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COMMON HERMITIAN LEAST-RANK SOLUTION OF MATRIX
EQUATIONS A;X;A] = B AND A XA’ = B, SUBJECT TO INEQUALITY
RESTRICTIONS

Sihem Guerarra and Said Guedjiba

Abstract. In this paper, we establish a set of explicit formulas for calculating the maximal
and minimal ranks and inertias of P — X with respect to X, where P € C}; is given, X is a
common Hermitian least-rank solution of matrix equations A; XA} = B; and A, XA} = B,.
As application, we drive necessary and sufficient conditions for X > P(> P, < P, < P)in
the Lowner partial ordering. As consequence, we give necessary and sufficient conditions
for the existence of common Hermitian positive (nonnegative, negative, nonpositive)
definite least-rank solution to A; XA] = B; and A2XA} = B,.

Keywords: Matrix equation, Rank formulas, Moore-Penrose generalized inverse,
Hermitian, Least-rank solution, Inertia.

1. Introduction

Throughout this paper, C"*" and C}, stand for the sets of all m x n complex matrices
and all n X n complex Hermitian matrices respectively. The symbols, A*, r(A),
Re (A), stand for the conjugate transpose, the rank, and the range of A, respectively.
I, denotes the identity matrix of order m. We write A > 0 (A > 0) if A is Hermitian
positive (nonnegative) definite. Two Hermitian matrices A and B of the same size
are said to satisfy the inequality A > B (A > B) in the Lowner partial ordering if
A — B is positive (nonnegative) definite. The Moore-Penrose generalized inverse
of a matrix A € C"™", denoted by A”, is defined to be the unique matrix X € C*"
satisfying the following four matrix equations:

(1) AXA = A, (2) XAX = X, (3) (AX)' = AX, (4) (XA)' = XA.

Results on the generalized inverse and the Moore-Penrose generalized inverse
can be found in [1, 2, 4, 8, 11].

Further, define E4 and F, stand for the two orthogonal projectors E4 = [ - AA*,
Fa =1-A*Ainduced by A. Their ranks are given by r(Ex) = m —r(A), r(Fa) =
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n—r(A).

The inertia of A € CJ; is defined to be the triplet In (A) = {is (A),i- (A), i (A)}.
Where i, (A), i— (A) and i (A) are the number of positive, negative and zero eigen-
values of A counted with multiplicities, respectively. The two numbers i, (A) and

i (A) are usually called the partial inertias of A. For a matrix A € C}j, we have
7(A) =iy (A) +i- (A) and ig (A) = m — 1 (A).

We need the following lemmas concerning ranks and inertias of matrices in the
latter part of this paper.

Lemma 1.1. [9] Let S be a set consisting of matrices over C"", and let H be a set con-
sisting of Hermitian matrices over CY;. Then,

a) For m = n, S has a non singular matrix if and only zfn)}éasxr (X) =m.
b) For m = n, all X € S are non singular if and only zfr}?elgr (X) =m.
c) 0 € Sifand only y&}xgelgr X)=0.

d) All X € S have the same rank if and only if n}}?gr X) = 1}(1€1£w X).

e) H has a matrix X >0 (X < 0) if and only if maxi, (X)=m (maxi- (X)=m).
XeH XeH

f) H has a matrix X > 0 (X < 0) if and only zf}grel}{nl_ X)=0 (r)?elgu (X)=0).
g) All X € H satisfy X>0 (X < 0) if and only zﬂ}x{gﬁm (X)=m (1‘)1(‘16111_‘111_ (X)=m).
h) All X € H satisfy X > 0 (X < 0) if and only if maxi_ (X)=0 (maxi, (X)=0).

XeH XeH

Lemma1.2. [11]Let A€ C™" Be C"™k Ce C*" D e C*, Then,

r[ A, B ]:r(A)+r(EAB) = r(B) + r (EgA),

r( Ié ):r(A)+r(CFA) =71(C) +1(AFc),

[ A B

"lc o

] =7r(B)+r(C) +r(EgAFc).

The following formulas follow from Lemma 1.2

<

EQC 0 —T’(P)—T’(Q),

[ M N |_
| EpA EpB =7

A BFp]_r

A B 0
c 0 Q
0 P O
M N 0
A B P

-

]—F(P),
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M AFp M-A
"' N B |T7 N B |-r(P).
P O P

A

B
B 0 ] Then,

Lemma 1.3. [9] Let A € C}}, B € C"™" and denote M = [

i. (M) = r (B)+i. (E5AEg) .

In particular,

a)IfA>0,theni, (M) =r[A, Blandi_ (M) =r(B),
b)IfA <O, theni, (M) =r(B)andi_ (M) =r[A,B],
c)is(A) <ir (M) <iy(A)+7(B).

Some useful formulas derived from lemma 1.3 are given below

A B 0
ii[FAB* ng]:z’i B* 0 P |-r(P),
P 0 P O
A B Q
ii[EﬁéEQ E%B]=ii B D 0 |-rQ.
Q Q 0 0

Lemma 1.4. [10, 12] Let A € C"™", B € C"™* C e C*", Then,

i) min r(A-BX-YC)= r[ Ié ]g ]—r(B) —r(C).
XECkX",YEC'”XI

ii) if A € €™, A* = —A. Then,
[ A B

min r(A-BX - X'B) =r| p. 0]—2r(B).

XeCkxm

Lemma1.5. [11] Let A € C"™", B € C"™*, C € C*" and D € C** be given. Then the
rank of the Shur complement Sy = D — CA'B satisfies the equality

r(D — CA*B) = r[ Ag:é* AI;B ] -1 (A).

Lemma 1.6. [11] Let A1, Ay, B1, By, Ci1, Co, and D are matrices such that expression
D — Ci A By — CRAJ By is defined. Then,
AJA1A] 0 AlBy
0 ASAA,  ALBy
C1A] GA; D

r(D - C1AIB) - CALB,) =7 —r(A1)-r(A).
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Lemma1.7. [9]Let A€ C}}, Be€ C"™" and D € C},. Then,

iy (D—B*A*B) :i+[ ( If;)* /33 ]—i+ (A).

We consider the linear matrix equation

(1.1) AXA* =B

Where A € C"™" B e Cy;, are given and X € C}; is unknown matrix.

Equation (1.1) is one of the best known matrix equations in matrix theory and appli-
cations. Many results have been obtained on solving rank minimization problems
and many results have been obtained on rank minimizations associated with ma-
trix equations and their solutions (see e.g. [5, 6, 7, 16]). Obviously, the concept of
least-rank solution was first proposed and studied in [14, 18].

In [13] The Hermitian least-rank solution of (1.1) is the matrix X which minimizes
the rank of the difference (B — AXA") or equivalently

(1.2) r(B — AXAY) = min

The Hermitian least-rank solution of (1.1) is the solution of the consistent equa-
tion
(1.3) Er, X+ TM*T)Er, =0

Equation (1.3) is called the normal equation associated with (1.2). Hence the
general expression of the Hermitian least-rank solution of (1.1) can be written by

(1.4) X =-TM'T" + T,U + U'T,
B A
A0
Many papers on the rank, inertia, consistency and solutions of the equation (1.1)
and its applications can be found in the literature, see, e.g. in [10, 15, 17, 19, 22]

where M = [ ], T= [ 0 I, ], T1 = TFy, and U € Commxn jg arbitrary.

2. Common Hermitian least rank solution of matrix equations A; XA] = B; and
AyXA}, = By subject to inequality restrictions

Following the work of [3, 13, 20, 21, 22, 23], in this section we study the existence
of a Hermitian matrix satisfying the matrix inequality X > P (> P, < P, < P)in the
léwner partial ordering.
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Consider the pair of matrix equations

(21) A1XA; = Bl and AQXAZ = Bz.

. m; . . . .
where A; € C"*", B; € C;/, j = 1,2.are given matrices and X € C}; is unknown
matrix.

We need the following lemma

G 0 A
Lemma2.1. [10,16] Let M =| 0 —Co Ax | Then the pair of matrix equations
Ay A0
1 2

A1 XA =Gy and Ay Xo A’ = Co have a common solution X € C}, if and only if Re (C ]-) C
Re (Aj) and r (M) = 2r (A), j =1, 2.

where A = [ ﬁl ] In this case the general common Hermitian solution of A1 X1A] = C;
2

and Ay X A% = Co can be written in the following parametric form

X = XO + FAU1 + (PAul)* + FAl UQPAZ + (FAl u2PA2)* .

where X is a special solution of A1 X1A] = Cy and Ay XpA; = Cy, and Uy, Uy, Uz € C™"
are arbitrary.

It is well known that the least squares solution of matrix equation is the solution
of its normal equation. Therefore the common Hermitian least-rank solution of pair
of matrix equations (2.1) is the common Hermitian solution of matrix equations:

(22)  En,XEr, = ~Er, (TiM{T;)Er,, and Er,, XEr,, = —Er, (T2M3 T3 ) Er,.

From Lemma 2.1 the general common Hermitian solution of (2.1) can be written in
the following parametric form

(23) X =Xo+Fcli + (FoUh) +Fr, UsFr, +(Fe, UoFr,) .

Where G* = [ Er,, Er, ] and Uy, U, € C™" are arbitrary.
For convenience of representation, the following notation for the collection of all
common Hermitian least-rank solutions of (2.1) is adopted
(2.4)
S ={X e €}/ Er, XEr, = —Er,, (LM{T}) Er,,, Er, XEr,, = —Er,, (T2M3T)) En, .

We need the following Lemma



544 S. Guerarra and S. Guedjiba
Lemma 2.2. [20] Let
(2.5) P(X,Y)=A-BX-(BX)'-CYD - (CYD)".

Where A € C", B € C"™", C € C"™ and D € CT" are given, and X € C'*",Y € CPX1
H 8
are variable matrices. Also, let

. A B C A B D
M:[ﬁ g g % ],Mlz B* O O ,MZZ B* O O ,
cCc 00 D 0 0
A B C D A B C D
Ni=|B 0 0 0 (,Nh=|B 0 0 O
cC 0 0 0 D 0 0 O
Then,
(2.6) max r[P (X, Y)] = min {m, r (M), r (M1), r (M2)},
. _ _ Sy +S_,5_+1t,,
(2.7) I’I)}l;’l r[P(X,Y)] =2r(M)—2r(B) + max{ Sl bt },
(2.8) max iz [P (X, V)] = min (i (M1), iz (M2},
(2.9) min 7 [P(X,Y)] =7r(M)—r(B) + max{ss, t.},

where sy =iy (M) —r(N7) and t. = ix (Mp) — r (N3).

Theorem 2.1. Let Aj € C"™", B; € CZ’ ,j=1,2and P € CJ, be given, and assume that
(2.1) have a common Hermitian least-rank solution and S is as given in (2.4). Also, let

[ M;MlM; 0 0 M;T;ETH 0
Q) = 0 M;MzM; 0 0 M;T;ETZZ ,
_ETHTlM; 0 Er, Er,PEr, 0
0 Er,, T2M; Er, 0 -Er,PET,
[ M;MlM; 0 M;TIETH 1
QZ = _ETnTlM; ETll ET11PET11 ’
0 Er, 0

[ MyMoM, 0 MTiEr,
Qs = ETzz TZM; ET]] 0 ’
0 ETzz _ETzszTzz i
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M 0  MTEr,
Q4= 0 0 Er, ,
L ETnTlM; ETll _ETHPETH ]
Mg 0 M>TSErT,, 1
QS = 0 0 ET22 .
L ETzzTZM; ETzz _ETZZPETZZ ]
Then,
(2.10) max 7 (P — X) = min{n, ¢y, ¢z, c3},

XeS

(2.11) I}I{llgl r(P—X) =2r(Q1) — 2r (M;) — 2r (M3) + max {s1, sz, S3, S4},
€

@12)  maxi - =min{ " @GR

(2.13) | |

qin s (- X) =r(@)-r()-r Oy max{ 5 (@75 (e r (0 1@
where

c1 = 2n+r(Q1)—r (Er,,) =1 (Ery,)—1 (G)—r (Mh)—7 (M>),

c2 = 2n+r (Qa)—r(M1)-2r (Ery,), ¢35 =2n+r(Qs)—r(M2)-2r (Er,),
s1.=1(Qa)=2r (Q2)+r (M), 2 =1(Q5)—2r (Q3)+r (M),

s3 = it (Qa)+i- (Qs)—7 (Q2)—7 (Qa)+i- (M1)+is (M),

s4 = i- (Qa)+i+ (Qs)—7 (Q2)—7 (Qa)+is (M1)+i- (Ma) .

Proof. Substituting (2.3) into P — X yields
(2.14) P—-X=P-Xy-FgU; — (FgUy)" — Fg, UoFE,, — (FET11 UzFETZZ)* .

Let

L= P-Xo Fc PETU PETzz
Fg 0 0 0 !
P-Xy Fg FETH P-X, Fg PETzz
G = Fg 0 0 , Gy = Fg 0 0 ,
Fe,, 0 0 Fe, 0 0
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P-Xo Fc Fe, Fe,
Li=| Fc 0 0
Fe,, 00 0

P-Xo Fc Fg,, Fe,,
Fe 0 0 0
Fr, 0 0 0

, L=

Applying Lemma 2.2 to (2.14) yields

(2.15) max r(P—X) =min{n, r(L),r(G1), r(G2)},
(2.16) nxqelg r(P—X) =2r(L) - 2r(Fg) + max {t1, to, t3, t4},

(2.17) max i (P = X) = min{i. (G1), ix (G)},

. . _ ii (G ) - T’(L )/
(2.18) min iy (P - X) = r(L) = r (Fo) + max{ i (52) - r(le)
Where
(219) t1 =r (G1) - 2r (Ll) ,
(220) i’z = V(Gz) - 2r (LZ) ,

(2.21) ts =i (G1) +i-(G2) —r (L) —r(L2),

(2.22) ty =1 (G1) +14 (G2) —r(L1) — r(L2).

}

We will simplify 7 (L), ¥ (L1), ¥ (L), ix (G1), i+ (G2) by applying three types of ele-
mentary block matrix operations, elementary block congruence matrix operations

and Lemmas 1.2,1.3,1.5, 1.6 and 1.7.

It is easy to show that R (Fg) C R (F ET]) and R(Fg) C R (F ETz)' Therefore,

we obtain

yy=| PoX0 Fo e, Fe |_ [ P=%Xo Fe, Fe,
Fe 0 0 0 Fe 0 0

P-Xy I, L, 0
L, 0 0 G

0 ETH 0 0 -r (ET“)—V (ETzz)_r (G)
0 0 Ep, O
_ Er, 0 B ~ ~
= Er, Er,(Xo—-P)G r (ET“) r (ETzz) r(G)
Er 0 0
=2n+ 1 —+(E —r(E
" B Ep,(Xo— P)Er, Ery(Xo—P)Ep, | (Em) =" (Bra

)= (G)
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_ ETll _ETn (XO - P) ETH 0 _ B 3
=2n+r Er. 0 Er, (Xo—P)Er,, 7 (Er,)—1(Ezy)-1(G)
=2n+7r Er, —Er,XoEr, +Er,PEr, 0
Er, 0 Er,,XoEr, = E1,PET,,
(223) - r(ETn) -r (ETzz) -r (G)
| Era —Em (TuMIT;) Ex, + Er,, PEx, 0
Er, 0 Er,, (T2M3T;) Er, — Er,,PEr,
Er, Er,PEr, 0 _ Er,Th + "
= [ Er, 0 —Er,PET,, 0 Ml[ 0, TlETH’ 0 ]
0 + .
7| EruTe ]MZ [0 0 TEr ]
MMM 0 0 MTEr, 0
0 M;MpM; 0 0 M;T;Er,
= * —r(My)—r (M,
' —Er, ThM] 0 Er, Er,PEr, 0 r (My)~r(M>)
0 Er,ToM;, Er, 0 —Er,,PET,
(2.24) =7r(Q1) —r (M) — r (M)

Substituting (2.24) into (2.23) yields

(225) I’(L) =2n+ r(Ql) - r(ETn) - r(ETzz) - I’(G) - r(Ml) - 7/‘(]VIZ)/

P-Xo Fg Fr, Fe,
r(Ly) =7 F¢ 0 0 0 =r
Fe, 0 0 0

P-Xo Fe, Frp,
Fg,, O

P-Xy I, I, 0
~ I, 0 0 Ep | ~
=T 0 ETH 0 0 2r (ETH) r(ETzz)
0 0 Epr, O
= 2n+r[ ; —Er, (X% - P)Er, ]—2r (Er,,)-7 (Er.,)
= amer| gl RO ER T ]—2r (Er,.)-r (Er..)
T
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(2.26)
_ 2n+r[ Er, —Er, (TuMiT})Er, + Er, PEr,

0 ]—27 (ETn)_r (ETzz)
Ty

r|: Er, —Er, (TlMIT;) Er, + Er, PEr, ]
Er, 0

3 Er, Er,PEr —Er, T1 + .
= r(|: ETZ 110 11 ]_[ 011 ]Ml[ 0, TlET11 ])

MMM, 0 M:T:Er,
_ET11 TlM; ET11 ETHPETH
0 Er, 0

=r —r (M)

(2.27) =7(Q2) —r (M)

Substituting (2.27) into (2.26) yields

(2.28) r(L1) =2n+7r(Qz) —2r(Er,) — r(Er,) — r (M),

P-Xy Fg F F
0 G Er, EOTzz _ r|: P - Xy FETH FETzz

r(ly) =r Fg 0 0
FETzz O O O FET22 0

P XO Iﬂ In 0
- Ly 0 0 Enp,
-7 0 ET11 0 0 -r (ET“ )—21’ (ETzz)

0 0 Er, O
_ Ery, 0
B 27’l+r ET22 ET22 (XO — P) ET22 - (ET“)_ZT’ (ETzz)
ET 0
=2n+ E —+(Er V=27 (E
a ET22 ET22X0ET22 _ETzszTzz ] 7’( TH) I’( Tzz)

(2.29)
=2n+r ETH 0 L, (E )_Zr (E )
) Er, —Ery (TzM;T;) Er, — Er,PEr, Tn Tz

[ En 0
ETzz _ETzz (TzMZT;) ETzz - ETzszTzz

_ Er, 0 0 ]
_r([ Er, -Er,PEr, | | ErT2 M;[O/ TZETZZ]
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M,MoM; 0 M;T,ET,,
=r ETzzTZME ET11 0 —I’(Mz)
0 ETzz _ETzszTzz
(2.30) =7(Q3) —r(M>)
Substituting (2.30) into (2.29) yields
(2.31) r(L2) =2n+7r(Q3) —r(Er,) — 2r(Et,) — r(Mp),
P-X, Fg Fg,
1 P-X, F
i.(G)=i| Fc 0 0 :z‘i[ o ]
FET“ 0 0 Ery,

P-X, I, O
= ii In O ETll -1 (ET11)

0 Er O
0 I, 1(Xo-P)Er,
=iy L 0 Er, r(Ery)
L %ETH (XO - P) ETH 0
T o Er,
=n+ -r(E
e |: ETH ETn (XO - P) ET]] r( TH)
pria| ° S ~r(Er,)
- * ETH _ETH (TlMIT;)ETn + ETHPETH T

.l o Er, [ o : )
_n+zi(|: Er —ErPEr, Er T, Mi[ 0, TiEr, |

M3 0 MT;Er,
= n+is 0 0 Er, —iy (Mq)-7(E7,)
ETH TlM; ETH _ETHPETH
So
(2.32) ir (G1) =n+ix(Qq) —ix My1) -7 (Er,),

ii (GZ) = ii FG 0 0

P-% Fe Frn, [P—Xo Fe ]
=i, Tan
Fe,, 0 0

FE T2

P-Xy I, O
I, 0 Ep,
0 Er, O

-r (ETzz)

549
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0 I, 5 (Xo-P)Er,
= ii In 0 ET22 —r (ETZZ)
%ETzz (Xo—-P) Er, 0
] 0 Er,
= + L B E
T ET22 ETzz (Xo - P) ET22 1”( Tzz)

0 Er, e
ETzz _ETzz (TZMZT;) ETzz - ETZZPETZZ 2

0 Ery, _ 0 t %
[ Er, -Er,PEr, Er,T, Mz[ 0, TEr, ] —r(Ery)

. 7’l+1'i

|
|

Mg 0 MZTEETzz
= n+iy 0 0 ETzz —iy (Mz)—?’ (ETzz)
E Ty TzMZ E Ty -E Ty PE Ty

So
(2.33) i (Go) = n+is (Qs) — iz (Mz) — 7 (Ery,).

Therefore we get

(2.34) r(G1) = 2n+7(Q4) —r(M1) - 2r (Er,,),

(2.35) r(Gp) = 2n+1(Qs) — r(My) — 2r (Er,) -

Substituting the above results into (2.19)-(2.22) yields

(2.36) tr =7(Q1) = 2r(Q2) + r (M1) + 2r (Ery,) + 27 (E1y,) — 211,
(2.37) tr =7(Qs) — 2r(Qa) + r (M2) + 2r (Er,,) + 2r (E1y,) — 211,
ty =iy (Q4) =i (Qs) = 7(Q3) — 7 (Q2) + 2r (Ery,) +

(2.38) 2r (Ery) +i- (M) + iy (M) — 2,

ty =i (Qa) + s (Qs) = 7(Q3) — 7 (Q2) + 2r (Ery,) +

(2.39) 2r (Ery) + i (M) +i_ (M) — 2n.

Substituting (2.36)-(2.39) into (2.15)-(2.18) yields (2.10)-(2.13). O

From Theorem 2.1 and Lemma 1.1 we have the result
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Theorem 2.2. The assumption and the symbols are the same as in Theorem 2.1. Then,
a) Eq (2.1) has a common Hermitian least-rank solution X > P if and only if

r(Q1) = r(Q2)+r(M)=r(Q3)+r(My),
Qi =2 0, Q5=>20, M; <0, M, <0.

b) Eq (2.1) has a common Hermitian least-rank solution X < P if and only if

r(Q1) r(Q2) + 1 (M) =7r(Q3) + 1 (M),
Qs > 0 Q520 M=0 M=0.

c) Eq (2.1) has a common Hermitian least-rank solution X > P if and only if
i (Qq) =i- (M) +r(Er,), i-(Qs) =i (Mz)+7(Er,).

d) Eq (2.1) has a common Hermitian least-rank solution X < P if and only if
i+ (Qa) = is M1) +7(Eryy), i+ (Qs) =i (M2) + 7 (Er,).

e) There exists a nonsingular matrix P — X such that X is a common Hermitian least-rank
solution to (2.1) if and only if

n+r(Qi)

>
n+r(Q4 =

r(Er,) +7(Ery,) + 7(G) + ¥ (M7) + r(My),

r(Mi)+2r(Er,) and n+r(Qs)>r(Ma)+2r(Ery,).

If P is the zero matrix in Theorem 2.2, we can achieve equivalent conditions
for the existence of common Hermitian positive (negative, nonpositive, nonnega-
tive)definite least-rank solution to(2.1)

Corollary 2.1. The assumption and the symbols are the same as in Theorem 2.1.
Define

[ MMM, 0 0 MTEn, 0
R - 0 MMM 0 0 MTiEr, |
“Er,TiM; 0 Ep, 0 0
0 Ery,ToM;  Er,, 0 0
[ M{MiM, 0 M TEp,
Ry =| —Er, WM, Er, o |
L 0 ETzz 0
[ MyMoM, O MyTyEr, |
Rs=| Er,TuM, Ep, 0
0  En, 0
M? 0 MiTiEr,
Ry = 0 0 Er,
| Er,T'M]  Er, 0
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M3 0 MTiEn,
Rs = 0 0 Er,
Er,T:M;, Er, 0

Then,

a) Eq (2.1) has a common Hermitian positive definite least-rank solution if and only

if
io(Ry) =i (My)+r(Er,), i-(Rs)=i_(My)+r(Ery,).

b) Eq (2.1) has a common Hermitian negative definite least-rank solution if and only if
iv (Re) =ip (My) + 7 (ETH) ’ i+ (Rs) =iy (M2) + 7 (ETzz) :
c) Eq (2.1) has a common Hermitian nonpositive definite least-rank solution if and only if

r(R1) = r(Ry)+r(M)=r(Rz)+r(M),
Ry, > 0, Rs>0, M; >0, M;=>0.

d) Eq (2.1) has a common Hermitian nonnegative definite least-rank solution if and only if

r(R1) = r(Ry)+r(M)=r(R3)+r(M),
Ry, > 0, Rs>0, M;<0 M;<O.

e) There exists a nonsingular common Hermitian least-rank solution to (2.1) if and only if

n+rRy) > r(En,)+7(Er,)+7(G)+r(Mp)+r(My),

n+rRy) = r(M)+2r(Er,) and n+r(Rs)>r(M)+2r(Er,).
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