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Abstract. In the present paper, a new type of ruled surfaces called osculating-type
(OT)-ruled surface is introduced and studied. First, a new orthonormal frame is defined
for OT-ruled surfaces. The Gaussian and the mean curvatures of these surfaces are
obtained and the conditions for an OT-surface to be flat or minimal are given. Moreover,
the Weingarten map of an OT-ruled surface is obtained and the normal curvature, the
geodesic curvature and the geodesic torsion of any curve lying on surface are obtained.
Finally, some examples related to helices and slant helices are introduced.
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1. Introduction

In the study of fundamental theory of curves and surfaces, the special ones of
these geometric topics have been of significant value because of satisfying some
particular conditions. In the curve theory, the most famous one of such special
curves is general helix for which the tangent vector of the curve always makes a
constant angle with a constant direction. The necessary and sufficient condition for
a curve to be a general helix is that the ratio of the second curvature 7 to the first
curvature k is constant i.e., 7/k is constant along the curve [1]. If the principal
normal vector of a curve makes a constant angle with a constant direction, then
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that curve is called slant helix and the necessary and sufficient condition for a curve

to be a slant helix is that the function o(s) = (W (%)/> (s) is constant [5].

In the surface theory, the surfaces constructed by the simplest way are important.
The well-known example of such surfaces is ruled surface which is generated by a
continuous movement of a line along a curve. These surfaces have a wide use in
technology and architecture [3]. Furthermore, some special types of these surfaces
have particular relationships with helices and slant helices [5, 6, 7, 8]. In [11],
Onder considered the notion of ”slant helix” for ruled surfaces and defined slant
ruled surfaces by the property that the components of the frame along the striction
curve of ruled surface make constant angles with fixed lines. He has proved that
helices or slant helices are the striction curves of developable slant ruled surfaces.
Also, he has defined a new kind of ruled surfaces called general rectifying ruled
surface for which the generating line of the surface always lies on the rectifying
plane of base curve and he has given many properties of such surfaces [12].

This study introduces a new type of ruled surfaces called osculating-type (OT)-
ruled surfaces. First, a new orthonormal frame and new curvatures for OT-ruled
surfaces are obtained and many properties of the surface are given by considering
the new frame and its curvatures. Later, the Gaussian curvature K and the mean
curvature H of OT-ruled surfaces are given. The set of singular points of such
surfaces are introduced and some differential equations characterizing special curves
lying on the surface are obtained. Finally, some examples related to helix and slant
helix are given.

2. Preliminaries

A ruled surface in R? is constructed by a continuous movement of a straight line
along a space curve «. For an open interval I C R, the parametric equation of a
ruled surface is given by @ q)(s,u) : I xR = R?, G4 ¢)(s,u) = @(s) +uq(s) where
q:1— R3 ||7]| = 1 is called director curve and « : I — R? is called the base curve
of the surface ¢4 4). The straight lines of the surface defined by u — d(s) + ug(s)
are called rulings [6]. The ruled surface ¢(q,q) is called cylindrical if ¢’ = 0 and
non-cylindrical otherwise where ¢’ = Z—‘z [9]. A curve clying on ¢ (4 4) with property
that (¢’,¢") = 0 is called striction line of ¢4 4. The parametric representation of
striction line is given by

_ - (c’(s),q"(s)) _,
(2.1) c(s) = a(s) 7)) q(s)

The striction line is geometrically important because it is the locus of special points
called central points for which considering a common perpendicular between two
constructive rulings, the foot of common perpendicular on the main ruling is a
central point [9].

The unit surface normal or Gauss map U of the ruled surface ¢4 4 is defined
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If % X % = 0 for some points (sg,ug) € I x R then, such points are called

singular points of ruled surface ¢(,,q). Otherwise, they are called regular points.
The surface ¢, 4) is called developable if the unit surface normal U along any ruling
does not change its direction. Otherwise, (4, q4) is called non-developable or skew.

-/

A ruled surface ¢4 ) is developable if and only if det(d’, ¢, ¢”") = 0 holds [9].

The unit vectors & = ¢’/ ||{’|| and @ = ¢ x h are called central normal and
central tangent of ¢, 4), respectively. Then, the orthonormal frame {q"', ﬁ,c’i} is

called the Frenet frame of ruled surface (4 q)-

Definition 2.1. [11] A ruled surface ¢(q,q) is called g-slant or a-slant (resp. h-

slant) ruled surface if its ruling ¢ (resp. central normal l_i) always makes a constant
angle with a fixed direction.

The first fundamental form I and second fundamental form IT of ¢, 4 are
defined by

I = Eds® 4+ 2Fdsdu + Gdu®, II = Lds*> + 2Mdsdu + Ndu?,

respectively, where

B <5<ﬁ<a,q> 9% (a.q) > P <595<a,q> 9 (a.q) >

(2.2) ds ' 0Os 0s ' Ou
' o= (PPen 9@
ou = Ou ’

PPloa) 7 PPlaa) 5 PPag) 7
29 1= (Tan ). M= (Tgan0) N = (Ts0).

The Gaussian curvature K and the mean curvature H are defined by

LN — M?

24) K=TFe—rr
EN —-2FM + GL

(2.5) H= +

2(EG — F?)

respectively. An arbitrary surface is called minimal if H = 0 at all points of the
surface. Furthermore, a ruled surface is developable (or flat) if and only if K =0

[2].

Theorem 2.1. (Catalan Theorem) [4] Among all ruled surfaces except planes only
the helicoid and fragments of it are minimal.
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3. Osculating-type Ruled Surfaces

In this section, we define the osculating-type ruled surface of a curve « such that
the ruling of the surface always lies in the osculating plane of a and also « is the
base curve of the surface. Such a surface is defined as follows:

Definition 3.1. Let a: I C R — R? be a smooth curve in the Euclidean 3-space
E? with arc-length parameter s, curvature r(s), torsion 7(s) and Frenet frame

{f(s)7ﬁ(s),§(s)} Then, the ruled surface ¢4 q,) : I x R — R?® given by the

parametric form
(3.1) Bla,g0) (8, u) = A(s) +ud,(s), Go(s) = cos 0T (s) + sin ON (s)

is called the osculating-type (OT)-ruled surface of o where 6 = 6(s) is C*°-scalar
angle function of arc-length parameter s between unit vectors ¢, and T'. Here, we
use the index “0” to emphasize that the ruling always lies on the osculating plane

sp {f, N'} of base curve a.

As we see from equation (3.1), when 0(s) = km,(k € Z), for all s € I, the
ruling becomes ¢, = +T and the OT-ruled surface ©(a,q,) becomes the developable
tangent surface ¢, 7y of a. Similarly, when 6(s) = 7/2 + k=, (k € Z) for all s € I,

the ruling becomes ¢, = +N and the OT-ruled surface ¥(a,q,) Decomes the principal
normal surface ¢(q,n) of .

Remark 3.1. If o is a straight line, then ¢, 7y is not a surface, only a line. So, for the
Case Y(a,q,) = P(a,T), We always assume that o is not a straight line, i.e., x # 0.

Considering (3.1) and the fact that the binormal vector Bof ais perpendicular
to sp {f,ﬁ}, we get <q”0, §> = 0. Therefore, we can define a unit vector 7(s) as
follows,

(3.2) P=q,x B=sinlT — cosN.

Then, the frame {q}, B , F} is an orthonormal moving frame along o on the OT-ruled
surface Q(q,q4,).- From equations (3.1) and (3.2), the relations between that frame
and Frenet frame of a are given by T = cosf (o + sin 87 and N =sinf (o — CcOSOT.

After some computations, for the derivative formulae of new frame {q_'o, B T }, we

get
@l [0 u ][
B|l=|- 0 ¢ B
7! n —-€ 0 a

where 1(s) = 0" + K, p(s) = 7sinf, {(s) = Tcosf are called the curvatures of

OT-ruled surface ¢(4,q,) according to the frame {(fo, é, 7 } Then, the relationships

@,q0
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between the curvatures k, 7 of base curve o and the curvatures 7, u, & of OT-ruled
surface of OT-ruled surface ¢ (4 4,) are obtained as k = n—0', 7 = £/ p? + £2. Now,
using these relationships and considering the characterizations for general helix and
slant helix, the following theorem is obtained:

Theorem 3.1. For the OT-ruled surface p(q,q,), we have that

(i) « is a plane curve if and only if both p and & vanish.

(ii) « is a general helixz if and only if the function p(s) = + ”:ﬁ;@ is constant.

(iii) « is a slant heliz if and only if the function
o(s) = o U €N =0) = (1 + €)' = 0")
(0= 07 + 2+ 2] (2 + €)'/?

is constant.

Let now consider the special case that the base curve « is a plane curve, i.e.,

7 = 0. Then, « lies on the osculating plane sp {f, N } and has constant binormal

vector B. Since, the unit surface normal U of OT-ruled surface P(a,q,) 18 always

perpendicular to both ¢, and T, we have that U = +B. Then, the OT-ruled surface
has a constant unit normal, that is, it is a plane. Conversely, if the OT-ruled surface

¥(a,q,) 18 @ plane with constant unit normal (j, since lesp {q”o,f}, from (3.1) we
get lesp {f,]\_f} which gives U = +B is a constant vector. Then, 7 =0, i.e., a is
a plane curve and we have the followings:

Theorem 3.2. The OT-ruled surface @
curve « is a plane curve.

a,q0) 8 a plane if and only if the base

Clearly, Theorem 3.4 gives the following corollary:
Theorem 3.3. If ©(a,q,) # P(a,1) WA P(a,q,) 7 P(a,N), the followings are equiv-
alent
(i) a is a plane curve. (i) The OT-ruled surface p(qq,) s a plane.

(iii) p = 0. (iv) € =0.

Now, we will give other characterizations and geometric properties of the OT-
ruled surfaces.

Theorem 3.4. The set of the singular points of OT-ruled surface ¢4 q,) s given
by
S ={(so,u0) € I xR :0(sp) = km,up =0,k € Z}.
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Proof. From the partial derivatives of G4 q,)(s,u) = @(s) +ug,(s), we get

a_’a > a_’a
(3.3) % = cos 0, + upB + (sin — un)7, % = Qp.

Therefore, the direction of surface normal is given by the vector

op, op 2]
sﬁggqa « ‘/’gzqo) = (sinf — un) B — upr.

Then, the OT-ruled surface ¢(q44,) has singular points if and only if the system

(3.4) o

{sin 0 —un =0,

holds. Let now assume that u = 0. Then, from the first equality, it follows 6(sg) =
km,(k € Z,s0 € I). When this satisfies for all s € I, we have ¢(q,4,) = ¥(a,1) and
the locus of the singular points is the base curve a. If u # 0, from the system (3.4),
we get u(s) = sinf and = 0. Since we assume that singular points exist, from
Theorem 3.2, we have 7 # 0. Otherwise, the surface is a plane and regular. Then,
u = 0 implies that sinf = 0 which is a contradiction with the assumption that
u # 0. And so, the system (3.4) only holds if and only if w = 0, 0(sg) = kn, (k €
Z,sg € I) O

Hereafter, for the sake of simplicity, we will take f =sinf — un and g = up.

Proposition 3.1. The OT-ruled surface p(q.q,) is developable if and only if p(a.q,)
is a plane or Y(a,q,) = P(a,T)-

Proof. For the surface ¢(q,q,), we have det(d’, ¢, q,) = psin@. Considering Theo-
rem 3.2, we have the desired result. [J

Proposition 3.2. Among all OT-ruled surfaces ¢(qq,), only the plane is cylin-
drical.

Proof. Since a ruled surface is called cylindrical if and only if the direction of the
ruling is a constant vector, we get ¢, = 0 if and only if

(3.5) —nsinOT + ncosON + TsinfB = 0.

If V(a,q,) = P(a,1), then 0(s) = km for all s € I and (3.5) gives = 0, which implies
that x = 0, which is a contradiction with Remark 3.1. If ¢4 q.) # ¥(a,1), then
from (3.5) we have 7 = 0, n = 0 which gives 6(s) = — [ x(s)ds and Theorem 3.2
gives that (4 4,) 1S a plane. [

Proposition 3.1 and Proposition 3.2 give the following corollary:
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Corollary 3.1. If the OT-ruled surface ¢(q,q,) s cylindrical, then it is a plane
with the parametric form

Blango) (8:u) = A(s) +u (cos ( /0 ) /{(s)ds) T'(s) — sin ( /0 ) n(s)ds) N(s)>

Proposition 3.3. The base curve o of the OT-ruled surface ¢(q,q,) 15 also its
striction line if and only if 0(s) = — fos k(s)ds or (a.q,) = P(a,T)-

Proof. The base curve « is the striction line of ¢(4,q,) if and only if (&, 7)) = 0.

Therefore, we get (&, ¢.) = —nsinf which gives the desired result. [

From Proposition 3.3, it is clear that the set of the intersection points of base
curve « and striction curve cis V = SUY, where S is the set of singular points of

S0(0‘7(10) and
Y = {(s0,up) € I x R: 6 (s9) = —k(s0),up = 0}.

It is clear that the points of Y are non-singular.

Let now investigate the special curves lying on the OT-surface ¢(4,q,). The
Gauss map (or the unit surface normal) of the OT-ruled surface ¢(q 4, is given by

. 1 .
(3.6) U(s,u) = —— (fB — gF) )
Then, for the base curve a we have the followings:

Theorem 3.5. The base curve « is a geodesic on the OT-ruled surface p(q.q,) if
and only if « is a straight line.

Proof. We know that « is a geodesic on ¢ if and only if the condition

;o)
(3.7) Uxad =0
satisfies. Then, by using (3.6), from (3.7) we get

(3.8) Uxad' = _ (—mff— gnsin9§>

Vi

and that a is a geodesic curve on ¢(q 4, if and only if the system

kf=0
gksing =0

holds. If we assume ¢(q,q,) # P(a,7), from the last system it follows

Kf:07 gk =0,
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which gives that x = 0, i.e., « is a straight line or the system

f:07 g=0,

holds. But for the last system, considering (3.4), it follows that the system has a
solution as a curve if and only if ¥(qa,q,) = ¢(a,7) Which is a contradiction by the
assumption ¢4 4.) # ¥P(a,r) and so, we eliminate this case. If p(4,4,) = V(0. 1)
considering Remark 3.1, we should take k # 0. But for this case, the system gives
that » = K = 0, which is a contradiction. Then we have that a is a geodesic on
©(a,q,) if and only if « is a straight line. [

Theorem 3.6. Let a have non-vanishing curvature k. Then, « is an asymptotic
curve on the OT-ruled surface @(q,q,) if and only if one of the followings hold:

(1) Y(a,q,) 15 a plane (i) V(a,q,) = Pa,r)  (111) Pla,q)) = Pla,N)-

Proof. « is an asymptotic curve on ¢, q,) if and only if (U,&@") = 0. Then, we get
<[7 o'Z”> _ ukT cos fsin 6
VI +g?

From (3.9), we obtain that (I, @) = 0 if and only if 7 = 0 or sinf = 0 or cos =
0. O

(3.9)

Theorem 3.7. The base curve « is a line of curvature on the OT-ruled surface
P(ange) W and only if ©(a,q,) is a plane.

Proof. The curve « is a line of curvature on the OT-ruled surface ¢4 4, if and only

if U ! x @ = 0 holds where U, is the unit surface normal along the curve o and for
which we have ﬁa = B. Then, it follows

(3.10) U x& =—r8

The equation (3.10) is equal to zero if and only if 7 = 0 and from Theorem 3.2, we
have that ¢(4,q,) is a plane. [

Now, let us examine first and second fundamental coefficients of the OT-ruled
surface 9(q,q,)- From (2.2) and (2.3), we get

(3.11) E = f?+ g% +cos®d, F=cost, G=1

*(fZ+92)§+usinecos9792<i) .
/S VL S

(312) L=
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By using the fundamental coefficients computed in (3.11) and (3.12), from (2.4)
and (2.5) the Gaussian curvature K and the mean curvature H of OT-ruled surface
©(a,q,) are obtained as

sty (g usingeosd + ()
(f2—|—gg)2’ 2(f2+92)3/2

respectively. From (3.13), it follows that K = 0 if and only if 7 = 0 or sinf = 0.
This result coincides with Proposition 3.1.

S

(3.13) K=-—

It is clear that if 7 = 0, then H = 0 and the OT-ruled surface (4,4, is minimal.
If 7 # 0 and sin @ = 0, then from (3.13) we get H = 57— # 0 Therefore, in this case,
the tangent surface ¢, ) cannot be minimal. Then, Followings are obtained:

Theorem 3.8. (i) The OT-ruled surface Y(q,q,) is minimal if and only if the
equality
f

(f*+ ¢*)€ + psinfcosd + g° () -0
97/s

satisfies.

(ii) If T # 0, there is no minimal tangent surface @4 7).

(iii) The principal normal surface ¢ (o, Ny is minimal if and only if fup’ —gfs =0,
where fs = 0f/0s.

Furthermore, considering Catalan Theorem, we have the following corollary:

Corollary 3.2. If the base curve « is not a plane curve, the OT-ruled surface
P(a.q,) 18 a helicoid if and only if (f2+ g*)&+ psinfcosd + g2 (5) =0 holds.

Now, we will consider the special curves lying on an OT-ruled surface ¢4 q,)-

Let us consider the tangent space T, (q,q,) and its base {%, %} at
a point p € P(qa,q,)- For any tangent vector vy, € Ty (q,q,), the Weingarten map of
the OT-ruled surface (4 g, is defined by S, = =D, : Tpp(a,q,) — TgpS2 where
52 is unit sphere with center origin. Therefore, we have

Sp <8<ﬁgi;(z°)> = —D%ﬁ(s,u),
:Al(s,u)%—f—/lg(s?u)%,
and
Sp <695g;’q°)) = 7D8*3(§7uﬂrﬂﬁ(s’u)’
:Bl(s,u)%—i—Bg(s,u)%,
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where
-1 f
1 f
As = W l:(f2 +92> (fu+ gn+ &Ecosh) +g20039(g>s] ,
B, = wsinf B, —pcosfsinf

, Do = ————.
(2 +¢2)*" (F2 +¢2)""
Thus, the matrix form of the Weingarten map can be given by

A1 B1:|

(3.14) S, = { w5

From (3.14), one can easily compute the Gaussian curvature K and the mean curva-
ture H by considering the equalities K = det(S,) and H = %tr(Sp) and the results
given in (3.13) are obtained. Moreover, from these results, for the parameter curves,
we have the following corollary:

Corollary 3.3. (i) The parameter curves B(q,q,)(5,u0), (uo is constant) are
lines of curvature if and only if Ay = 0 or equivalently, (f2 + gz) (fu+gn+

£cosf) + g2 cos@(g) =0 holds.

(ii) The parameter curves B(qq,)(S0,u), (50 is constant) are lines of curvature if
and only if By = 0 or equivalently, the OT-ruled surface ¢4 q,) s a plane or

Pla,q0) = P(a,T)-

Considering the characteristic equation det (S, — AI) = 0, the principal curva-
tures of OT-ruled surface ¢, 4,y are obtained as

A1+ By £/ (A1 - Bo)* +44:B,
1,2 =
: >

where [ is 2 X 2 unit matrix. Then, the principal directions are obtained as

1 9B(aq.) 9B(a.q.) 1 IP(aq0) 9P(a.q.)
g = — (B 0t0) | g, ) ) g B, YPleae) g OPlenao)
“a B, ( 17 9s + kA ou e mAs 1 0s +ma ou ’

where k,m are scalar functions such that
)\1 — A1 Bl )\2 — A1 Bl

k, 4 =A2_A2:m.

Ay M- Ay
Let now B(t) = ¢(a,q,) (s(t),u(t)) be a unit speed curve on ¢(4,q,) with arc

length parameter ¢ and unit tangent vector ¥, € Tp@(a,q,) at the point 3(t,) = p
ON P(q,q,)- Lhe derivative of 3 with respect to ¢ has the form

_ 885(047(10) @ 86(0‘7‘10) dj

Bt) Os dt Oou dt




Osculating-type Ruled Surfaces in the Euclidean 3-space 949

where E = %. For this tangent vector, we can write

L 08 (c.a) 9% (a.40)
(3.15) Up = C(S’U)T + D(s,u) 5

where O, D are smooth functions defined by C(t) = C (s(t),u(t)) = % = 5 and

dt
D(t) = D (s(t),u(t)) = %4 = 4. Substituting (3.3) in (3.15), gives
#, = (Ccosf + D), + CygB + CfF

where (C cosf + D)2 + C?%(f? + g%) = 1. Also, by using the linearity of the Wein-
garten map, we get

Sy(@) = [c0s0 (CA1 + DBy) + (CAs + DB3)]d, + (CAr + DBy) (g5 + f7)

and so on, the normal curvature &, in the direction ¥, is computed as

kn (1710) = <Sp(ﬁp)a ﬁp>

(3.16) 9 o
=C [(Ccosf+ D) (Arcosf + Ag) + (CAL + DBy) (f* + 9%)] -
Then, from (3.16), we have the following theorem:

Theorem 3.9. The surface curve B(t) = Q(a.q,) (5(t), u(t)) with unit tangent v, is
an asymptotic curve if and only if B(t) is a ruling or (C'cos + D) (Ay cos8 + As)+
(CA; + DBy) (f*+ g?) =0 holds.

Similarly, the geodesic curvature x4 and the geodesic torsion 7, of the curve 3(t) =
Pa,q.) (8(1),u(t)) are computed as

1

NG

K,g:

[(Ccosf+ D) (— (fQ—i—gQ)C'

1
+C (nf — pg) (2D + cos0) = SC(f* + 92)S>
+Cyg (C’g cosf — Cgl'sin® — uCyqg* + fCng + Dg)

+Cf (Cf cos0— C10'sind — ufgC + Cf*n + Df )]

and
7o =V I>+ §2[C (CAs + DBy) — D (CA, + DB,)]

respectively. Then, we have the followings:

Theorem 3.10. The surface curve B(t) = ¢(a,q,) (5(t), u(t)) with unit tangent v,
is a geodesic if and only if

: 1
(Ccosd + D) ( (£*+9%) C +C(nf — ug) (2D + cos) — C(f +92)s)
+Cyg (C"gcos@ — Cgb'sinh — uCgqg* + fCng + Dg)

+Cf (Cfeost—Cf0'sind — pufgC + Cf*n+ Df) =0
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holds.

Now, we can investigate some special cases:
Case 1: Let ©(q,q,) be ©(a,1). Then,

k,, = C?ukt
kg =C(C+ D) [ux+ £ (2D +1)] + uk (C’D - C’D) + C*u? K3
17, =C7(C+ D)

and for the curve B(t) = ¢(a,1) (5(t),u(t)), we have followings:

(i) B(t) = ©(a,1) (s(t),u(t)) is an asymptotic curve if and only if 3(t) is a ruling
or « is a plane curve.

(ii) B(t) = @(a,r) (5(t),u(t)) is a geodesic if and only if
C(C+ D)ux"+r (2D +1)] + ux (C’D - C’D) + C*uPk* =0
holds.
(iii) B(t) = @(a,1) (5(t),u(t)) is a line of curvature if and only if one of the followings
holds

(a) B(t) is a ruling, (b) « is a plane curve, (c) s(t) = —u(t) + ¢, where ¢
is integration constant.

Case 2: Let ¢(q,q,) be p(a,n). Then,
C[C (k7 + (1 —ukr)ur’) + 2D7]
\/(1 — uk)® + ur2
Kg = ! [C’D (— ((1 —ur)® + u27'2)
\/(1 —uk)® + u27?
+2CD (k—u (k* +77)) = C (1 — ur) K’ + u?r7’))
+ Cur (fTCusz +C (1 — uk) uskt + DUT)

kyn =

+C (1 —uk) (—C’ (1 —ur)ur®+ Cr(1 —ur)® + D (1 — um))}
D [Cu(ur't + (1 —ur)7") — DT]
\/(1 — uk)’ + u27?

and for the curve B(t) = ¢(q,n) (5(t), u(t)) with unit tangent ,, we have followings:

_ 2
T =C"1 —

(i) B(t) = @a,ny (s(t),u(t)) is an asymptotic curve if and only if 5(t) is a ruling

or
C(vWK'T+ (1 —uk)ur’) +2D7 =0

holds.
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(ii) B(t) = @(a,n) (s(t),u(t)) is a geodesic if and only if
CD (— ((1 —ur)® + u27'2)
+2CD (k- u (Hz + 72)) —C((1—ur)x" + ’U,QTT/))
+ Cur (—TC’u27'2 +C (1 —uk)uskt + DuT)
+C(1—uk) (—C(l —ur)ur® + Cr(l —ur)® + D (1 — um)) =0
holds.
(iii) B(t) = @(a,n) (8(t),u(t)) is a line of curvature if and only if
Cj ~ Cu(ur't+ (1 —ur)7') — DT
D T\/(l — uk)® + u2r?

holds.

Case 3: Let s = sg be constant. Then, C = 5 = 0 and we get that ¥, = ¢, i.e.,
B(t) is a ruling. Then, we have followings:

D?psin 6
kn=0, kg =0, 7y = _7f2+g2

which give us

(i) All rulings are asymptotic.
(ii) All rulings are geodesic.

(iii) The ruling B(t) = @(a,q,) (S0, u(t))is a line of curvature if and only if ysin = 0
which suggests that either ¢(q,q,) = ¥(a,7) OF @ is a plane curve.

Case 4: Let u = ug be constant. Then, D = @ = 0 and we have followings:

2
ky = \/fSTf {(fwrgn) cos gQ(g) — (P +9° 5}

1
RN/ EEaE

+Ccos b (nf — pg) — %C(f2 +92)s)

[Ccos@ (— (f2+gz)C'

+Cyg (C"g cosf — Cgf'sin — uCg? + ang)

+COf (Ofcose— C 10’ sind —ufgC+Cf2n)
02

= g {(f2 + %) (fu+gn+ Ecosh) + g cos@(g)j
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(i) The parameter curve B(t) = @(a,q,) (5(t), u0) is an asymptotic curve if and
only if

(fu+g?7)6089—92(£> - (FP+g)¢=0

S

holds.
(ii) The parameter curve 5(t) = ©(a,q,) (5(t), uo)is a geodesic if and only if
C cosf (— (f*+9%) C+ Ccost (nf — pg) — %C(f2 +92)s)
+Cy (Cg cos — Cgl'sinf — puCg* + ang)

+Cf (Cfeost—Cfo'sind - pufgC + Cf*n) =0

holds.
(iii) The parameter curve 5(t) = ©(a,q,) (5(t), uo)is a line of curvature if and only
if
(f>+9°) (fu+ gn+ &cos) +920059(£> =0
holds.

Case 5: Let C' = 5, D = 4 be non-zero constants. Then, the curve has the para-
metric form B(t) = @(a,q,) (c1t + c2,dit + d2) where ¢;,d;, (i = 1,2) are constants
and we have

ky = C [(Ccos0+ D) (A cos0 + As) + (CA; + DBy) (f2 + 92)]

Ky = \/f;Tgﬂ (Ccos0+ D) (Cnf - ng) (20 -+ cos0) ~ 5077 + ),
+Cg (—Cg0'sind — uCg® + fCng) +Cf (—Cf0'sinf — ufgC + Cf*n)],
T =V 2+ g% [C(CA; + DBy) — D (CAy + DBy)]
which give followings:
(i) B(t) = ¥(a,q,) (c1t + ca,dit + d3) is an asymptotic curve if and only if
(Ccos+ D) (Aycos + Ay) + (CA; + DBy) (f>+¢°) =0
holds.
(i) B(t) = @(a,q.) (c1t 4 c2,dit + d3) is a geodesic if and only if

(Ccosf+ D) (+C (nf — ng) (2D + cosf) — %C(f2 + 92)8>

+ Cg (—Cgb'sind — uCy*> + fCng) + Cf (—Cf0' sinf — pfgC+ Cf?n) =0
holds.
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(ili) B(t) = P(a,q,) (c1t + c2,dit + d2) is a line of curvature if and only if

CAL+ DBy

= tant
CA, + DBy constan

holds.

Let now consider the Frenet frame of a non-cylindrical OT-ruled surface ¢(q,q4,)-
Differentiating the ruling ¢, = cos 0T + sin 0N , it follows

(3.17) ¢ =-nsinOT +ncosd N + 7sinf B

Then, the central normal and central tangent vectors of OT-ruled surface ¢,
are computed as

1d0)

. 1 . . .
h = 2—229 (—nsin@T—&—ncosGN—l—TSiH@B)
(3.18) n —|—1T sin
= —— <TSiIlZQT* TCOSGSin0N+nB)
n? + 72sin%0

respectively. From the equations (3.17) and (3.18), we have following theorem:
Theorem 3.11. For the OT-ruled surface ¢(qq,) the followings are equivalent:

(i) The angle between the vectors q, and T is given by 0 = — fos Kkds.

(ii) The central normal vector h coincides with the binormal vector B of a.

(iii) The central tangent vector d@ lies in the osculating plane of .

Proof. Let the angle 6 be given by 6 = — foé kds. Then, we get 7 = 0. Thus, the
proof is clear from (3.18). O

Corollary 3.4. Let the angle between the vectors q, and T is given by 0 = — fos kds.
Then, « is a general heliz if and only if the OT-ruled surface ©(q,q,) s an h-slant
ruled surface.

Theorem 3.12. The Frenet frame {(j’o, 57 d’} of OT-ruled surface p(q.q,) coincides
with the Frenet frame {f, ]\7, é} of base curve o if and only if p(qa.q,) 5 the tangent

surface pq, 1) of a.
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4. Examples
Example 4.1. Let consider the general helix curve o given by the parametrization

di(s) = (COS (%) )Sin (%) %)

For the required Frenet elements of i, we obtain

o= (- (3) () )

By choosing 6(s) = s, we get

do(s) = (—%cos(s) sin (%) _ sin(s) cos (%) ,
% cos(s) cos <%) — sin(s) sin (%) : % cos(s)> :
and the OT-ruled surface ¢, (o, 4, has the parametrization
= () v () e (7))
sin (%) tu (% cos(s) cos (%) — sin(s) sin <%>) :
% + %ucos(s)) .

From (2.1), the equation of the striction line of OT-ruled surface ¢, (a,,q,) is given by

¥ sin(2s) sin (?s) — cos (%s) (5cos?(s) + 4)

ci(s) = cos2(s) — 10 ’
¥ sin(2s) cos (gs) + sin (?s) (5cos”(s) + 4)
B cos?(s) — 10 ’
V2 (scos®(s) — 3sin(2s) — 10s)
2 (cos?(s) — 10) '
The curvatures of ¢, (a;,q,) are computed as n(s) = 3, £(s) = % cos(s), u(s) = 1 sin(s) and

the functions f and g are given by f(s,u) = sin(s) + gu, g(s,u) = %u sin(s). The graph of
©, (a1,q.) for the intervals s € [0,37], u € [-1,1] is given in Figure 4.1. From Proposition
3.3, the base curve a; (red) and striction line ¢; (blue) intersect at the points ¢, (4,4, (0, 0),
901(0&1,(10)(7[-7 0), 901(C¥1,Qo)(27ra 0), 901(01410)(371-70) which are also singular points of ¥1(a1,90)
and shown with black color in Figure 4.1.
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F1G. 4.1: The OT-ruled surface ¢, (a,,q,)

Example 4.2. Let the curve as be given by the parametrization

o= (e () oo (5) 3o (3) + o (%) vien ()

whose required Frenet elements are

= (3n(3) o (5) e (3) o () Fon(3),
S ( V3 V3 1)’

—5 cos(s), —5 sin(s), —35

1= B (3). =L ().

where we calculate
K2 T /_ \/§ -
m(;) = ——— = constant

3
Therefore, we obtain that oz is a slant helix. By choosing 6(s) = 3, we get
o o 1 . S 2 /(8 S S
50 = (- (3) (7 (3) (on (3) +5) on(3) - ).

o (3) (60 (3) (V3 (3)) ~v8) Lo (3) (s () +1)).

Then, the parametrization of the OT-ruled surface ¢, (a,,q,) and its striction line c2 can
be written easily by using the equalities (3.1) and (2.1), respectively. The curvatures of
that surface are

n(s) = % + ? cos (%) , &(s) = —? sin(s), wp(s) = —?sin2 (%) .
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Furthermore, the functions f and g are calculated as

f(s,u) =sin (%) +u <% + ?cos (%)) , g(s,u) = —§usin2 (g) )

The graph of ¢, (q,,q,) for intervals s € [-27,27] and u € [—1,1] is given in Figure 4.2.
From Proposition 3.3, the base curve as (red) and striction line ¢z (blue) intersect at the
points

p1 = (,02(0427%)(—271'70) = 902(&2,%)(777 0)7 b2 = 902(042,%)(07 0)

3 3
D3 = Py(az,q0) <2 <7r — arccos (%)) ,O) P4 = Py(an,q0) (2 (w + arccos (%)) ,0> .

Here, p1,p2 € S are singular points of ¢, (a,,q,) P3,P4 € Y are non-singular points which
are given black and green in Figure 4.2, respectively.

F1G. 4.2: The OT-ruled surface ¢, (a,,q,)

Example 4.3. Let a3 be given by the parametrization

_ 5v26 [ (V26 -26) sin (14 42°) 5) N (V26 +26) sin (1 - 42) 5)

as(s) = 55 104 + 8/26 —104 + 8/26 g einle)
(26 = v26) cos ((1+43%) s)  (V26+26) cos (1 *2¢) s) R
104 + 8v/26 —104 + 8v/26 2 %

§cos ﬁs
4 13
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which is a special chosen of general Salkowski curve defined in [10]. The required Frenet
elements are

T(s) = (— cos(s) cos (\27?68) V26

insyos (5) + Y conysin (), 5 i (V)

= 5vV26 . 5v26
N(S) = W S1n 7? CO:

().

(3)7 5(3)7 7%

K(s) =1, 7(s) = tan (\/% > .

2 °

By choosing 6(s) = —&, we get

V26 o <@s> cos(s) sin (%s) 5V (o) sin <@S>  sins)eos? (\/% ) 7

26 26 26 26 26 °
—ﬁsin ﬁ5 5 cos ﬁs +1
26 26 26
Then the parametrization of the OT-ruled surface ¢, (ay,q,) and the equation of striction

line ¢3 can be written easily from the equalities (3.1) and (2.1), respectively. This surface
has the curvatures

=1 V2 )i (25) o an (L5 i (VEE).

and the functions f and g are calculated as
. (V26 V26 V26 . (V26
— a 1 — 3 .
f(s,u) =sin < 26 S +ull+ 56 ) g(s,u) = utan 56 5 ) sin | 56 s

—@W,@ﬁ] and u € [—0.5,0.5] is given in

The graph of ¢,(a,,q,) for intervals s € [
Figure 4.3. Proposition 3.3, the base curve ag (red) and striction line c3 (blue) intersect at
the points ¢, (as,q.) (—@w,()), Pa(as,a0) (0,0) and @, ay q0) (@W,O). All these points

are singular points of ¢, (as,q,) @nd given by black in Figure 4.3.
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Fi1c. 4.3: The OT-ruled surface s (as,d0)

5. Conclusions

A new type of ruled surfaces has been defined according to the position of
the ruling. Taking the ruling on the osculating plane of a curve, these surfaces
is defined as osculating type ruled surface or OT-ruled surface. Many properties
of such surfaces have been obtained. Of course, this subject can be considered in
some other spaces such as Lorentzian space and Galilean space, and properties of
OT-ruled surfaces can be given in these spaces according to the characters of base
curve and ruling.
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