) = tan

(√
26

26
s

)
.

By choosing θ(s) = s√
26

, we get

~qo(s) =

(
−
√

26

26
cos

(√
26

26
s

)
sin(s) sin

(√
26

26
s

)
− cos(s)cos2

(√
26

26
s

)
+

5
√

26

26
sin(s) sin

(√
26

26
s

)
,

√
26

26
cos

(√
26

26
s

)
cos(s) sin

(√
26

26
s

)
− 5
√

26

26
cos(s) sin

(√
26

26
s

)
− sin(s)cos2

(√
26

26
s

)
,

−
√

26

26
sin

(√
26

26
s

)(
5 cos

(√
26

26
s

)
+ 1

))
Then the parametrization of the OT-ruled surface ϕ

3(α3,qo) and the equation of striction
line c3 can be written easily from the equalities (3.1) and (2.1), respectively. This surface
has the curvatures

η(s) = 1 +

√
26

26
, ξ(s) = sin

(√
26

26
s

)
, µ(s) = tan

(√
26

26
s

)
sin

(√
26

26
s

)
,

and the functions f and g are calculated as

f(s, u) = sin

(√
26

26
s

)
+ u

(
1 +

√
26

26

)
, g(s, u) = u tan

(√
26

26
s

)
sin

(√
26

26
s

)
.

The graph of ϕ
3(α3,qo) for intervals s ∈

[
−

√
26
2
π,

√
26
2
π
]

and u ∈ [−0.5, 0.5] is given in

Figure 4.3. Proposition 3.3, the base curve α3 (red) and striction line c3 (blue) intersect at

the points ϕ
3(α3,qo)

(
−

√
26
2
π, 0
)

, ϕ
3(α3,qo) (0, 0) and ϕ

3(α3,qo)

(√
26
2
π, 0
)

. All these points

are singular points of ϕ
3(α3,qo) and given by black in Figure 4.3.
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Fig. 4.3: The OT-ruled surface ϕ
3(α3,qo)

5. Conclusions

A new type of ruled surfaces has been defined according to the position of
the ruling. Taking the ruling on the osculating plane of a curve, these surfaces
is defined as osculating type ruled surface or OT-ruled surface. Many properties
of such surfaces have been obtained. Of course, this subject can be considered in
some other spaces such as Lorentzian space and Galilean space, and properties of
OT-ruled surfaces can be given in these spaces according to the characters of base
curve and ruling.
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