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Abstract. In this paper, entries of sequences, infinite series and infinite matrices are
real or complex numbers. We prove some interesting properties of the matrix classes
(co,¢) and (co, ¢; P).
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1. Introduction and Preliminaries

We need the following sequence spaces in the sequel:

{:z: = {wx}/ lim @, = o};

€o

c = {a: = {zx}/ lim x4 exists}.
k—o0
We know that ¢y and ¢ are Banach spaces under the norm
|l = sup |zx|, z = {zk} € co or c.
k>0
Let A = (ank), n,k =0,1,2,... be an infinite matrix. Then we write A € (co, ¢)
if

(Az), = Zankxk,n =0,1,2,...
k=0

Received February 28, 2021. accepted July 08, 2021.

Communicated by Dijana Mosié

Corresponding Author: Pinnangudi Narayanasubramanian Natarajan, Old No. 2/3, New No.
3/3, Second Main Road, R.A. Puram, Chennai 600 028, India | E-mail: pinnangudinatara-
jan@gmail.com

2010 Mathematics Subject Classification. 40C05, 40D05, 40H05

(© 2021 BY UNIVERSITY OF NIS, SERBIA | CREATIVE COMMONS LICENSE: CC BY-NC-ND



962 P.N. Natarajan

is defined and the sequence A(x) = {(Az),} € ¢, whenever © = {z1} € ¢p. A(x) is
called the A-transform of x = {z)}. We write A € (co,¢; P) if A € (co,c¢) and

nlLrI;O(Ax)n = kli_)ngo xp = 0,2 = {zr} € co.

The following results can be easily proved.

Theorem 1.1. [2] A = (ank) € (o, ¢) if and only if

oo
(1.1) supz |ank| < oo;
nz0,"0
and
(1.2) lim an; = 0y exists,k=0,1,2,....
n—oo

Further, A € (co,c; P) if and only if (1.1) holds and

(1.3) lim anp =0,k =0,1,2,....

n—oo

The following definitions are needed ([1]).

Definition 1.1. Given the infinite matrices A = (ank), B = (bnk), we define

k

(1.4) (A* B, = Zambmk_,-,n, k=0,1,2,....
1=0

Ax B = ((Ax B)yk) is called the “first convolution” of A and B;

k
1

E anibn,k—i,n, k= 0,1,2,....
k+1 P

AxxB = ((A*xB)yy) is called the “second convolution” of A and B.

2. Main Results

We now have

Theorem 2.1. (cg,c) is a Banach space under the norm

(2.1) JA[| = sup > |ank|, A = (ank) € (co, c).

n>0 k=0
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Proof. We can check that || - ||, defined by (2.1), is indeed a norm. We will prove
that (co, c) is complete with respect to the norm defined by (2.1). To this end, let
{A(M1} be a Cauchy sequence in (cg, ), where

A(n) = (GE?))727¢720717277n:O>1727

Since {A™} is Cauchy, for € > 0, there exists a positive integer ng such that

HA(m) - A(”)H < e€,m,n > ng,

o0
(2.2) i.e., s_,gg)z \al(;n) - al(?)| < e,m,n > ng.
K3

=0 =0
Thus, for all 4,5 =0,1,2,...,

(2.3) |a§;n) - agl)| < €,m,n > ng.

So, {ag;-l)}ffzo is a Cacuhy sequence of real (or complex) numbers. Since the field
of real (or complex) numbers is complete,

aE;) — Qij, N — OO0,
where a;; is a real (or complex) number, ¢,5 = 0,1,2,.... Consider the infinite
matrix A = (a;;). From (2.2), we get, for all i =0,1,2,.. .,
J
(2.4) Z\ag;n)—al(-;”<e,m,n2n0,J:0,1,2,....
§=0
Now, for all n > ng, allowing m — oo in (2.4), we get

J
Z|a”ij _a'Z(;L)| S67n2n07i7<]:0a1a27"'5
Jj=0

from which we have

o0
n .
Z|aij*az(‘j)| <en>np,t=01,2,...,

§=0
o0
(2.5) i.e., supz la;; — aE;L)| <e€n > ng,
i>0
7=0
i.e., HA(") — Al < €,n > ny,

e, A 5 An o oo
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We now claim that A € (¢g, ¢). In view of (2.5),

(2.6)

bupz la;; —

qlm0)
a;;"| < e

'L>0

Since A(™0) =

(2.7

and

(2.8) lim a(J 0)
i—00

Now, for all i =0,1,2,...,

oo
> lai]
j=0

IN

IN

IN

so that

Next, we claim that {a;;}72,
7=0,1,2,.... To this end,

|Quj — @l

(2.9)

(al)) € (co, ),

_ s(no)
= om0

supz |a(n°)| =M < o0

exists,j =0,1,2,....

> Hay — af™} + ]

7=0

> lagj —aff” |+Z|a o

§=0

supi lai; —aff”| + Supz Jag|
[ =0 >

€ + M, using (2.6) and (2.7)

o,

o
supz la;;| < oo.
0 55

is a Cauchy sequence of real (or complex) numbers,

= Hau; — a0} + {a2) — ay;}

+Hayy” ~ ”0’}|
< awg = o]+ oy — av|
+]al (n 0 _ no)l
(no) _ ,(no)
< 2e+a,; |, using (2.6).

a, J

Since {a( 0)} ° , converges, A(") € (cg, ¢), it is a Cauchy sequence and so, for ¢ > 0,
there ex1sts a positive integer L such that

(2.10) la

uj

(no) _

(n°\<euv>L
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In view of (2.9) and (2.10), we have
|ay; — ayj| < 2€+€,u,v > L.

Consequently, {a;;}72, is a Cauchy sequence of real (or complex) numbers and so
it converges, i.e.,

lim a;; exists,j7=0,1,2,....
71— 00

Hence A = (ai;) € (co, ), completing the proof of the theorem. O

Theorem 2.2. (cg,c) is a commutative Banach algebra with identity under the
first convolution *.

Proof. Tt suffices to prove closure under * and the submultiplicative property of
the norm. Let A = (apk), B = (bnk) € (co,¢) and C = (cur) = A * B. Now, for
k=01,2,...

Cnk = (A* B)nk

k
= § anibn,k—i
=0

k

— g a;ibg_i,m — 00,
i=0

where, lim ap;r = ag, lim b,y =bx, k=0,1,2,....
n—oo n— oo

Forn=0,1,2,...,
) [e'S) k
Z |an‘ = Z Zanibn,k—i
k=0 k=0 [2=0
oo k
< Z Z ‘ani||bn,k—i|
k=0 t=0
= (Z ankl) (Z |bnk|>
k=0 k=0
< (supzw) (supzwnk)
n20 0 n20 0
= [lAlIBI,
so that

sup Y lear] < ANNIBI

n20%—o
i.e., ||Ax Bl < [|A][|BI],
completing the proof of the theorem. [J
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Theorem 2.3. (cg,c) is a Banach space, which is a commutative, non-associative
algebra without identity, under the second convolution xx, with norm defined by

(2.1).
Proof. Let A = (ank), B = (bnk) € (co,¢). Then

k
1
AxxB)pp = —— nibn.k—i, by (1.5).
(A* *B)nk k+1z§a ki, by (1.5)
We first claim that (cg,c) is closed under the second convolution xx. For k =
0,1,2,...,

(A% *B)pg — —— Zalbk i, — 00,

k+ 1
where lim Anpk = Ak, lim bnk = bk, k= 0, 1,2, [
n—oo n—oo

Also, forn=10,1,2,...,

0o oo k
DA <Byul < 30> lanillbui
k=0 k=0 1=0

- (B ()

Al B-

IN

Thus,
sup (Z (Ax=B) nk|> < [|Al[lIBII,
n20 \k=o

so that A x xB € (¢, ¢) and
[A*=«B| < [|A]l|B]|.

Commutativity can be easily checked. Non-associativity can be established as fol-
lows: Let

Note that A, B,C € (cg, ¢), using Theorem 1.1. Simple computation shows that

((A*xB) *xC)11 = %
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and )
(As (B 4Ot = 7.

which proves that

(Ax*B) *%C # Ax*(B *xC),
i.e., (co,c) is non-associative. Again (cg,c) does not have an identity under ssx.
Suppose an identity E = (e,y) exists. Then

Ax+xE = A, for all A= (an) € (cg, ).

Consider
1 0 0 0
1 1 0 o ...
A=l o o o o .. |€09

Simple computation shows that
(211) €11 = 1.

Again, consider
A= ) € (e, 0).

Again, simple computation shows that
(212) €11 = 0.

(2.11) and (2.12) lead to a contradiction, proving that (cg,c) has no identity. By
Theorem 2.1, (cp,c) is a Banach space under the norm defined by (2.1). This
completes the proof of the theorem. [J

As noted in ([1], p. 183), the set S of all infinite matrices is a groupoid under
the second convolution *x, i.e., S is closed under *x. Also S is commutative, non-
associative and S has no identity. We now have

Theorem 2.4. (cy,c; P) is a subgroupoid of S under the second convolution *x.

Proof. Let A = (ank), B = (bnk) € (co,¢; P). Let C = (¢px) = A x +B. We already
know that A * *B € (cg,c).

Now,
lim apr = lim b, =0,k =0,1,2,....
1
Cnk = E+1 [anObnk + anlbn,k—l + -+ ankbno]

— 0,mn—o00,k=0,1,2,....

Thus, A x B € (cg, ¢; P), completing the proof. [
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Let (cg, ¢)’ denote the subclass of (cg, ¢) consisting of all A = (anx) € (co, ¢) such
that
ank — 0,k > o00,n=20,1,2,....

Theorem 2.5. (cg,c) is an ideal of (co,c) under the second convolution *x.
Proof. Let A = (ank) € (co,c¢) and B = (bpg) € (co,c)’. We claim that A x xB €

(co,c)’. We know that (cg,c) is commutative under the second convolution xx. We
already know that A * xB € (cp, c). Now,

k
1
(A * *B)nk = m <; anibn,k—i> ’

k
1
A Bn < 7 1 ni bn —1
[(Ax*B)nk| < k+1<§|a L |>
1
k+1
— 0,k —=o00,n=0,1,2,....

< LAl B

Consequently, A **B € (cg,c)’, completing the proof. [
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